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On Numerical Solutions of ‘Stefan Problem II.

Unique Existence of Numerical Solution.

Hideo KAWARADA and Makoto NATORI

(Received 28 December, 1974)

§1. Introduction
P;eViously we presented a numerical methbd for unidimensional
Stefan problem([l]. 1In our method, the system of differential and
integral equations with penalty term is discretized and solved
by iteration. The accuracy of numerical results is fairly good.
In this paper, we slightly modify the peﬁaltx function and

prove the unique existence of the numerical solution.

§2. Notations and Problem
2.1 Notations

Notations used in this paper are almost the same as those in
the previous paper[l]. We list up new notations and important ones

in the following;

x/h%

r A

2° T = Nk ’

3 X = Mh ’



&>
Q
1l

max (max fn , max ¢m) ’
n m

5 A = max(C/b , D) 4, b>0 ,

6" m = [sn/h] '

7° p, = s,/h - [sn/h]» '

8 ep = /(L4 kky ),

o $Upn = Ym-1,n 2um,n YUl !
10" Pup o= (T o+ A&y oo
1r Jul = max lum,n' .

Oép;M

2.2 Problem

Our problem is to seek two functions Un and s which
d ,

satisfy the following difference equations;

(2.1) Yn,n »kém,n—l - if Gum,n-l - me,num,n ,
l<mg M-1 ,1<n<N ,
(2.2) uO’n ='fn >0, 0<n< N ,
(2.3) Uy on = o . 0<ng<N ,
(2.4) um,O = ¢m plgm< [b/h] , O < ¢m < D([b/h]+l—m)h ’

0 , [b/hl+l <m <M ,



/** 2M—l
(2.5) s, =/F, - 2h mzlmu‘“'“ cy o.gp,g,N ,
where
n-1 [b/h]
F o=b” +2k] £, +2n° | mé_
i=0 m=1
0 y lsmgm-1 , 0<ngN ,
1l - Ph <
(2.6) Xm,n" TT—p-;ﬁ y Wo=M r 0XLngN ,
1 ' mn+l LEmgM , 0<£ngsN .
2.3 Penalty function Xm. n
14
Rewriting (2.1) we get
(2.7) “m,n = ®m,n"%m,n-1 '
where
{1 r lsmgm-1 , 0<ngN ,
(2.8 epn =) TFRE "™ o 0snsN
1
mn+l sSmgM , 0gng N .

\ T + kK '

As shown in (2.8), the value of € (i.eo X

n,n ) at memg

differs from that in the previous scheme. The reason of this

modification is as follows. In the previous scheme, only the

) (i.e. X )

integer part of sn/h was concerned to determine € m.n
1 , : m,n’

m,n

therefore continuity of u =~ to s  was lost. To take back the
, .

continuity, we consider the fractional part P of sn/h‘. That

is, we define the amplification factor ¢ at m=m, by the linear
’



interpolation

1 o1 +.pnkK
(2.9) ep n =Pttt mep) rR s TR

From the relation

e _ 1

- 14

m,n 1+ kKXm,n

the value of the penalty function Xm.n 2t m=mn is written as
' ’

l1-09
_ n
an,n T I+ anK .
§3. Algdrithm and Result
Algorithm to solve the equations (2.1)~(2.6) is the same as

in [1]. That is, we choose the 0-th approximation of s, as

(3.1) séo) =JF_ , 0<n N

We solve the difference equation (2.1) using the penalty function

X(0) éO) (0)

determined by s and we denote the solution by u .
m,n m,n
Substituting this solution into (2.5) we get the lst approximation

of s as
n

M-1
(3.2) sél) ﬁ/:Fn - 2n? ) mu $0) » 0Sng<N .

m=1 M0 — 
. L (2) (%)
Repeating the similar procedure we calculate Uin and Sh .
: 4
The object of this paper is to show that uézi and séz)
' .

converge to the unique solution of (2.1)~(2.6) as L+,

Theorem. Suppose that

(1) 0<>\é% ’



(2) K = 1/k°

o

(3) 0 < C2 <1 , where C2

"X(a + cAh)h
b

then there exists uniquely the solution of (2.1)~(2.6).

§4. Preliminaries

As a preparation for the proof of the Theorem, we state some
definitions and lemmas.,

Definition 1. Let s = {so,sl, s SN} .

s
property (M) if it satisfies the relation

is said to have

b < s, <

0 sléaoo;sNéx.

Definition 2. Let the solution of (2.1)a(2.4) and (2.6) for a
given s be u

. We define
m,n

¢ (s) = {@,(s), e (s), ==+, Oy(a)}

by

L 4[ Mgl |
(4.1) ®n(s) = Fn - 2h m_z.lmum'n s, 0 £ngx<N

From the argument in §2.3, we see that ¢

is continuous with
respect to

s. If s is the true boundary, then it holds
s = &(s) i.e., s, = Qn(s) , 0<ngN.

Lemma 1. (Monotone dependence of u_ _ on s)
’
Let solution of (2.1)~(2.4) and (2.6) for given s' and s"
] "
be u m,n and u

n respectively.. Suppose
’



0¢s' <s" <X , 0

A
=]
A
2

and 0<Axz< 172 ,
then it holds

< ' < u" 0
Oz w m,n = m,n '

A

m<M , 0L<LnsN .

Proof. It is proved by the same argument as in [1].

Lemma 2. Suppose s have property (M), then ¢ (s) also has

property (M).

Proof. By the definition of ¢ (s) we have

M-1

)} mu
m=1 m,n+l

1

(1} = Fo+l ~ 2n?

’

{®n+l
2 ME

2
{6 (s)}® =F = 2h mu .
n n nel M

'

Therefore we get

fo_..(s)1% - {o_(s)}? = 2kf_ - 2hn® Mfl (€ P - Iu
n+i ‘2 ‘n's - n o1 m m,n+1
, M-1
> 2kf_ = 2h® ] m(P - I)u
= n m,n
m=1
, M-1
= 2kf_ - 2h" ] mAdu
n m=1 '
= 2k (M - l)uM~l,n 20 . (Lemma 1)

It is obviously seen that

// 5 M-1
@o(s) =/ F, - 2h ) m =b ,

m=1

m,n



2 M—l - PR
¢N(s) =[ Fy - 2h 2 N él¢fN <X
' m=1
J.E.D
Lemma 3. (The estimation of u for m_«m<M)
Suppose a given s have property (M) and K=l/k2 . then the
solution u of (2.1)/v(2.4) and (2.6) is estimated as follows}
N [4
(4.2) 0 < Pum,n—l < Clh ’ mn'; m<M, 1 <n <N,
where
Cl = A + C)h .
whizh is a solution of

We introduce a function v
m,n
except that the boundary condition

Proof.
the same equations for
(2.3) is replaced by
o, mn+l fm<M, 0

u
m,n

’

<ng<N.

for the case m=m .

(4.3) Vm,n
(4

First we consider the estimation of um
+ Pv
z m /yn—l °
n

(4.4) Pu_ ,n-1 ;lpum ,n=1 "~ PVm ,n—li
n n n
Let us estimate the first term in the right hand side of (4.4).

From the initial and the boundary condition (2.2) and (2.4), we get

From (2.7) and (4.3) follows



- - —C
0 umn+1,n vmn~+1,n 2 1 + kK .

By the use of Maximum principle, there holds for any m and n
(1<m<m , 0<n <N)
C
e, ~ Vm,nl S TTRR .
In the above inequality we put m=m_ and n=n-1 and operate P
on both sides. Then we obtain the estimation ;

C
(4.5) 'IPumn,n—l PVmn,n—lI ST+ kK .

Next we estimate the second term in the right hand side of
(4.4). If we use the difference version of Lemma 1 in [2], there

holds the following estimation, (see Appendix.I )

(4.6) ~ < Ah .
. m ,n =
n

Considering the fact that s has property (M), we see

m_+1,n-1 0
n
0 2 Vm -1,n-1 = 2ah .
n
Thus it follows
(4.7) pPv < Ah .

m_,n-1
n

From (4.5) and (4.7) we have



<
A

Pu £ _ 4+ Ah < (A + C\h)h = C;h ,

& ——
moen=l =4 | xx 1

where we used the assumption K=l/k2

Next we deal with L. in the domain mn+lépﬁy, 0<n<N.
'

By the initial and the boundary conditions we see

3

The result for the case m=mn leads

u = g Pu < Pu
m m ,n m_ ,n-1 =
n'? n’ n’

m_ ,n-1 = Clh :
n

By virture of Maximum principle, we get the estimation of un
. ’ 4

for any m and n in this domain

In the above inequality we put n=n-1 and operate P on both

sides, then we obtain

0 < Pu

m,n-1

< Clh (mn+;§ m<M, 1<ng< N) .

Q.E.D.
Lemma 4. Suppose s' and s" have property (M), then it holds
(4.9) flu' = u"| <) |s', - s"

Proof. Even if we suppose s'n < s"n , we do not lose generality.

From (2.7) we have



" ”
- € Pu
m,n m,n m,n m,n-1 m,n” m,n-1

+ " u|
m,n m,n m,n~1 € m,nP(

Therefore it holds

lut = u"|| . <max (e"_ '~ €' ) X max Pu' g et =u) g -
n Zo<cm<m WD WD my <m<m” m,n~1 | n-1
" -— J - v - " M .
Note that € m,n € m,n 0 for 0 <m<m n 1 and m n +1<mg
By the definition there holds
" - ' - " - v " - ' .
(4.10) (s n s n)/h m n. m' o+ op n P’y

We consider the following three cases.

- u
m,n-1

Case 1. n"_ =m' ,
n n
(p" = p')kK s"_ - s'
max (e"m n " e'm n) = n < n n
m ’ ’ 1 + kK h
Case 2. m"n = m'n +1 ,
(1 - p' )kK p" kK s" =~ s
max (e"m n s'm n) = max ( Lt ’ = ) < = =
m ! d 1 + kK 1 + kK h

In fact it is obvious from the relation

(s") = s')/h= (1=p') +p"



11

max (e" - e ) = kK < i n
m m,n 1 + kK h

In fact it is derived from the following relation

(8" = s')/h=(m" -m' )+ (p" =-op')>1 .

Where we used the fact

From the aboVe result and Lemma 3, we get

- n - " - "
(4.11) Ju' - u"] <cls s" |+ Ju' - | .

1 n n-1

Considering the initial condition [u' - u"], =0 and the
recurrence formula (4.11l), we have (4.9).'

Q.E.D.

Lemma 5. Suppose s' and s" have property (M), then there

holds
: n-1
] - " [] - 1] ] - "
(4.12) Ién(s ) — e (s")| 5 Cyls' - 8" | #CCy [ s, - 8", |
i=1
where

X
c2 = B»Clh ’
C =.}.(.i
3 2b °

Proof. By the definition



(4.13) {s (")) - {8 ("))

where

2 M-1
" - '
2h mzl m(u m,n = © m,n)
2 M-1 ' 2 M-1
" JE m - '
2h mgl m(u m,n = Y m,n) + 2h mzl m(u m,n - Y m,n) '
m — 1) )
Ym,n T € m,nPu m,n-1 °*

The first term in the right hand sidé of (4.13) is estimated as

follows:

Next we estimate the second term.

" " - ' ‘ 2
é me m,nP(u m,n-1 = Y m,n—l) < X Ju"

gl M

Generality is not lost

even if we assume s'_ < s" .« In the case m" > m' +2, we have

n

2h? ) m(e" - ¢! )Pu'

[N

A

]

o m,n m,n m,n-1
mll
n

2hXC. h o (e" - €' ) (Lemma 3)

2 n
2xc;h”{(1 - p' ) + Y 1+ p" }

2XC

2XC

1 m=m.n m,n m,n

m=m' +1
'n

1h2(mun -m' + pn - pl )

" — ]
lh(s n S n) °

The same result is obtained in the cases m"n=m'n and m"n=m'n+l .

From the estimations mentioned above, we get

(4.14)

(] 2 [] 2 . ]
fo (s")}° - {8 (s")}° < 2xcihls' - s"



which follows

(4.15)  |eo (s') - o (s")] 2 C, |s' - s" | +Cq

where we used the following relation obtained by Lemma 2,

Qn(S') + @n(s") >2b , 0<n<N .,

From (4.15) and Lemma 4,6 we have (4.12).

Q.E.D.

§5. Proof of the Theorem

5.1 s(l) (2>0) defined in §3 has property (M).
In fact by the definition
—— et (78]
s{0)= ¢/ + 2k Z £ +2n% 7 mh_ .
=0 m=1
Therefore

Since f£_ > 0 , it is seen that
14

(0) (0)
S 2 sn—l

and it is obvious that

séo) =‘/FN X .

“uu — uln

n-1

[4

13



1%

Thus s(o) has property (M). Next from the relation

L (2) (2-1)

d (s ’)

and Lemma 2, it is seen that s(z) (221) has property (M).

5.2 It is obvious that sél) =b (221) by the definition

in §3. Genarally for ‘qzl, there holds by Lemma 5,

(5.1) 'sé2+l) . Ség)l 2 Cz|sé2) a,sé£“1)|
L =1
+ cl 3 zl ( ) "‘ ij )l ’

If we put

(5.2 [sUTH L g gyt
then we obtain

C C n-1 .
(5.3) Q(n%z) < Q(n%g_l) z Q(lkﬁ-l) .

2

Using the fact that it holds for any n

(5.4) o™oy = |Sr§l) - sr§°)l <X~b ,

we get the general expression as follows; (see Appendix. T.)

n-1 ,C,C, \p/n-1, /2
(5.5) o™ 2 x-p) ] (—-(1?—3)( )( )
p=0 2 p/‘p/ -

"~ That is, Q(nkl) is estimated by a polynomial of (n~l)~-th order

of 2. Therefore we have from (5.2)



(5.6) max |s(2+1) - séz)l < [ max Q(n%g)]:cg
0<n<N 0<n<N
< o™ C% .

By the assumption 0 < C, < 1, the right hand side of (5.6)
converges to 0 as g+». That is, 5(2) has the limit & . It

is evident that @ has also property (M). By the relation

g (a+l) _ Q(s(z))

[4

and .the continuity of ¢, there holds as g+w

N
S

o (s) ,

that is, ‘s is the boundary in search. If we denote the

corresponding solution by lﬁm n ' (s ' Gh n) is the soliution
’

’

of the difference system (2.1)v(2.6).

5.3 Uniqueness of Solution

Suppose (s' , u') and (s" , u") be solutions of the

difference system (2.1)v(2.6). We assume that s' and s"

are equal for 0 < n < n,-1 and differ for the first time at

0
n=n, . We do not lose generality even if we assume s' < 8"
0 n, n,
By Lemma 1
) 11]
(5.7) uwoon < W r 0<m<M .,
0 0
From (2.5)

and
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This contradicts the assumption. Therefore it holds

It is clear that s'0 = s"0 . By mathematical induction we see
s' = s“n for any n (0 < n < N). Obviously the corresponding

solutions u' and u" are coincident,
m,n m,n laent,
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Appendix I. Proof of (4.6)

Voon satisfies the following difference system;
14

v = € Pv r 1 <m<m s, 1 <n<N ,
m,n m,n m,n-1 = = n - =
V0’n=fn ; 0-<_—_n=<—_,N v
Vm,O = ¢m r 1 <m g [b/h] ,
Vm+l,n=0,0;n=<=N.
n
Define for each ng s 0 £ ng XN
Wm,n = A([sn /hl + 1 -=m)h , 0 £m < [sn /hl + 1 ,
0 0
O;nf_—.{no LI

Observe that Wh n satisfies the difference equation
’

W = PW y, 1l <m<m s, 1l < n<n
m,n m,n-1 = =" - =

with the initial and boundary conditions

Woon = A([sno/h] + 1) > A([ b/h] + 1)h
>Ab >cC > f_ ,
- = = n

‘W. o =A(ls; /h] + 1 - mh 2 A(lb/h) + 1 - mh

0
> D([b/h] + 1 - m)h > ¢m .



18

and
Wi 41,n - A(ls, /hl - m)h 2
n 0 ,
Comparing W with v in 0 <
m,n m,n -
there holds by Maximum Principle,
(I.1) 0 < v < W .
= m,n = m,n
Note that 0 < ¢ <1 .
=
Put m = [s_ /h] , n=n in (I.1)
n, 0
then we get
(;.2) v[sn /h]'no < Ah ,
0
for each ng 0 < ng <N .
in (I.2)

Replace n, by n

14

, we obtain (4.6)

Q.E.D.



Appendix ITI. Proof of (5.5)

As a preparation for the proof of (5.5), we state the

following formula on binomial coefficients,

w ()= ol

where we define that

l -
( ) =0, for i < 3j .
J

This formula is derived from a well-known recurrence relation :

‘n n-1 n-1
= ) = ()
k k-1 k
We shall prove (5.5) by induction.
(1st step) When n=1, (5.5) holds evidently.
(2nd step) Suppose there holds for any igin-1l

(i) i-1/i=1y _ 2
(II.2) o'*(2) 2 (x = b) } ( )CE( )
p=0\ p P

where

Then it is seen by (5.3)

n-1 ,.
o ™he-1) + c, 1 ote-1)
i=1

( n-1 i-1 /-1 -1
o™Xe-1) + & - p)c, I 1 ( )cfl’(q )
i=l p=01\ p P

( n-2 _ -1y n-1 /-1y
= o™hp-1) + (x - b)C, ] cﬁ( ) Y ( )
p=0 p/ i=p+l\ p

0 PXg)

in

A



n-2 ;n-1 -
= Q(n)(f,—l) + (X"b) Z Cp+l (’L l)
p=0 \p+l 4

.

Repeating use of the above recurrence relation with respect to ¢

leads
g-1 n-2 ,n-1 i -
o™y < o™y + x-b) I ] (n optl (7
' iZ1 p=o \p+1/ 4 p
n-2 =1
< (X-b) + (X-b) (n )C§+1 ( QJ
pP= 0 p""l p-j-,

n-1 -1 - '

_ (X—b)_( .)Cg(k ) + (Xeb) nzl (n-l <P (2
° 0 p<l \p/ * p>

n-1 ,n-1 % ‘

~oen T () ().
p=0 \ p p

Therefore (II.2) holds for i=n. '- Q.E.D.

Hideo KAWARADA
Department of Applied Physics,
Faculty of Engineering,

University of Tokyo

Makoto NATORI

Department of Information Mathematics,
The University of Electro-Communications,

Tokyo
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On the Finite Element Approximation
of Parabolic Equations

—— Consistency, Boundedness, and Convergence

By Teruo USHIJIMA

(Received 9 January, 1975)

Introduction

An operator theoretical proof of the convergence of
approximate solutions of the parabolic equation obtained
by finite element method will be presented in this article.
For this purpose a variant of Trotter - Kato's approximation
theory of continuous semi-groups will be summarized in S1.
In 82 an abstract evolution equation, an abstract form of
2nd order parabolic differential equations, will be considered.
In §3 an approximation method corresponding to the lumping
method will be discussed. Finally a simple model is
illustrated in §4.

The method, which will be mentioned here, are also
applicable to the evolution equation of hyperbolic type.
This problem has been treated by the author [7], where
detailed proofs of the abstract theorems also have been
written.

For the finite element approximation of time dependent
problems, there have been many proofs of the convergence
of approximate solution (for example Fujii [1], Strang -

Fix [5], Kikuchi [3]). There would be, however, some

reasons to report this note. One of the significant reasons
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is that the notion of consistency in the finite element

approximation will be clarified operator-theoretically. In

fact we will observe that the equivalence theorem of Lax holds

for the present problem under suitable interpretations.
Henceforth the Lz-convergence is an immediate consequence
of the convergence for the stationary problem and the
stability. Perturbation problems are also treated in our
setting, which is illustrated in §2.

The author expresses his hearty gratitude to Professors
H. Fujita, M. Yamaguchi, and H. Fujii for their suggestion
of importande of this study and valuable discussion during

the preparation of this work.

§1. An approximation theory for semi-groups of linear

operators. |

Let X be a Banach space. The totality of bounded
linear operators is denoted by L(X). In this article a
Co-semi-group T(t) e L(X) (t >0) is simply called a
continuous semi-group. (As for details of the semi-group
theory, see Yosida [8 ], Kato [2 ] , and.Krein [4].) An
L(X)-valued step function T(t) (t LO) is called a discrete
semi-group with time unit ¢t (¢t > 0) if there exists an
operator T( 1 ) e L(X)lsatisfying

T(t) = T() YT 1 for ¢ 50

where [ ] denotes the Gaussian bracket. The generator of
a discrete semi-group T(t) is defined by

A= tlree) - 1),



A sequence of Banach spaces { X, : n=1, 2, ---} is said
to K-converge (or converge in the sense of Kato) to a Banach
space X (Xp X, X, in short) if there exist approximating
operators P, eL(X,Xn) satisfying the following conditions
(K. 1) and (K. 2):

(K..1) lim “anll = |l x| for any x € X. |
(K. 2) 2;;? x €X  can be expressed as Xp = an(n) with

some x (™) ¢x satisfying ||)c(n)||=5= N|| x, || swhere

- N is independent of n.

Now we fix a sequence of Banach spaces { X } which
K-converges to a Banach space X. A sequence { X, e X } is

said to K-converge to a point xe:X(xn—E+ X, in short) if

lim Il xn - Phpx || = 0, and sequences { x,n€Xn by oy are
said to K-converge to points x, € X uniformly in X e A if
Lim|px, P,x || = 0 hold uniformly in A eA . A sequence.
N> » N

{ AjeL(X,) } is said to K-converge to an operator A ¢ L(X)

(An—K+A, in short) if ApPpx ——£—+ Ax for any xe¢ X, and

sequences { A ,nE L(Xp) } N are said to K-converge to

e A
operators AA e L(X), if A P x K A, x uniformly in X e A

A,n°n A
for any x ¢ X.
Let us fix a continuous semi-group T(t) ¢ L(X). And let
A be its generator. Suppose that there is either a sequence
of continuous semi-groups Tn(t) e L(Xp) or a sequence of

discrete semi-groups Tn(t) € L(X,) with time unit Ttp.

Let Ap be the generator of semi-group T,(t). When the

discrete semi-groups are considered, it is always assumed that

lim T_ = 0.
N0 n

23
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Consider the following three conditions:

(A) (Consistency). For some complex number A , there exist
(A Ayt e LX) (n=1, 2, +++) and (A-A)TT e L(X)
satisfying

(r-a) b K etk

(B) (Boundedness).

su T, (t < o ,
n, O%;t;].ll n( )”
{(C) (Convergence). For any T < =
K

Tn(t) K., T(t) uniformly in t ¢ [0, TJ].

The following result is fundamental in this study.

Theorem 1. (A-B-C Theorem). The conditions (A) and

(B} hold if and only if the condition (C) holds.

In case X, # X and P, = I, Theorem 1 is a corollary of
Trotter - Kato's theory of approximation of semi-groups
(Cf. Trotter [6], Chapter IX of Kato[l]). The notion of
K-convergence is suggested in [1]. One can easily obtain
the proof of Theorem 1 if he modifies Kato's treatment in

[1] appropriately.

§2. A convergence proof of the approximate solutions of the
evolution equation of parabolic type.
Let X and Y be Hilbert spaces. Let T be a closed
operator, whose domain D(T) is dense in X, and whose range

R(T) is contained in Y. 1t is assumed that it holds for some

§ >0



|l Tu || > 6 |Ju || for any ueD(T).
The set D(T) can be regarded as a Hilbert space X1 with the
inner product (u, v)l = (Tu, Tv). As for the notational

convention the space X will be denoted by X0 sometimes.

The operator A = T*T becomes a positive definite selfadjoint
operator in X, of which square root Al/2 satisfies
A2 2 s, pal’?) = pry ana || a2y = | Tu

Let B be a closed operator in X, whose domain D(B) contains

D(T). Hence there is a constant B satisfying that

(2. 1) ll Bu Il < 8 HAl/Zu I for wu e xt.
Consider the following evolution equation:

a%u + Au + Bu =0, t > 0,

(E) |

u(0) = u, € X.
Let us define a bilinear form c(u, v) with the domain

D(c)

D(T) as follows:

c(u, v) = -(Tu, Tv) - (Bu, v) for u, veD(c).
This form is a closed sectorial form {Cf. Chapt. VI of
Kato [1]). Therefore the operator C = - A - B with domain
D(C) = D(A) generates an analytic semi-group T(t) which
satisfies for some real w
(2. 2) I T(t) || < e™  for t > 0.

The function u(t) = T(t)u0 is said to be the generalized
solution of (E).
To treat approximate problems we impose the following

assumption.

Assumption. For any h > 0 there is a closed subspace

Xy of X contained in D(T). Let P; be the orthogonal projection

onto Xh in the space x* (i =0, 1). Then it holds
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. i . = I
}11‘1’161 IlPhu ullx1 0 for ueX (i=0, 1).

Considering the set Xh as a Hilbert space having the
inner product induced from the space X, we have that Xh—K+ X
with approximating operators Pg. Let us define the bounded
selfadjoint operator Ah € L(Xh) by the formula:

(Ah h vh) (Tuh, th)Y for any Ups Vo€ Xh.
The spectrum of the operator Ah is contained in the closed
interval [ 62, ay] where ay = [l Ay || - The operator B is
approximated by the operators Bh = PgB. Namely the operator
Bh is defined by the formula:

(Bh b Vh)x = (Buh, vh)X for any Ups Vpoe Xh.
The estimate (2. 1) implies immediately

(z. 3) |8 8 || A,12
1/2

hYh Il < uy Il for up e Xh

since || A7 %up |l = GfiTuy || for up e X .
Now we consider the following approximate problem:

d
{ Tth Y ARYR T OBy

(O) = U € Xh.

=0, t >0

By the same reason as the estimate (2. 2) holds, the
continuous semi-group Th(t) satisfies

I T, (0) [ < e™ for t > 0.
It must be noted that w can be taken independent of h because

of the inequality (2. 3). Therefore the condition (B) holds

for { Th(t) } . Let us proceed to check the condition (A).
First we note that Aﬁl——5—+ Ail. In fact, let uy and u satisfy
= POf and Au =,f

Apup = Py
for £f € X. Since up = Piu, we have

-1 -1
oy - ullxs s " fITQy - W]y = & "|luy - Uyt



2T

The right hand side converges to 0 by Assumption, which implies

- - “tA
Al—X Al since || e tAn || < 1, we have e thAn K , o7t R

h
-1 K -1

which in turn implies ( A + Ah) — (X + A for any A> 0.

Next we show

(2. 4) By( A+ A Ko pgea+ 7t for aso.
In fact,
1B (A + Ap) ngf - PgB( A+ A) e I
I PPB L( A A IRE - (a e ey )
S8 1T (Ch+ap e - (a e a7 ey |
=g||T {Agl(l- ACA fAh)_l)ng A la-a e hey )
<B|lT {A' hf - Alp Il

- -1.0 0 -1
A Il T AT IO A sa TIRDE - PR A wa) T hED) |

+

+

o T AR O w) e - AT )Ty )

) -1 - a~150. _ 51
In the first term, set u = A “f. Then up Ah th Phu.

Therefore this term converges to zero by Assumption. The
third term converges to zero by the same reason (set
u= (1 + A te.

The second term

=ae a2 oo et POE - PPC A +A) g} |
1,0 -1
S e e G ey

which tends to zero since ( A +Ah) 12, (A +A)

Finally we note that

(2. 5) lim || B, (A *A )" || = 0 uniformly in h.
A >0 h
In fact,
B Cx wap ™ g eIl A2 0r w2 12
1/2 |
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Notfeihg above mentioned two facts (2. 4), (2. 5) and the

expansion formula of resolvents:

-1 -1
Cx- Ch) = (2 +Ah+Bh)
K
_ RS -1 -1, n K+1
—n'—ZO ( 1) ( A +Ah) {Bh( A +Ah) } + Rh (}\),
we can conclude that for any sufficiently large A , it holds
1 K

(r-cp =L (-0l
Therefore A-B-C Theorem implies the K-convergence of Th(t)
to T(t).

Now we proceed to the discrete approximation defined by
the following explicit scheme:

uh(t + Th) = (l - ThAh - ThBh)uh(t)
hy |

(Eh h) ik

Th <t < (k+1) Ty k=0,1, 2, °**,
uh(t) = Uy, € X, 02t < Tp.
Theorem 2. Choose T 0 such that
(2. 6) sgp T O =Y < 2.

Iftﬁntconverges to u,, the solution uh(t) of (EhTh) converges
to the generalized solution u(t) of (E) in X uniformly
in t € [0, T] for any finite T. If B= 0, vy = 2 is admissible.

Proof. It suffices to check the conditions (A) and (B)
to the discrete semi-groups Th(t) with the time unit T}
generated by the operators Ch. The condition (A) is already
asserted as above. Now we show under the condition (2. 6)
2. 7 Jlup(e) flg e™ lug(0) || for t 3z 0
with a suitable real constant u independent of h. For a while
we drop the suffix h.

luCe + 7 ) 2
=laa- raull 2« <2 IBuce)|| 2
- 2t Re(Bu(t), u(t)) + 2 t’Re(Bu(t), Au(t))
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< - wmuce) ) 2 oe o< ? At Zuq) 2
1/2 1/2 |
v 218 || A %ue) Il Hu) |l + 28y || A u(e) || [l u(e) ||
< Ha- mwuwil? e+ iy Juwll?

vop () (e AY2u % e Sum Y.

where ¢ is an arbitrary positive number. Using the spectral
a
representation A = | sz X dE(1), we have
2
(z. 8) IJut + © )]
a

< fe2 1(1- )%+ ep (Iry)eTa b AE(A)u(t),u(t))

v (8fy o+ By iy ) 2
If B # 0, there is an €y > 0 such that for any e < €qo
the relation ; 0 < TAx <y (0 < y < 2) implies the
relation ; (1- TA )2 + €B (1+ vy ) t™x < 1. Fix such an €.
Then the inequality (2. 8) implies

luer )12 < ez @) |l ue) ] 2
for some w, which implies (2. 7). If B8 = 0, then the
relation 0 < TXx < 2 implies the relation (1 - TA )2 < 1.

In this case (2. 7) holds with w = 0.

§3. Approximation of lumped mass type.
For simplicity, we restrict our attention to the equation
(E) in 82 with B = 0. Assume there are closed subspaces

Kh (h > 0) satisfying the following conditions.

(L. 1) There are operators J, € L(Xp, Yﬂ)and K, € L(Yh’ X))
such that Kth and JhKh are the identities on Xh and Xh’
respectively.

(L. 2) There is a constant N independent of h such that

a1, Nl 1< N,
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(L. 3) For any u ¢ X
. * 0 -
%iﬂolth JyPpu - u ”0 =0,

*
where the adjoint operator Jh is defined by the formula

(Jhu, v)X = (u, Jh v)X for u ¢ Xh and v ¢ Xha

Here we introduce another approximate equation

Gy a%Jh*Jhuh(t) + Aug () = 0,
h uh(O) = uy e_Xh,

or equivalently for uh(t) = Jhuh(t),
g (o) r K o) = o,
(Eh) { B ~ o
uh(O) =u, e X,

*
where the operator A K, A, K. 1is a positive definite

h = “h “h'h
bounded self-adjoint operator in Kh’

In these situations, we have Yh——5—+ X with approximating

= _ 0
operators Ph = Jhph’

Fix £ e X arbitrarily. Let u, u and Vh be the solutions

u, = P.f and A = P, f. We have

of Au = f, Ah h h g h

— — — 1 1 0
v, - Ppu Il 1V, - 3Ppull + |19y Ppu - 3, Pl

The 2nd term converges to 0 as h tends to 0 by the condition
(L. 2) and Assumption in §2. As for the 1lst term it must

* —
be noted that Piu = U, and that A,v, = J, J Pof for v, = K. v

h h h “h h h h ' h’
Hence
- Il . 1 =l 5 -
1/2

A

Con IR MEE, - gup) |

n

Comy a2 v - up ||

1 -1/2 *

0 0
A, 2@, 3,PLE - PLE) ||

-2,.-1 * 0
< SR g PPE - £l + |1 £ - PDEN)

= (6N)



— 0 (by (L. 3) and Assumption).

Therefore A, \—X +~ a7l since ||e.tAh || < 1, A-B-C Theorem

h
asserts that e—tKh—~£—* e‘tA locally uniformly in t 2 0.

As for the discrete approximation, the corresponding
result to Theorem 2 is obtained if we replace o h with || Khli'
The perturbed equation can be also treated. Finally we remark
that the condition (L. 3) can be replaced with the following
condition. ( Cf. Kikuchi [3] ).

(L. 3)' There is a function E(h) tending to 0 as h tends

to 0 satisfying

” Jhuh - uh“ 0 é. e(h)” uhH 1 for any uh > Xh‘

In fact,
M% = Ay (vu) s v ow)
- (ng—Jthf, v, -up)
LRCR LR MRS
(JhPOhf, w, -Jpu,)
=1+ J + K.

. 1
It is noted that ||vh||0, Huh||0, ||Vh||1, | u hlhare bqunded
by a finite constant C independent of h. Therefore we have
0 0
Il <2c e f- P £ll,
which converges to 0 by the condition (L. 3)' and Banach -
Steinhauss Theorem. Also we have by the condition (L. 3)'

dal, Ikl £nllell echyc — 0.
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§4. Space 1 dimensional parabolic equation — an illustration.

Let us consider the following initial boundary value

problem.
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= d 0 )
—2ut, 0 = (Fat)—=E + bk + cx)ult, x)
{ t >0, 0<x<l1, _
(F)
(—g% - oglu(t, 0) = (—g% + opu(t, 1) =0 :t> 0,

u(0, x) = u(x),
where a(x) is a positive function belonging to Cl({O, 1]),

b(x) and c(x) are bounded measurable functions, % and o1

are positive constants. Let us denote the space Lz((O, 1))

by X, and the space LZ((O, 1), a(x)dx) (weighted Lzéspace)
n
0
by Y,, and the space c? with the inner product (( EO), ( nl))
1
= k=Y =y R t
a(0) 9, gO N + a(l) 9 El Ny by Y1 Let Y be the produc

Hilbert space YO X Y1 x X. Consider the following closed

operator T from X into Y:

d u(0) 1
Tu = (aiu(x), (u(l))’ u(x)) for ueD(T) = H (0, 1 ):

Then we have

T*w = --—é% (a(x)v(x)) + u(x) for w e:D(T*)
where ;-
-v (0 o ‘ : ‘
D(T*)={ w=(v;(‘V( . O),"u): ‘VE:H1(0;1)~uf:L2(0;1)u},
v(1)/ o5 -

Then the operator A = T*T can be regarded as the realization

in LZ(O, 1) of the differential operator -a%(a(x)agj + 1 with
d

boundary conditions (—SE— oo)u(O) = ( + ol)u(l) = 0. Define

dx
Bu = -b(x)—Lu(x)-(cC+Du(x) for ueD(B)=H (0, 1).
Then the equation (F) is reduced to the equation (E).
Now let us consider the simplest case — gpproximation

by piece-wise linear functions with equal mesh size. Set

|1 - x| : x| <1,
A(x) = | '
0 x| > 1,
_ 1 x| < 1/2,
A= 0 |x] > 1/2.
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For h = 1/n (n is an integer), put
Moo = aE ), T = adedh,

and
n n
h _h ¥ h h
X, = { b5 Ai o X o= { i As } -
Then the spaces Xy satisfy Assumption in §2. Let us define
n n
h |h h =h
J . AL) = . A
h(jZO ¢J J) jZO ¢J )\J»

n ‘ n
h h . h
K X D
h(jzo b5 A0 = jZO 5 43

—
]

Then the pairs (Xh, Xh’ Jh’ Kh) satisfy the conditions (L. 1)

to (L. 3). If a(x) = 1, we have

IlAhl/z | <2 V/3/h + V& max( G 01)/'/5 + 1.
&, 1/2 )

A

2/h + Y2 max( o, 01)/ vh +“1.

T

Therefore if Th/h2 < 1/2, the solution of (Ehll) converge

T :
to the solution of (E). (The equation (Eh h) is obtained

T

from the equation (Eh h) in §2 after replacement: Up—> Up»
Ah——+ Ay and Bh——+ Bh = PhB.) Incidenti}ly it is remarked
that the present difference equation (Eh h) is just the

explicit difference approximation of the equation (F).

References
[1] Fujii, H., Finite element schemes: stability and
convergence, Advances in computational methods in
structural mechanics and design (Proceedings of second
U. S. - Japan seminar on matrix methods of structural
analysis and design), 201-218 (1972).
[2] Kato, T., Perturbation theory for linear operators,

Springer, Berlin, 1966.



34

[3]

[4]

[5]

(6]

[7]

[8]

Kikuchi, F., On the convergence of lumped finite-
element schemes for mixed initial-boundary-value problems.
Proc. 22nd. Nat. Congr. Theo. Appl. Mech., 155-163
(1972).

Krein, S. G., Linear differential eduations in Banach
space, (Russian original) Nauka, Moscow, 1967, (Japanese
translation) Yoshioka-Shoten, Kyoto, 1972.

Strang, G. and G. Fix, An analysis of the finite
element method, Chapt. 7, Prentice-Hall, Englewood Cliffs,
1973.

Trotter, H. F., Approximation of semi-groups of
operators, Pacific Jour. Math., 8, 887-919 (1958).

Ushijima, T., Approximation theory for semi-groups
of linear operators and its applications to approximation
of wave equations, pre-print (1974).

Yosida, K., Functional Analysis, Springer, Berlin,

1965.

Department of Information-Mathematics
University of Electro-Communications

Chofu-shi, Tokyo, Japan



35

Numerical Solution of the Stefan Problem

by the Finite Element Method

Masatake Mori

(Received 10 January, 1975)

1. Introduction

The equations describing a typical Stefgn—type free
boundary problem for heat equations in one dimension
will be stated as follows. The main equation for tempera-

ture u(t,x) is

(1.1) du 34 5 cx<s(t), O0<t<T,
Bt T 2 | =tz

where s(t) is the position of the boundary which moves
because of melting or freezing of the material, for example.

The initial condition is given

(1.2) s(0) = a

(1.3) u(o,x) = g(x) >0, 0 <x<a.
At x = s(t) the boundary condition is given
(1.4) u(t,s(t)) = 0 ,

and the boundary moves according to the following equation

which is called the Stefan condition.
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(1.5)
At x = 0 we assume
(1.6) - u(t,0) = £(t) >0 .

Almost all of the works on numerical solutions of one
dimensional Stefan problems have been carried out by using
some difference scheme in a rectangular lattice in x-t space
in which the mesh size of space variable x and that of the
time variable t are kept fixed throughout the computation

[(1,2,3,4]. Landau [5] proposed another difference scheme by

‘normalizing the domain 0 < x < s(t) by introducing a new

variable & = x/s(t) and partitioning the normalized domain

into equal subintervals.

In the present paper we propose a new method based on the

finite element method (FEM) with time dependent basis functions,

which will turn out to be applicable to a large class of

problems having moving or free boundaries.



2. Application of the Finite Element Method to the One

Dimensional Problem

In FEM for initial value problems the partition of
domain is usually fixed throughout the computation. In
contrast - to that the domain is partitioned anew at each
t in our method in such a way that the position s(t)
the boundary always coincides with the ernid point of the
partition. '

Consider the domain 0 < x £ s(t) at time t. We

divide 0 < x <s(t) into n equal subintervals and

denote each node as

(2.1) x5 =3h , j=0,1,...,n; h=nh(t) - s(t)

Then we construct piecewise linear basis functions
{¢j(t,x)} according to the standard prescription, where

the suffix j corresponds to X5 (Fig. 1):

~e

x- (3-1) (3-1)h < x < jh

(2.2) b (£, %)

x+ (j+1) jh < x < (j+1)h ;

.

(-}
=SS~ [

j = 1,2,...,“"‘1.
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the

time

of



Fig. |

¢j(t,x) vanishes outside (j-1)h < x < (j+1)h. Note that
¢j(t,x) depends not only on x but also on t because
of h = h(t).

Now we apply the Galerkin method based on the basis
functions {¢j(t,x)}. We expand the approximation v(t,x)
of the solution u(t,x) in terms of ¢j(t,x):

n-1

(2.3) vit,x) = ] b.(t) ¢.(t,x) + £(t) ¢4(t,x) .
j=1 3 J

Substituting (2.3) into wu(t,x) of (1.1), multiplying

¢k(t,x) and integrating over (0,s(t)), we have
dg > -> >
(2.4) M at + Nb=~-Kb+ £,

where M = M(t) and K = K(t) are mass matrix and

stiffness matrix, respectively:

S

(2.5) Mjk = f ¢j ¢k dx
0

(2.6) Kjk—f_B—}-{_s-}-{-—dx'.
0

In addition to those matrices, time dependence of ¢j(t,x)

N(t) in (2.4):

gives rise to another matrix N



S
Ly
(2.7) Ny = f $ o ax
where 0
. _1 dh _ . _
59y ';7 gt X 7 (k-1)h < x < kh
(2.8) E‘E‘ = .
‘if %%-x ; Kh < x < (k+1)h .

3¢ /9t vanishes outside (K-1)h < x < (k+1)h, so that the
sparseness of N 1is the same as that of M and K. The
explicit expressions of the non-zero elements of M, K and N

are obtained as follows:

(2.9) ij=33-h(j#1), M, =%h, ijil=%—h
(2.10) ij=1—21-(j#l) , Kll=-ﬁl- , ijil=_%
(1) Ny, =53 R GAD LN, =55

Nyyy - 35-0 £, Nyjep = - : (35+1) 2.

All the elements other than those mentioned above vanish.
Note that N is not symmetric. The j-th element of the
vector f is given by

S 3¢ S
e _ ____O_ '
(2.12) fj = f(t) ] 5% ¢j dx,+ £'(t) f %o ¢j dx ,
0 0

39
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->
where we assume that f(t) is differentiable. b is the

unknown vector, the j-th element of which is bj(t).

We obtain various kinds of schemes suitable for
numerical computation if we approximate the time derivative

> -> ->
of b by the time difference {b(t+At) - b(t)l}/At , i.e.

1 At)}g(t+At)

(2.13)  {M(t + 5 At) + 6 At N(t + 2 At) + 6 At K(t + 3
= {M(t + % At)=-(1-6)AtN(t + % At)=-(1-0)AtK (t+ -]2'- At) }g(t)

- Bt o+ % At) 0 <6 <1,

where 6 = 0 and 6 = 1 correspond to the forward and backward

~difference approximation, respectively.

We approximate the Stefan condition by

(2.14) at =

24 (¢ s(t)) will also be

oX

Higher order approximations for
at other sampling

obtainable if we pick up the values of v

points in the neighborhood of the boundary.
Now we are ready to write down the whole procedure.

Initially put

2. . = . ’
(2.15) bJ(O) g(xj)

and compute s (At/2) by
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(2.16) s(At/2) = a + 5= At glx 1) -

->
Suppose b(t) and s(t+At/2) are obtained. Compute all
the elements necessary for (2.13) using h(t+At/2) = s(t+At/2)/n,
->
and solve (2.13) .for b(t+At). Then compute s (t+3At/2) by
1

(2.17)  s(t + % At) = s(t + % at) + £ At b

2 h n-1(t) -

We tried to apply our method to an example problem

which several authors have dealt with [3,4]:

(2.18) £(t)

]
Q
a

|
.
o
IA
o
IA
N

(2.19) g(x)

i
-
|
]

The number of partitions and the time mesh size are

(2.20) n=2 =16

(2,21) At =

211 2048

We applied the forward difference scheme (6 = 0) and
obtained a result which agrees well with those shown
in [3,4].

The contribution of N(t) to the solution b with a
very small meshsize of At is fairly small compared with

that of K(t), so that, roughly speaking, the stability of
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the present scheme is considered to be.guaranteed if the
scheme without N is a stable one. In fact, we obtained
a reasonable result with A= n2 At = 1/8 < 1/6. On the

other hand, we observed some instability in the computation

with X = 1/4 > 1/6 which violates the stability condition

of the scheme with 6 = 0 for the usual heat equation

in a fixed domain [6].

3. Discussion

The present idea is applicable also to the finite
difference method. In fact, in the one-dimensional case,
an FEM for our problem will correspond to a certain kind of
finite difference method similar to that proposed by Landau [5].
But the merit of our idea will be more evident when
applied together with FEM, because FEM is considered to be
easier to apply to problems in two or three dimensions.

In a succeeding paper we will show some results of applica-
tions of our method to two-dimensional Stefan problems;

In the present method it is essential that each node
be determined uniquely as a function of the position s of
the boundary, so that in the case of the two- or three-
dimensional problem, it would be necessary for the boundary

to be assumed to be kept star-shaped.
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Although we took a partition into equal size subinterQals
in §2, it is not at all necessary to do so. What we need
to notice is that each node is uniquely determined as a
function of s. We can choose some suitable partition according
to the nature of the problem.

The fact that every matrix element must be computed anew
at each time step might be seen to be a drawback in the present
method. But it is not the case because each matrix element
depends on time as a simple function of t and so the
computation of the matrix elements at each time step is not

serious. In fact, in the example show in §2, M(t), K(t)

and N(t) are constant matrices multiplied by scalar functions

of t.
Finally the author expresses his thanks to Miss

Tomoko Takashashi for her help in the numerical calculations.
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On the Numerical Solvability of Two Point Boundary
Value Problems in a Finite Chebyshev Series
for Piecewlse Smooth Differential Systems

Kumiko ITOH

In his paper [2], Urabe has proved the existence of a
good approximation in a finite Chebyshev series to the exact
solution to the boundary value problem for differential sys-
tems of the form

(*) dX = X(x,t),

where x and X(x,t) are vectors of the same dimension. 1In [2],
however, it is assumed that the function X(x,t) is twice con-
tinuously differentiable with respect to x and t in the domain
of X(x,t).

In the present paper, the author considers two point
boundary value problems for the differential system (¥) under
the assumption that X(x,t) is piecewise twice continuously
differentiable with respect to x and t, that is, it 1s con-
tinuous with respect to x and t and in addition it is twice
continuously differentiable with respect to x and t in the in-
terior of each region of the subdivision of the domain.

The value of t at which the trajectory of a desired solu-
tion crosses a boundary curve of a subdomain will be called
the switching time. In the present paper, similarly to Mohler
and Moon [1], all possible switching times will be treated as
unknown parameters and a desired solution will be sought on
each subinterval divided by switching times. The problem is
thus reduced to a system of boundary value problems with non-
linear boundary conditions.

If a desired solution is approximated by a finite
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Chebyshev series on each subinterval divided by switching
times, then the numerical solution of the problem under con-
sideration is reduced to that of a system of nonlinear alge-
braic equations just. as the problem treated by Urabe in [2].
In [2], Urabe has proved that such a system of nonlinear alge-
braic equation has indeed a solution corresponding to an exact
solution provided the exact solution in question is isolated.
In the present paper, the author will show that the system of
nonlinear algebraic equations in question has likewise a solu-
tion corresponding to an exact solution provided the exact
solution in question is 1solated and moreover its trajectory
transverses the boundary curves of the subdomains, when it
crosses.

The result of the present paper shows the numerical
solvability of two-point boundary value problems in a finite
Chebyshev series for pilecewise smooth differential systems
and hence the possibility of the numerical computation of solu-
tions in a finite Chebyshev series.

The author wishes to acknowledge with gratitude the valu-
able advice and guidance she received from Professor : Minoru

Urabe.
§ 1. Preliminaries

Let D be a region of the tx-space (x:n-vector) inter-
cepted by two hyperplanes t = -1 and t = 1, and Dl be a region,

which includes D in its interior. We assume that D is divided
into a finite number of - subregions EA’ AEN, that 1is,

D=UE)\9

A€A

E}\lﬂE)\2 = ¢, for Ay % XA,

where EA is a open connected set and the symbol E denotes the



closure of the set E.
In addition, we assume that each EA has the following
structure.

For any boundary point (t we can find real

1> xl) of EX’
valued twice continuously differentiable functions on Dl’

fi(x,t), i=1,..+.,s8, such that E, is given by
(1.1) £1(x,8)<0, +-+ ,f (x,8)C 0,
in a neighborhood of (tl, xl), and such that

(1.2) £,(xy5 t7) = 0, i=1,+++,s.

l’

Let Yx(x,t), A€ N be continuous n-vector functions on D.
We assume that Yx(x,t) is twice continuously differentiable
with respect to x and t in D, and that

(1.3) Yxl(x,t) = YA2(x,t), for (t,x)€ EA{”\EA2.

Let X(x t) be a piecewise smooth function defined by
(1.4)  X(x,t) = Y,(x,t), for (t,x)EE,.

In the present paper, we consider the system of differential
equations

(1.5) & = X(x,t)

with the two point boundary condition
(1.6) Lox(-1) + Lyx(1) = [ .

Here Li’ i=0,1, are given square matrices and C is a given
vector.

We consider the solution x(t) such that (i) the number
of switching times 1is finite, (ii) the curve (t, x(t)) passes
through the boundary expressed in only one hypersurface.

Moreover we are céncerned with the solution, which is
the following form ’

(1.7) (¢, x(t))éEJ, for té(tj-l’ tJ), J=1,+¢+,r,

41
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(1.8) fj(tj9 X(tj)) = 0, j=lye+-,r-1,
where

by to by b = -1, t,=1.

Here t., j=l,-:-,r—l are switching times, Ej, j=1l,¢+-,r sub-
regions, and fJ(x,t) = 0, j=1,:-+,r-1, hypersurfaces.
In what follows, however, we can include the case that

tj—l = tj (2€j€r-1) as a limit case that (tj_l—tj) —>» 0. Thus
we replace above inequalities by
< < ... £

Let xj(t) be a restricted function of x(t) on [tj_l, tjj,
for j=1,+++,r. Then, from (1.4)~(1.8), we have the boundary
value problem with nonlinear boundary conditions,

(% (8) = Yj(xj(t), t), j=1,2,-,r,

I (x,(t,), t.) = 0, J=1,+,r-1
(1.10) ¢ gt

Loxl(—l) + ler(l) = Z R

kxj+1(t.) = xj(tj)’ j=lyeve,r=-1 ,

J

where Yj is a function defined in (1.4) corresponding to the
subregion Ej‘
We put

t.~-t t.+t
(1.11) t].(’l.') __J._?J—_l-[.p_q]_ZJ___]:.,

x9 (1)

]

xj(tj(r)), | j=l,+¢,r.

Then, from (1.10), xj(r), j=1,"°*,r, satisfy the following
boundary wvalue problem.

. t,-t
(1.12) #I(r) = VI (o), gL, for r€-1,11

J=1,2’...,]{',



£ (xd (1), £y) = 0 J=1,2, ¢+ ,r-1
(1.13)  { 1O% (-1 + Lyx (1) = (,
¥t = ¥, §=1,2,,r-1

Thus the solutions of the boundary value problem (1.5) and
(1.6) can be obtained by solving the boundary value problem
(1.12) and (1.13) with respect to XJ(T), J=1l,***,r and
switching times tj’ J=1,2,---,r-1.

Let £(t) be a continuous vector function defined on _
[-1,1] and let its Chebyshev series be

(1.14) £(t)~a, +-~ﬁ§;§;; a T (t).

We use two kinds of norms ufnn and nfnq, which are defined as
follows

Hfﬂn = sup Ff(e)n
= L (m 2
1ITh, =[x [Quf(cos e)1°aeT”
where the symbol I Il denotes the Euclidean norm. Let me or

fm denotes a function discgrding the terms of the order higher
than m in the right hand side of (1.14). Then the following
properties hold [seé Ref. 2].

L
ufuq &t ,

i 2
llefnq = ;: nan" ’
(1.16) ,

L
IP_fi = J2m+1 anfuq,
Wf=P £ = Lty
m q m+1 q

Now, for (1.12) and (1.13), let
. m
Ap(T) = ag + VB3 alr (0, §=1,2,000,r, (1€L-1,1])

+1
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be desired finite Chebyshev series of XJ(T), J=1,2,**,r with

undetermined coefficients ag, i=0,°***,m, j=1,2,*°*,r. Then
the determining equation, by which unknown switching times ti’

i=1,2,+++,r-1, and Chebyshev coefficients aj i=0,1,°°°*,m,

i’
j=1,2,***,r should be determined, is as follows
| 0 1 i i+l
(z°(a) = 3 Lyxr (1)) - € = o,
i=0
. + .
zd (@) = x*H-1) - xd (1) =0, g=1,2,---,r-1,
J = 2 Tod ¢ d -
(1.17) J zi(a) Aﬂei_l.fOY (xm(cos 8), tj(cos 0))cos(i-1)6
t,-t m
a6 23-1 -3 1 vs_(i_l)sag = 0,
i-1 s=0
i=1,2,*+,m, j=1l,2,°°,r,
‘() = £, 6,) = 0, J=1,2,-,r-1.
where
= lnoa l 2-.- 2000 r..c r ) .
o col(aO ajag a- aj amtl tr—l)’
{J?, for s=0 0, for s <0,
j =l’ j =r, e = v ={
0 . s 1, otherwise, s 1-(-1)%, for s20.

In what follows, we shall write (1.17) in a vector form

as follows

(1.18) r(M (4) = o,
The purpose of this paper is 'to prove the followilng

theorem.

Theorem. We assume the following three conditions
(a) The system (1.5) with (1.6) has an isolated solution
%(t), that is, the solution such that the matrix G = L, +
Lf?(l) is nonsingular. Here ®(t) is a fundamental matrix of

(1.19) %% = Xx(Q(t), t)y
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such that

$(-1)

(b) The curve X(t) satisfies the transversality condition,

_ iAo A A LA A
A, = fx(x(tj), tj)X(x(tJ), t

J'Al\ N
] )+ ] RED, T 4 9,

J
§=1,2,+++,r=1.

That 1is, at tj’ the curve (t, x(t)) transverses the hyper-

surface represented by £d (x,t) = 0.
(¢) The curve x(t) satisfies the internality condition

(1.20) U = {(t,x) : ax-R(t)0 £ 6, t€[-1,1]1}CD.

Then, for sufficiently large My there are finite Chebyshev
series xi(r), j=1,*++,r, of any order m 2 My and approximate
switching times ti, i=1,...,r-1, such that

. . A A
(1.21) x%(T) ——?QJ(T), uniformly as m — «, and ty — ti as
m —> o for j=1,*°**,r, i=l,---,r-l.

Here A

A n A
t,-t t.-t.
A - -
/}\{'j('l') = x(—‘j—gj——g‘— T + —l——fl—l-), for t€[-1,1],
J=l,+*,r.
The proof of Theorem is based on the following proposi-
tion.

Proposition 1, Consider a real system of algebraic

equations

(1.22) Yo - (
{F(a) = 0,

where o is a n-vector, Y 1s a constant kx n-matrix and F(a)
is a twice continuously differentiable (n-k)-vector function
defined in some region £2 of a-space. Assume that (1.22) has
an approximate solution o = a for which the determinant of
J(a) = (§~(E)) does not vanish. Further assume that there
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are a positive constant

§ and a non-negative k {1 such that
(1) Qs = {a : KA1 £ 8}C0,
i1 - Al £ S :
(ii) IIFa(oz) Fa(oc)ll = s for any aéﬂs,
er+M25 2

where r, €, Ml and M2 are numbers such that

IF(@E)E = v, UYa-(0 = ¢, n(Y )‘1(0 O £ m, ana

Fa(&) 0 E 1
(1.23)
Y -1/E O L
ﬂ(Fa(&)) (o o)“ = Mo
where (8 g) and (g 8) are square, E is a unit (n—k)X’(n-k)—

matrix in the former and a unit kX k-matrix in the latter, and
O's are appropriate zero matrices.

Then the system of algebraic equations has the unique so-
lution a = G in R, and for a = &, 1t holds that

(1.24) det J(a) % O,
(1.25) no-an £ (M;r+M,e)/ (1-k).

Proposition 1 is the same with Proposition 1 in Ref. 2,
except we separate the linear part and the nonlinear part in
the system of algebraic equations. We omit the proof, since
it is similar to the proof of Theorem in Ref. 3.

§ 2. Isolatedness, Internality condition and Truncated
Polynomial of the Isolatéd solution.

In the present and succeeding sections, we assume the
system (1.5) with (1.6) has an isolated solution X(t) with
switching times £,, 1=1,2,---,r-1, of the form (1.7) with
(1.9), satisfying both the internality condition for some posi-
tive § and the fransversality condition. '

By the following Proposition 2, the isolatedness of x(t)

are given.
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Proposition 2. Let §5(T) be a fundamental matrix of

. t -t
(2.1) F=vad, gty

satisfying

J

5§j(-1) = E, for j=l,--+,r.

Then ¥(t) of (1.19) 1s expressed as

2t=(t.+t, )
(2.2) B(t) = J_J-1 )?. (1).--8, (1)
J tj-tj-l j-1 1
o1l [tj—l’ tJ]’ J=l,°+,r,
and further ‘
(2.3) G =Ly + L@ (L&, (1)--& (1).
If tj—l = tj,2:e(iut; in)(2.2),
- +
J j-1 -
B (——= ) =B for t€lt,_y, ;.
J 7J-1
Proof, Proof is derived easily by mathematical induction.

Now from both the absolutely continuity of Q(t) and the
compactness of the interval [-1,1], it holds that Q(t) is uni-
formly continuous, That 1s, for anyt:EKO,G), there exists
some positive constant § such that

02
A
(2.4)  1R(e)-R(t+) € e, for any A€[=84,, 65,7
(t, t+A€.[-lsl])-
We take some € € (0,8) and put

Then we have the following proposition.

Proposition 3. For any functions XJ(T), J=l,°°,r
and parameters tj’ j=1ly+++-,r-1, such that

(2.6) Ixd (1) - RI(u € 6,y,  for t€[-1,11,
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AN
(2.7) AP Sgos
the points (tj(T), x4 (1)), J=1,«+.,r, lie in U for t€[-1,1].
Proof. The result follows immediately from
N _ T+l l-t A ”
1t () - t.(T)l = 1=5=(ty-ty) + = (tj_l—tj_l)l = 8405

where t (1) is the llnear transformation obtained from (1.11)
rep1a01ng tJ and tJ 1 by t‘j and j 1°

By Proposition 3, the system (1.12) can be defined for
any xJ(t), j=1,--+,r, and tys 3=1,2,:++,r-1, satisfying (2.6)
and (2.7).

Since Yj(x,t), j=l,+ee,r, and fj(x,t), j=1l,2,+++,r-1, are
twice continuously differentiable with respect to x and t in
the domain D, there exist following constants KlﬁvKl” such
that

/’ max lle(x,t)ﬂ £ Ky, max ﬂYi(x,t)l < Ko
(x,t)EU (x,t)EU
J’:l,...’r j:l’...,r
max: . HYJ(X )l £ 2, max "Y%(x,t)ﬂ £ K3,
(x,t)EU (x,t)EU
J:l’...’r
max Iy (x,t) 1l <k , max ﬂYj (x,£)0 € XK.,
(x,t)€U XX b t)eu xt 5
.]":1,-‘-,1’ j=l,"',I‘
max 3 ﬂY%t(x,t)u = Kg, max lfj(x,t)l £ K7,
(x,t)EU gxit)éU
J':l,--.’r =,-oo,r
(2.8) < L
max lfj(x,t)ﬂ < Kg, max Hfix(x,t)ﬂ £ K9,
(x,t)EU X (x,t)€U
J’:l,.--,r * J:l,..-,r
J < J <
max e, (x,t)I £ K,,, max I £, (x,t)=K, ..
(x,£)€U xt 10% (x,t)eu et 1L
j:l’...,r J=l,“',r
J _ .
k ?i.?](.’...’r dTYX(X(T)’ t (T))” 12,
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max Mgerd G, Byl € kg,
max M TV (X(T), Tl £ Ky

Now we shall provide the properties of the truncated
polynomials Q%(T), j=1l,¢++,r, of QJ(T), j=1,2,++.,r, satisfy-
ing (1.12) and (1.13) without proof [see Ref. 2].

e - o ¢ K{7a%é¥%7 ,

KJ '
17(m+17m(m-1)’

1% (o) - R

(2.9) )
Ty - ®on, € k2  dml)y
Ix (T) Xm(T)"q - K 7[rm(m l) + (m+2)(m+l)] '
Here
© I
om) = B _%_]é;-.z ,
n=m+; n f;
‘(t -t
J  _ - P Y 7Y (x,t)d
K = max ﬂ Y (x t)
17 (t,x)EU 2 Zax ax
t€lty_ysty] .
; ; 5 3YY (x,t) ;
Y9 (x,8) + [Y3(x,t) 1YY (x, t),
J
+ YJ(x t)BY (x)t) + 2 Ya(g ,t) '
t .
where Yi and X, are respectively a k-th component of Y'j and X.

From the first of (2.9), by Proposition 3, there exists a
positive integer m, such that, for any m £ Mg, the point
(Q%(T) t (t)) lies in U for t€[-1,1] and j=1,+++,r, and

(1@, T - YA @, Bl & rdxd 20m
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) &0, -t &I o, £ o £ KuK{7ﬁ%%%%7 ,
J=1,"‘,1",
(2.10) . A
; J A A J A A i j o(m)
15 (1), B5)-F (X7 (1), T € KKy mm My
J A J (Ad A ya j o(m)
\ £y (x: (1), tj)—ft(x (1), tJ)l\ £ Ky oK 7itmaty >
J=l’...’r_l.
§ 3. Jacobian Matrix- of F(m)(a)

Let J_(a) be the Jacobian matrix of F(m)(a). Then we

dFm(a+eh)
(@) = =g [ w0,

where h is a (m+l)rn + (r-1l)-vector such that

(3.1) h = col(hé~--hi

have

r r
...ho.. hm7i...7f—1)'

Further let Bl and 82_be respectively rn-vector and mrn+r-1

vector such that

(3.2) By = col(a bl"'bf—l) s
(3.3) B, = col(Ey+++Eigle - g2ee gl iglo e 1),

where a, bj’ Eg and Cy, is respectively the same dimension with
zo, zj, z? and f* for each J, k, 1,6 (j=1,-°++,r=1, k=1l,+++,r,

i=l,+++,m, {=1,...,r). Now we shall consider the linear

system
y b1
(3.4) Jm(a)h ='(B2) .
If we put
. 3 m_
xé(r) = ay + J2 2;; ayT (1),
(3.5) n= |
Iy = nd N}
yl(t) = n) + 2 g;; W (1),



G 9o - gl + J2 Z:; £ AT (1), J=l,ee,r,

then, from (1.17) and (3.1), corresponding to (3.4), we have

(3.7) gi% Liyji((—l)i+l) = a (J4=1, 3,=r),
(3.8) ¥ -y = by, ge e,
(3.9) %%i =p _(vdad (o), t.<T>)y3<r)}Ei:Ei:l

+ P4 t(X (1)5 t5(1))7, (T)Ei:fl__

vp o vdd (o, ty (r))i—L— I (1), 3=1,

(3.10)  £3(xp(1), t,)y) (1) + f%(xi(l), 407 - ¢y = 0,

j:l ...,r...l

where'? (1) is the linear transformation obtained from (1.11).
replacing tJ and tj 1 by 7' and 7} 1» and

(3.11) 7% = 7}
Let Q%(T) be a function such that
Q%(T) = P XJ(T) = a + f-Ez: ad T n(T)s

and we substltute 29 (T), J=1l,+++,r, and tj, Jj=l,+++,r-1 re-
spectively for xY (T), j=l,+++,r and tj’ j=l,+++,r=1 into (3.7)
~(3.10). Then from (3. 4), we have

B
(3.12) J_(a)n =( 1) E
m 82

We shall prove the existence of the inverse of Jm. We
put
A

N
-t
(gj(x ,T) = Yj(x tj(r)) 3'23“1 T;l + %Yj(x,gj(r)),

J=1,2,:+°,r-1,



g,(x,7) = 0,
N A
(x,0) = ¥ (6,8, (1))edd=1 1= yvd (x,%, ()
qj s t 23 P 2 - 2 X J T)
j=2’-..,r.
(3.13) ql(x %% o
g (0 = —i——l——[P A&, By
- &I, Byl 01, ge1, e,
o odad 3 Ad A
Sy = fx (Xe (1), t yyd (1) + £2(x2 (1), tj)73
L -, ? i) - el &I, 7y,
j:l’...,r
Then (3.9) and (3.10) are replaced by
A\
J -t
(3.14) §E = vI&I (0,2 )y <r>—i——i—— + P gj<x (1), )7,

+ B jay (R0, 07,

FREEL ZICORES SR CON

(3.15) 3G,y ) + £l B8 -0yt = 0.

The solutions yJ(t), J=l,---,r of (3.14) and (3.8) can be
obtained by the following propositions.

Proposition 4.  For g; and ay of (3.13), and §5(T)

defined in Proposition 2, we have

(18, (037N (), e, (R (s),8)as

YRy, £ S >>lil|| = om ™), j=1,--+,r-1

(3.16) X
ua%<T>Jff§51<s>Pm_lqj<xm<s);s)ds—yj<&3<r>,€5<r))l§1

L -3 oY @ 0,8, i = o™, g=2,0e e



Proof. Since Y9 (&I (t), £ (T))T+l ana Y' &1 (o), £, (0)35E 1s
respectively the solution of the system of differential equa-

tions A A
-t
H =&, %J(r>)y—i—§l—— v gy & (0,0,
for j=l,+**,r=-1,
and A A
s t,-t
-yl o, § oA+ g B,

for i=2,*°**,r,
(3.16) is proved directly.

Proposition 5. For ij(T) and Smj in (3.13), it holds
that

(3.17) IRy (Ol £ o™ HUyiong + 1TH+ 19l ),

(3.18)  ¥s,0 £ omyayd(oug + 17D,
where
T= (T Toy).

Proof. (3.17) 1is proved in the same way as the proof with
respect to Rm(rd of Ref. 2, and (3.18) follows from (2.10).

Proposition 6.  Let yj(r), j=l,+++*,r be solutions ob-
tained successively from the system of differential equations,

d‘)

(3.19) yJ(T) = Yi(QJ(T), %j(T))_l—_l_— J(T) + YJ(T)

N

!

satisfying
yI-1) = oy +yITH), e,

with yo(l) = 0. Here yj(r) is a function continuous on [-1,1].
Then yj(r) is expressed as

: J
(3.20) yi(1) = (1) T (1)b, - + B, (1), J=1,++«,r,
Nt 3V = Ry-1,1(DPyq *+ &y (T

where



;1) = BB (1), 1=1,000,5-1,
ij(T) = i%(r) jzfﬁgl(s)yj(s)ds
J—
+ §J(T) g§j_l,i(l)JE:&;l(s)yi(s)ds,

j=1,+0,r
Further‘we have

12, (DI < 2: K151||v Ng>

1%, (ol £ % Kyeqlv Iy
where

K sy = ﬂ§j’i(l)ﬂjjgﬂll§31(cos 6)l 2sin6de,

K16 = L[ 51 (cos 00201412, , (1)1 [[012 ]  (cos 0)1%s1n0a0,
1=1,%,].
Proof. (3.20) is proved directly by mathematical induction
and (3.21) follows from (1.15).
Now from (1.3) follows

(3.22) = Y@A&®, ) = VORI RE), ’€j>, J=1,+++,r-1,

J
Then, by (3.22) and Proposition 4 ~Proposition 6, the solu-

tions yJ(T), j=1,+++,r of (3.14) and (3.8) satisfying the in-
itial condition \

1 -
y (—l) = bo
is expressed as

- ]
(3.23)  yl(0) = B(n) Y By, (b ¥ v (57,

+ YI(OIFL 7, F () 4 qpy(n), J=1,0 0,

where
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YJ(T) = YJ(QJ(T), QJ(T))

- )
ﬁj(r) = _§J(~c)( Izlégl(s)w(s)ds + f%;‘Lij_l,i(l)filéil(s)
P1(s)as),
19y (1 € 0(m™) (TEHT1 +iyT )

Substituting (3.23) and (3.11) into (3.7) and (3.15), we have

r
(3.28) Lobp+L, [ 2 _ @ 4 (1)by_+%,(1)+Q . (1)] = a,
i=1 °°

s j
J (RJ A J —

(3.25) £y (X (1),tj)(§=__;§3’1(1)bi_l+Y (1)7,+%, (1)+Qp 4 (1))
+fft];(;(\j(l)’%,j)7j+sm,j = CJ J-‘—‘l,'--,I’—l.

Thus, from the 1solatedness and the transversality condition,
by and 75 are determined as follows :

r
(3.26) b, = G_l{a—Ll(i;Z?r’i(l)bi_l+§r(l)+er(l))}
= a7l -rd. -1
= ) 3 -1, = ‘
+ g;; Hyy (3)by g +F5 By 1 (1067 Ly (, (1)4Q,.(1))-8 4],

J=2,+¢-,r-1,
where

fi = ff((’ij(l), ’EJ), j=2,e+0,r-1
J -1 J= -
( ) {fx§,j,l(l)G Ll§r‘,i(l) - foJ,i(l), J_2""',r-l’
Ho,(3) ={ . :
31 J -1 - .
£I%, (1067 E, 4 (1), 1=J41,--e,r.

Moreover, by the substitution (3.26) and (3.27) into (3.23),
we have ‘ ‘
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(3.28) vyl (1) = & ()-vI (0 'lfj B, (1)- YJ(T)—Ajll £3-1)

'§j-1,1<1>G_la+i5;_2Hui<J>b1_1+§3<T>§3_1,1<1>G'1§r<1>
+ ) (OB AT e 0] 7, (1)48)8(6 6L E, (1))

+ ¥ ()T Loy -0 7, (167N (1) 14F (1)
+Phy (1)

where

(-2, (1B, _y 1 (1ETILB, (4 (0B, 4 (1)

I (0)zL J -1 _
w3 ()BT, ()41 ()3T (3J-1), 1=2,"++,7J,
H,, (1) = J 31 7 Ay-1M31

B (0B _y (DT @, L (D (05T S, (5-1)

k+YJ(T)———ﬂJ 1 3i(j -1), i=j+1,.-.,r.
A -1
ij(T)llq = O(m ~) (N7 +ll‘7"llq+llyﬂq),
with 191 = (3 19312 and pyp. = (> 1ydy
SRONL Vo = 21

If we put, in (3.12), Bl = 0, 82 = 0, that is, a = 0, bi = 0,
c; =0, <+J(r) 0, 1=1,+++,r=1, j=1,+-+,r, then by (3.27) and
(3.28), follows 7= 0, yJ(r) = 0, j=1,+:-,r, that is, h = 0.
Therefore it readily follows that, for sufficiently large m,

A
det Jm(a) ¥ 0,
or, there exists the inverse of Jm(a).

Now the linear formulas of F(m)(a) are zo(a) and zj(a),
j=1l,++-+,r-1, and the nonlinear formulas are zg, i=1, c,m,
j=1,---,r, and £9, j=1,+++,r-1. Then the number of linear
formulas of P(m)(a) is rn. We shall evaluate uJ;l<8.g)M,
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-1/E O 00 EO .
and WJ_ (0 0)"’ where (0 E) and (0 0) are the matrices of the
same form as J_, E is a unit (rnm+r-1)X(rnm+r-1)-matrix in the
former and a unit rnyxrn-matrix in the latter, and O's are zero
matrices. From (3.2) and (3.3), the dimension of Bl and B, is

fespectively the number of linear formulas and nonlinear for-

mulas of F(m)(a). Then the norms of J;l(gﬁg) and J%l(% 8) are
-1(0 0O\ (B ' J-l 0
15712 O)p = sup ‘"Jm (3 2) (&) : sup' Al
S (31’B2yuslu2+u52n2 B, N8,

(3.29)

1 (B
"J;l(g 8)" = s;i——%?lleF-
1

By the substitution Bl = 0 into (3.27) and (3.28), we
have, for sufficiently large m,

. r-1 "
Ciya 2Pyt € m# 5 it
=1 4
or

(3.30) (2 O

m

un

Ml'

Here M., is a constant such that

1

| 1 2. o E o -1,.2
( ATTD) +§ A E HS, (j)+(2K,max 1A, 1)
m?X‘ J $7 N fg 1Y ly=1,-..p-1 9

=
nw

1-0(m™1)

r

r
+3 Y Hy (J)+0om™h)
j=1 i=1

where

Iy +ped -1 1,
(edi+1ed@, L (O6TI L DK gy 151,00 0u s
H, () -

'j -1 - o o 0
foéj’l(l)G LllK 1=3+1, ,T

1512
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1B, () 3 (DG L Ky gy +K (AT ()

+,AT£ lHli(J"l)')+Kl6is for i=l,“‘,j,

H _(J) =< .
21 12, (02, LGl K 151Ky (1A |H 3)

k+!A3"l'Hli(J—l)) for 1=j+l,:+,r, j=l,**",r.

HJ;l(g 8)" is also evaluated, by the substitution B8, = 0 into

(3.27) and (3.28), as follows

L7HP+uy12 7% € 1y (hal +Zub 1%

or
-1(E O 3

(3.31) 13-t (5 o) &y,

where M, is a constant such that

2
2 [li_:lllA—lfj@ (l)G‘llI2+rZ—lA‘2}r:H2 (J)+2r: — 12, (1)
= tes Ay T E 0 ¢ 31 J.=li;ui
+Z{u§ CPNTITER (11 +x 118311 1Kg}?

42, (16 21 /(1-om ).

Jsl

Now we put
o)
Jm(a) = [O,E]Jm(a),

where 0 is a zero (rnm+r-1)X rn matrix and E a (rnm+r-1)X
(rnm+r-1) unit matrix. Thus J (a) is a Jacobian matrix cor-

responding to the nonlinear formulas of F(m)(u) Let

l' l' 2' 2' r.' r'
L o0 oo Y LRI LA
a col(a a_ aj a ag a tl tr—l)
and
1" l" 2" 2" r." r" " "
LU e o 0 * 00 e 00 o 00 L]
o col(aj a; ag a_ ag an tyrectn_y)
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be arbitrary (m+l)rn+(r-l)-vectors such that

''A " A
1t5-251 € 8505 |tj—tj| < §oos  J=1,2,+0-,r-1,

s 1

' ' m ' "
and both x9 (1) = a% +I§g;&ai T (1) and x3 (1) = a%

m ."
+J§§:la% T (1) satisfy
n=1

uxj'(r)-§3<r)un £ 5 and uxj"(r>_§3(r>nn £ 5

01’
for J=1l,+++,r.

0l

Here 601 and 602
similar calculations of qu(a')—Jm(a")ﬂ in the reference 2,
we have the following important inequality in the proof of

Theorem.

(3.32) 135(a")-35(a" 0 & (2mH1)Mgllar—a

2
5

_ 2 2 2 2 %
with M, = {K9+2K10+K11+Ku+8K

2 2.2
3 +2K2+16(K6+K3)f8K5K2+32K6K3}

§ 4, Proof of Theorem

By Proposition 3 and the first of (2.9), the point

(Q%(T)’QJ(T)) (t€[-1,1], j=1,:++,r) lies in U for-any m:-Z m

provided m, is sufficiently large. For such m, let us put

w3
]

L Ady 1+1 j A A
\ 0 g;%Lixm ((-1) ), ry = £(xy(1), tj),

dQ%(T)

J
Rm dt

NN :
L.t
- pa P Gl £ Lt
for T€[-1,1], j=1l,+++,r.

Then, in the same way as §3-U4 of Ref. 2, we have, for some
constant K,

3
(4.1) 4rm &y = eroﬂa+Z:IR%H§+Z:ﬂr€ﬁ2 £ Km?
J J

be numbers in (2.6) and (2.7). Then, by the

0



b6

(4.1) expresses that a = Q is an approximate solution of the
determining Eq.(l.17). From the first of (2.9) follows

(4.2) u’)?;fl(r) - QJ(T)"H < K17m97_($2-1-5 ,

. _ J
with K max rKl7. For K17, let us denote by 2, the set

17 J=1,"',

Q= {a=col(£l---£rtlt

2 1
es ot ) uEJ‘EJ" é [8’

" 2 r-1 2m+1 01

Kjgolm) aA i
- Tm(m=1) 1, J=1,2,:+,r, |tj—tj| = 6pps J=1,2, 0, -1 }s,
where

2 . . . A . A .
g‘] = COl(a%,a'j].,o.O,a#l), E'j = COl(,.(.a\'%"a.“]j_"..,%—#l)’ J=l,2" ’r

. . m
For xJ (1) = al+23_ adr (1), 31,2, ,r and by, §=1,2,0 0,

r-1, such that ™1
1 1 1 r r r

(4.3) o = (ags@]sv sl ,ttv,80,87,° 58, tl,---,tr_l)é Qs
we have, by the third of (1.16),

. , K,,o(m)

J AJ “ 17 - * 0o 0
me(T)-Xm(T)Hn =65 - oIy J=1, 5T

AN

ltjrtjl < 8§05 J=1,2,°°+,r-1.

Then, by (4.2) and Proposition 3, the point (X%(T), tJ(T));
(t€[-1,1], j=1,*+,r) corresponding (4.3) included in U.

This means that F(m)(a) is defined in Qm' For an arbitrary
number k {1, and the numbers Ml’M2 and M3 in (3.30)~(3.32),

we put
K,,o(m,)
§, = min.[——ﬁ— , 6 — 1 , 6,1
1 M3M1 0l my ml—l 02
and take m, 4 ml so that
(M, +M,)K 3§
172 - 1 >
“T::?—_'Inz<'§ﬁTT » for any m € m, .
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Let us now take Gm such that

(M1+M2)K m% £ & 51
1-x T 'm T 2m+l

and consider the region

QGm = {o : go-an & .1
Then ‘
(4.4) %, C O
and further, for any cxéﬂ(s and m 2 My,

m
2 2 N L K
(4.5) ﬂJm(a) - Jm(a)ﬂ ] MI
(4.6) (M1+M2)"F(m)(a)" ¢ 5
* 1-k ~ m®

Thus, from (4.4)~(4,6), and Proposition 1, we see that the
determining Eq. (1.17) has the unique solution a = a in Qém;
This proves the exlstence of the approximate solution in the
form of the connection of Chebyshev series tied at switching
times. From (1.25) in Proposition 1 and (4.2), the conver-
gence (1.21) is proved in the same way as §3.5 in Ref. 2.
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