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On a three-point difference scheme for a singular perturbation

problem without a first derivative term. I

By

Koichi Niijima

1. Introduction
Let € be a parameter Satisfying 0<eg£l and consider

the boundary value problem

ey" - b(x,e)y = £(x,¢€), - 0sx<1, (l.1a)

y(0) = ag, y(l) = ays (1.1b)

where b(x,e) and f(x,e) are twice continuously differentiable
with respect to x on‘D={(x,e)105xsl, 0<egl}, and bounded there
together with their first and second derivatives with respect
to x. Assume further that b(x,e)28>0 in D.

Recently, J.J.H.Miller [2] derived an exponentially
fitted difference scheme fpr the problem (1.1), and showed
that the solution of this scheme converges to that of (1.1)
uniformly in € with order h which denotes a mesh step.

In the present paper, we give a three-point difference
scheme whose solution converges to that of (1.1) uniformly in
€ with order hz. J.J.H.Miller [2] employed the method of
A.M.Il1'in [1l] in constructing his differénqe scheme and in
proving the uniform convergence, but we use the Liouville-

Green transformation which makes easy the error analysis.



2. Approximation to the problem (1l.1)

We begin with approximating b(x,€) and f(x,e). Let us
introduce the uniform mesh xi=ih, i=0,1,...,N, where Nh=1,
and approximate the functions b(x,e) and f(x,e) in each sub-

interval [xi,x 1, respectively, by

Ti+l
L 4
B(x,e} = 1/(B,—f— + o)
and
X=X,
_ 3 _. 3 i 3
Flere) =tog @507 E5407% 7 F) 5o wa R o1 fi)

where ao., B. and f. denote
i i i

o, = 1460

and

'fi = f(xi,e),

respectively. We remark that such approximating functions
are determined from the Liouville-Green transformation
appearing later on.

Consider the following approximation problem to (1.1);

eY" - B(x,e)Y = F(x,¢), (2..1a)

Y(0) =a, , Y()=a; . (2.1b)



Then we can prove

Lemma. Let y(x) and Y(x) denote solutions of (1.1)
and (2.1), respectively, and let | .|| denote a maximum norm.
Then there is a constant C, independent of h and &, such that

Iy - vl & cn? . (2.2)

Proof. We first note that B(x,e) and F(x,c) are
continuous functions on D. Define r(x) by r(x)=Y(x)-y(x).

This r(x) satisfies
er" - b(X,E)r = (B(XIE) - b(XIE))Y + F(X,E) - f(xleh)

and

r(0) = r(1l) = 0.

Since b(x,€)26>0, the maximum principle assures that for a

constant Cl independent of h and €,
Izll, & c € IB - bl fxl, +1F - £l ).

Accordingly, it suffices to show that there are constants C2

and C3i independent of h and ¢, such that

IB - bl s c,n?

and

Ir - £]l, £ c;n® .

The first estimate follows from the Taylor's theorem. Indeed,

B(x,€) - b(x,e) = —( % bis/4Bi+bi')(x-xi) + 0(h?)



NI

"5/4 ' 2 ]
bi bi + O(h")) + bi }

SUx toxg) o+ 0(h%)

0(h?)

for X, EXEXL 4 and 0<egl. To get the second estimate, we set

g(x,e)=f(x,e)/b(x,e)3/4. Then F(x,c) can be written as

3/4 B(x,¢€) )l/

F(x,e) = B(x,¢) {( bix )
i+l’

4
(g(xi+l,6)—g(xi,e))

X = Xi
-T— + g(Xi,E)}'

. . O<e<l.
x1§'X§x1+1' €z

A further estimation yields

Fix,e) = (b(x,e)3 %+ om?)) [(1+ 0h®)) (glx el -g(x,,€))

X - Xi

X = X
b(x,e) ¥ [(g(x;, .60 -g(x,,€)) ——>

+ g(xy,¢€)]
+ o(h%).

Since the bracketed term of the right hand side gives a linear

interpolation to g(x,e), we finally have

F(x,e) = b(x,e) /4 [gix,e) + 0(h®)] + on?)

£(x,e) + 0(h%).

This completes the proof.



3. Construction of a difference scheme

In this section, we show by applying the Liouville-
Green transformation to (2.la) that its solution Y(x) can be
constructed in each subinterval [xi'xi+l]' and derive a three-
point difference scheme between Y, ;= Y(x; ;), ¥,;= Y(x,) and

Y = Y(xX.,,).

i+l
In the subinterval [xi'xi+l]' we change the equation

(2.1la), by using the Liouville-Green transformation

v, = wi(x)Y(x), z = ¢i(X),
into
2
d%v, v, dv,
1 € 1 1
€ + ( ¢." = 2—2 ¢.') —
722 4’1'2 i v, Y1) @
v, v, v,
- = {B(x,e) + e(( A f—)z)}vi= = F(x,€).
¢il i i q)i'
(3.1)

We determine wi(x) and ¢i'(x) so as to satisfy the equations

wl
¢n=2 l¢u
i wi i
and
l”1' wi' 2
(—EI )'= ( —az )

which can be resolved analytically. Indeed, we get



v, (x) - —
i dl(x xi) + d

and

1
2
(dl(x—xi) + d2)

¢, " (x) (3.2)

where dl and d2 are constants. It is easily seen that the

choices dl= Bi/h-and d2= oy lead to the equality

¢i'2(x) = B(x,e) for x gxgx, .

Let ¢(x) be a function obtained by solving (3.2)
successively and by connecting these functions each other
at the nodes X, . It is not hard to verify that

X = X.
1

ai(Bi(X-Xi)/h +ay)

¢ (x) = ¢(x;) +

xigxgxi+l.

This shows that ¢(x) is continuously differentiable and

monotonically increasing on [0,1]. Hence the equation z=¢ (x)

-1

has an inverse x=¢ ~(z). Thus the equation (3.1) can be

written as

-1
av, v. ( 6 Y (z)) _
€ z v, =2 5 F (0 L2y, ey, (3.3)

6" (67 (2))

¢(xi)§2§¢(xi+l),

whose solution takes the form

v, (z) =K exp((z—¢(xi))//g)+ K

1 eXP(-(z-¢(xi))//€)+ w, (2).

2
(3.4)



Here wi(z) denotes a particular solution of (3.3). Since the
explicit form of wi(z) is not required now, we carry over its
calculation later. Using (3.4), the solution Y(x) of (2.1la)

in the subinterval [xi’xi+l] is expressible in the form

Y (x)

Vl(q) (x) )/wl (%)
By
= = g (x=x;)+a;) {K exp ((¢ (x)-¢ (x;) ) /VE)

+ Kyexp (= (¢ (x)=¢ (x;))/Ve)+ w, (¢(x))}.

(3.5)

1’ Y3

by Yi and Yi+l' This is

To derive a three-point difference scheme between Y.

and Yi+l’ we represent K,and K

1 2
accomplished by solving a system

Y. = - a.( K
i

i + K, + w. . )

1l 2 i,1i

and

= - 1
= ai+l( TiKl + Ti K2 + w

Yin

where T,= exp(p/a;a ), p= h/Ve and Wi 5= wi(¢(xj))f

i+l

The solutions K, and K, are

1 2
Ky = (gmpr Yy oo Yy qbwy gt wy 0/0 3 = 1)
ii i+l ! i r- i
and
Ky = ;f Yy~ iil i+17 Wi, 41 T TiYy, i)/ %; - Ty



respectively.
In the (i-1)th interval [x;_;,x;], we repeat the same

discussion. That is, we set

B _
Y(x) = =( =2 (x-x,_)+o,_){ Loexp( (6 (x)=¢(x,_1))/VE)

+ Lyexp (= (¢ (x)=¢(x;_1))/VE) + w,_;(6(x))}, (3.6)

and represent L, and L, by Y, , and Y,. We find at once that
Ll and L2 are obtainable by replacing the index i appearing in
Kl and K2, respectively, by i-1.

It remains only to connect the first derivative of Y(x)

in (3.5) with that of Y(x) in (3.6) at the node X, - After a

careful computation, we obtain

°i-1 0 O TR0y g,
" sIan(e, Y Yi-1 * {gzleoth(o;y)teoth (o)) ———— :
i-1 i i
()'i
. - — = G., (3.7)
¥y sInh (o) Yiv1 = € '
where 0i= O/aiui+l and
= _P 1 -
6i= 5, STAR(o, ) Wi-1,i-1 ~ COth (03w 4

L
- coth(o)w; . + sinh(o.) “i, i+l
/__ dwi_l i (1wl i
’ 7 |
+ E:( dz dZ ) '



To calculate G, we seek wi(z).‘ Note that

3 3:
‘ o . R -0 . f- .
FoTH(a) s8) = =lagoy RS (2m0 ()

Vi (07 (=)
65" (67 ()2

3
+ oy fi}

which follows from the definition of F(x,€). Since the right-

hand side is a linear function of z, we easily get

S
- oi 418541703 E
i%i+1 h '

(z-0 (x;)) + a; ;.

wi(Z)

This makes possible the calculation of Gi’ Indeed, Gi is given

by
o 3
4 p i-1
G, = =( a, ; - = V£, _
i i-1  sinh(o,_;) o, i-1
-{p(coth (o )+coth(o.))a 2 . (o +0, ) o 3}f-
| i-1 i'7%y i-17%417 % Ty
o 3
4 o) i+l
o sinh(o,) o VB 41

Summarizing the results above, we have

Theorem. At all points of the mesh, the solution of

the scheme (3.7) subject to Y =a, and YN=al converges to that

of (1.1) uniformly in € with order hz.
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On a three-point difference scheme for a singular perturbation

problem without a first derivative term. II

By

Koichi Niijima

l. Introduction
This paper is a continuation of our recent work [2].
In [2], we derived a three-point difference scheme for a

singular perturbation problem of the type

ey" - b(x,e)y = £(x,¢), Ogxgl, ' (l.1a)
y(0) = ayg, y(l) = ay, (1.1b)

where E‘is a parameter satisfying 0<egl. And we proved by
making some assumptions on b(x,e) and f(x,€) that the solution
of this scheme converges to that of (l1.1) uniformly in.e with
order h2, where h denotes a mesh step. 1In deriving such a
scheme, we utilized the Liouville-Green transformation which
also played an important role in the proof of the uniform
convergence.

In the present paper, a three-point difference scheme,
whose solution converges to that of (1.1) uniformly in € with
order h3, is derived under some conditions slightly stronger
than those in [2], when € satisfies 0<€g€0 for small EO'

The derivation and the proof of the uniform convergence will
be done by the use of another Liouville-Green transformation

containing three free parameters to be determined. This

- 11 =



transformation can be obtained by solving some differential
equations analytically. But since the resolution is not so
easy, we shall state its process in Appendix.

In final section, several numerical experiments are
performed with the schemes of Miller [l] and of Niijima [2]
as well as a new one, and the accuracy of the computed

solutions is compared each other.

2. Approximation to the problem (1l.1)

The functions b(x,e) and f(x,€) are assumed to be three
times continuously differentiable with respect to x on
D={ (x,e) | 0gx<1, 0<e§€0} , and to be bounded there together
with their derivatives with respect to x up to third order.
Moreover, we assume that b(x,e)28>0 in D.

Let N be a positive integer and define a mesh step h
by h=1/N. And we denote equidistant mesh points by xi=ih,
i=0,+++,N. In the subinterval [x,,x, ], the functions b(x,¢)

and f(x,e) are approximated now by
B(x,e) = 1/(a; (x- )2+ B, (x- )+ v)?
Xi8) = 1/(0g (XX g yp) + By (XX 41 0) * g

and

F(x,e) = B(x,e)>"

{p; (4 (x)=0(x 1 5)) 7
+ oy (0= (xy . ,5)) + xylky (2.1)

respectively. Here oy Bi and Y; denote, respectively,

- 12 -



_ _ 2
By = (dj4,7d;)/h
and‘
Yi = 9341727
in which d,=1/vb(x;,e) and xi+l/2=xi+h/2' Also, ¢(x) is a
function defined by
x
O (x) = o(x;,4/5) +U/: VB(t,e)dt (2.2)
i+l/2

for_xigxgxi+l,~and P;s 95 and r, are

SO (i) ) () () () (d)
Pi = (93417954120 K07 F (944127930 K7 ) /R Tk 0 (ki kg T

(i) 2

(1)2 _
20K T+ (954957930 k70T)

i = ~U954179541)
o (4), () [y (1) ()
: kl kz (k2 kl )
and

¥y T 9i+1/2

(1)

respectively, where g.=b(x.,e)-3/4f(x.,e), k =¢(x.)-¢(x. )
i i i 1 i i+l/2

(i) _ _
and k2 —¢(xi+l) ¢(xi+l/2)' For later use, we note that

the function z=¢(x) has an inverse x=¢-l(z) because the
former is continuous and monotonically increasing on [0,1]. The
functions B(x,€) and F(x,e) defined above approximate to

b(x,€) and f(x,€), respectively, with order h3 uniformly in €.



This will be proved in next lemma as a preparation for

establishing the estimate

3

max |¥(x) - y(x)| s ch’, (2.3)
0<x<£1
where Y(x) is a solution of
eY" - B(x,€e)Y = F(x,¢€), 0sxgl, (2.4a)
Y(0) = ag, Y(1) = a;, (2.4Db)

and C is a constant independent of h and €.

Lemma. The estimate (2.3) holds.
Proof. We find from the definition of B(x,€) that the

quadratlc function oy (x-x. +1/2) +B (x=-x. +1/2)+y interpolates

to 1//b(x,€) at the nodes X4 Therefore,

Xj+1/2 309 Xj4-

2 _ 1 3
ai(x—xi+l/2) +Bi(x—xi+l/2)+Yi = —;?;TZ; + Oo(h7).
We thus have
B(x,€) = bix,e) + 0(h3). (2.5)

In the next, we show that
_ 3
F(x,e) = £(x,e) + Oo(h”).

We first have, by virtue of (2.5),
Flx,6) = blx,e) > Hp (0G0 =00x;, )%+ @y (00x)=0(x; 49 /5))
,‘ 3
+ ri} + O(h7).

Applying the Taylor's theorem to the expression in the braces,

- 14 -



we obtain

b(x,e) 3% (x,¢)

1 (1] |2
+ 3(a et (x5,q,2)%2P; 0

>ri + qi¢'(xi+l/2)(x—xi+l/2)

+ o(nd)
q. 2p.-B.9.
= r;t ?;‘x Xi41/2)7F 2y 2 (%=%4 47 /2)
i
+ o(hd). (2.6)
Since the same theorem leads to
(i) h By .2 3
kl = - Ty - 5 h™ + O0(h™)
i 8Yi
and
kéi) _ 2h _ Biz 2 4+ o3y,
Yi 8Y.
1
we have
g.' B.
p; = (232, 1;1/25 +0(h?)) (2= ——5n? + o))
i 8Yl
g.. g B.
+ (232 lgl/zn +0(h%) (2= - —n? + o))
i 8Yi
8 B.
3
(2 -—n%ro () (5B - —5hP+o(h)) (2 + 0(n)) )
i 8Y 8Y. i
g ] 8 -Y g 11] .Y 2
_9541,251Y4 iv1/274
= A + . + O(h).

(xi+1/2))(x_xi+l/2)

2



Similarly, we have

2
- '
d4; = 9341,2Y; T OB

Substituting these p.

i and q; into (2.6) yields

b(x,e)_3/4F(x,e) (x-x.

= 9541/2 Y 9i41/2 iv1/2)

g'll
i+l/2 ., 2 3
Y (g p) v o)

= g(x,e) + O(h3).

From the definition of g(x,e), we finally get
3
F(x,e) = f(x,e) + O(h7).

The proof of (2.3) can be done in the same way as in

Lemma of [2].

3. Construction of a difference scheme

The definition of B(x,e) and F(x,e) shows that these
functions are continuous on D, and that there exists a constant
§' such that B(x,€) 2 6'>0 in D. Therefore, the problem (2.4)
has a unique solution Y(x) which is twice continuously differ-
entiable on [0,1].

Now, if we apply the Liouville-Green transformation

V= Wi(X)Y(X), z = ¢i(x) ’ (3.1)

to (2.4a) in i th interval [xi’xi+l]’ then (2.4a) changes into

- 16 -



2 ]

a v, " V. , av,
i € 7i i
S N SO ST S N P
¢, 2 vy by i ¢iz
(3.2)
: . ' ot
We determined, in [2], ¢i and wi so that ¢i - ZEZ ¢i and
(7 g,
(—= ) ' (—= )2 vanish, but now we let
L8 by
’ w" L L]
2
$." = 22— 4. = k.o, (3.3)
1 wi 1 171
and
wi' [} wi' 2 l2
( N ) - (—EI )¢ = zi¢i ", (3.4)

where ki and li are constants. By solving (3.3) and (3.4),

we have
! _ 2

¢i (x) = l/(cl(x—xi+l/2) +c2(x—xi+l/2)+c3) (3.5)
and

v, (%) _ cl(x-xi+l/2)+(cz—ki)/2 ]

wi(x) - (x-x )2+ (x-x ) + ’ (3-6)

c1 i+1/2) €2 i+1/2’7C3
_ (c,+k.)c c,+tk.

where 2i= ——2—5i——3 - | _Z§_£ )2- c,C3 ( See Appendix ).

As is easily seen from Appendix, the freedom of ki does not
]
contribute to increasing free parameters in ¢i (x). Hence

- 17 -



we let ki= 0 for brevity. Then, by solving (3.6), we obtain

_ 2 _ 1/2
Vi (x) = 1/(cq (x=xy 4 yp) "Hey (X=X, ) o) +eg) 07,

Now, we choose as Cy= 0ys Cy= Bi and C3= Yy Such choices

change (3.2) into

o, _ -3/4
- ( 1+ e2)v, = Blx,e) F(x,€), (3.7)

where li= Bi2/4 - aiYi' Notice here that ¢(x) in (2.2) is

jugt qbtained by integrating (3.5) from xi+1/2 to x and by
connecting them each other. Since z=¢(x) has an inverse
x=¢~l(z), the right hand side of (3.7) may be written as
B(¢fl(z),E)—3/4F(¢-l(z),€). Thus the equation (3.7) is solvable
analytically on'[¢(xi),¢(xi+l)] and its solution takes the

form

vi(z) = Kjexp(s; (z2=0(x ) ,5)))+ Kyexp(-s; (z=¢(x, 4 ,5)))

+ Wi(z) ’

l+ef,
where si=[——g—i—, and wi(z) denotes a particular solution of

(3.7). According to (3.1), we further have, for xi;xgxi+1,

Vi(¢(x))

— - 2 -
Yix) = AGE _/&i(x Xi41/2) By X=Xy g o) HYy

'{Klexp(si(¢(x)-¢(xi+l/2)))

+ Kyexp (=5, (9(x) =0 (X1 ,5))) + wy(e(x))].

(3.8)

- 18 -



The discussion below is exactly the same as in [2]. We repre-

sent K, and K, in (3.8) by Y.= Y(x;) and Y. 4= Y(x, +l) to
obtain
1/4 1/4
K. = - Py oy Pl Wi Yiie )
1l 11’2 i Ti,l i+l Ti’z Ti,l
1 Ty
( L= - L= )
TJ.,l Ti,
and
= 1/4 - 1/4 -
K2 = ( bi Ti,ZYi b1+l T1,1Y1+1 Ti,2%i,i i,17i,i+l
L( Tilz - Ti’l )
Y oT. T. !
i,l i,2
= (i) 1= =
where Ti’j exp(sikj ) for j=1,2, and wi,j wi(¢(xj)) for

j=i,i+l. We repeat the same procedure as above in (i-1l)th
interval [x 1,x ]. And we connect the first derivative of
Y(x) in i th interval with that of Y(x) in (i-l)th interval

at the node x;. By doing so, we obtain the difference scheme

Si-1 1/4,

D b;l1 Y5y

- {(a, ,-44d

i-1 i-1/2 +6d -44,

dj41)/20

sinh(o +1/2

/4y , __°i 1/4

+ coth (o, i sinh(oi)bi+l

Y.

)si l+coth(0 )s }b 14l

i-1

= G-, (309)

where oi (k(l) (l)) and

S,
- i-1 . ‘
i sinh(ci_l)"i—l,l-l

- coth(oy 1)8;_3%si-1,4

- 19 -



S.
1

- coth(oi)siwi'i + g{ﬁh(oijwi,i+l

(i-1) 2 (i) 2
=(2p;y_qkp" TTH ag_q)/s g6 + 2Rk T+ qy) /s e

Finally, we calculate Gi' Since we have, from (2.1),

BT (2) ) 0T @) 0= by (g (xy g 0)) Phay (20 (x4 )

+ ri,

the particular solution wi(z) may be written as

2p.
wi (Z)= —{Pi(z"q) (xi+1/2) )2"'(11 (Z—Q (xi+1/2) )+(;"—;— +ri) }/size
i
2

- - - P,
= (86 @, 0 3 r @) 0 —F 1/s e,

S
1

Therefore,

-3/4
<o - b, ] .fi-l " coth(o, ;) N coth(a,) yp=3/4s
i si_1551nh(oi_lY' S; 1€ S;€ i i
-3/4
G U N TS N T WO | )
si851nh(oi) s, 3 _ i-1 sinh(o,_,)
i-1
2p. .
i _ 1 _ (i-1) 2
t o3 (eoth(0y) - grmntey) T (2Piake” Y1) /8
i

(i) 2
(2psky 7 +q ) /s, "€

+

Concerning the difference scheme (3.9), we have the

-following theorem.



Theorem. At all points of the mesh, the solution of
the scheme (3.9) subject to Y0=a0 and YN=al converges to that
of (1.1) uniformly in € with order h3.

Proof. The proof follows directly from Lemma.

4. Numerical experiments
We first rewrite the difference scheme (3.9) in the

following form;

2
2V b l/4Y -{(a -44 +6d.-44 +d )i:zi:— +n.}
i-1°i-1 *i-1 i=17%-1/277%7 41 /27 %441 2R TN
2V,
.1/4 i, 1/4
Pyt ¥y 3 biy1 ¥in
2V 1+v 2 1+v 2 2V
_ i-l,-3/4, V-1 TV 374, i, -3/4;
s 2 i-1 "i-1 s 2 c szek i i ZEA i+l “i+l
i-1 i-1 i1 i~ "i
(1) (i-1)
2p;_1 2. 2P; 2 2PijKyT Ay 2p;_ Kk, dj-1
+ 7 (l-vi_l) + 7 (l-vi) +{ 5 5 }
si_le s; eki s, € sl_le
2
1-v,
. _1-1 , (4.1)
S .
i-1

- _ _.2 2
where vi— exp(—oi), Ai— si_l(l vi)/si(l Vi-l) and

2

=1+ v,% 4 l—\)i—1(1+\) 2 !
ni i=-1 2 i s, .
1-vi i-1

This is because we want to prevent numerical overflows due to

exponential growth. In each table below, we give some results
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for the scheme (4.1), and the schemes of Miller [1l] and of
Niijima [2]. For simplicity, only the maximum error at the
nodes is listed in each table. The experiments were carried
out for N=8, 16 and 32.

The first problem is

ey" - (x+1)y = 40 (x(x°-1)-2€),

y(0) = y(1) =0

with the exact solution y(x)=40x(l-Xx).

N=8
Scheme (4.1) Miller [1] Niijima [2]

e = 102 0.20 (-4) 0.93 (-1) 0.10 ( 0)
10”3 0.24 (-4) 0.51 (-1) 0.81 (-1)
1074 0.20 (=4) 0.71 (-2) 0.40 (-1)
1072 0.21 (-4) 0.71 (-3) 0.14 (-1)
1076 0.19 (-4) 0.69 (-4) 0.46 (-2)
10”7 0.19 (-4) 0.57 (-5) 0.15 (-2)
1078 0.67 (~5) 0.0 1 0.47 (-3)

N=16

Scheme (4.1) Miller [1] Niijima [2]

e = 102 0.65 (-4) 0.25 (-1) 0.26 (-1)
1073 0.36 (~4) 0.21 (-1) 0.24 (-1)
1074 0.33 (-4) 0.70 (-2) 0.17 (-1)
1072 0.26 (-4) 0.75 (-3) 0.69 (-2)
10”° 0.20 (-4) 0.74 (-4) 0.23 (-2)
10”7 0.20 (-4) 0.67 (-5) 0.76 (=3)
10”8 0.11 (-4) 0.0 0.24 (-3)
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Scheme (4.1) Miller [1] Niijima [2]
e = 1072 0.59 (-4) 0.64 (-2) 0.65 (-2)

1073 0.21 (-4) 0.61 (-2) 0.64 (-2)
1074 0.35 (-4) 0.41 (-2) 0.56 (-2).
1072 0.39 (-4) 0.77 (-3) 0.31 (-2)
1078 0.21 (-4) 0.76 (-4) 0.12 (-2)
1077 0.21 (-4) 0.67 (-5) 0.38 (-3)
1078 0.14 (-4) 0.0 ©0.13 (-3)

The next problem is

ey"- 4 4(l+f5'(x+l))y - 2 4{((1+/EYx+l))+4ﬂze)cos(2nt)
(x+1) (x+1)
_ . 3(1+Ve (x+1)) E(L)
2me (x+1)sin(27mt) + TE (D) b,
y(0) = 2, y(l) = -1
with the exact solution y(x)= -cos(27t)+ 3(5{3225;1)), where
E(t)= exp(-t//€) and t=2x/(x+l).
N=8
Scheme (4.1) Miller [1] Niijima [2]
e = 1072 0.21 (-2) 0.91 (-1) 0.64 (-1)
1073 0.24 (-2) 0.30 (-1) 0.50 (-1)
1074 0.17 (-2) 0.39 (-2) 0.22 (-1)
1072 0.67 (-3) 0.41 (-3) 0.78 (-2)
1078 0.48 (-3) 0.40 (-4) 0.26 (-2)
1077 0.73 (-4) 0.39 (-5) 0.82 (-3)
1078 0.24 (-4) 0.36 (-6) 0.26 (-3)
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Scheme (4.1) Miller [1] Niijima [2]
e =10"%| 0.11 (-3) 0.25 (-1) 0.18 (-1)
1073 0.17 (-3) 0.15 (-1) 0.21 (-1)
1074 0.20 (-3) 0.38 (-2) 0.11 (-1)
10'5 0.98 (-4) 0.41 (-3) 0.42 (-2)
1078 0.32 (-4) 0.40 (-4) 0.14 (-2)
1077 0.11 (-4) 0.39 (-5) 0.45 (-3)
1078 0.40 (-5) 0.36 (-6) 0.14 (-3)
N=32

Scheme (4.1) Miller [1] Niijima [2]

e = 10”2 0.62 (-4) 0.65 (=2) 0.48 (-2)
10”3 0.26 (-4) 0.71 (-2) 0.77 (-2)
1074 0.28 (-4) 0.26 (-2) 0.66 (-2)
1072 0.27 (-4) 0.40 (-3) 0.28 (-2)
107° 0.86 (-5) 0.41 (-4) 0.97 (-3)
10”7 0.32 (-5) 0.39 (=5) 0.31 (-3)
10~8 0.30 (=5) 0.66 (-6) 0.10 (-3)

When € is small enough,

superior to the others.

results in the case when ¢ is not so small.

But the new scheme (4.1)
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Appendix
We shall solve (3.3) and (3.4). For brevity, we omit
the index i. Substituting w'/w=(¢"-k¢'2)/2¢' which follows

from (3.3) into (3.4) yields

2¢l¢lll - 3¢l|2 - m¢l4' (A.l)

where m=42+k2. We set u=¢', and further

w = u'/uz. (A.2)
Then (A.l) changes into
—23—2—'= H. (A.3)
m=-w
Since w'= %% ' = %% u2w from (A.2), the equation (A.3) may
be written as
2w dw _ dp
m--w2 o

By integrating the both sides, we obtain

C
w2=m--u—i, (A.4)

where Cy is non-zero. Combining (A.4) with (A.2), we have

du
- u3/2 GEFTTEQ

= dx.

Since

2/my - Cy 1

d
) = '
c4uI72 u3/2 rﬁﬁ—:—az

3 (




it follows that for a constant c5,

2V/my - Cy

'——-—17-2—=X+CS.

CyH
Solving this equation, we get

€y 2, m
p(x) = 1/(- T(X"’Cs) + E—) . (A.5)
4

- _ _ _ 2 .
Here we set cq= c4/4, c,= c4c5/2 and c3—m/c4 c,Cq /4. Since

c, is non-zero, we can express C,, Cg and m by Cir Cy and Cy-
That is, u(x) in (A.5) may be written as

! — —_ o) 2
$'(x) = u(x) = 1/(c1x +c2x+c3)

with free parameters Cyr Cy and Cj-
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On Von Foerster Equation in Biomathematics
Akio YAMADA* and Hiroumi FUNAKOSHI**

Chapter 1. Introduction

It is well known that the aspect of growth of microorganisms in a finite
amount of liquid medium (batch culture) changes from ''logarithmic phase"
(period of exponential growth)_to "stationary phase'" (period of no growth) by
action of many limiting factors such as deficiency of nutrients, accumulation
of harmful metabolites, shift of pH and so on. According to the experiment by
Maruyama et al. [1] on Bacillus subtilis with glucose deficiency as the only
limiting factor, the total mass of the cells increases exponentially till
the starvation point ( tg ) at which glucose is almost exhausted, and the

increase abruptly stops at t On the other hand, the growth of the total

s *
number of the cells begins to slow down about 1.5 generation time before tg
(Generation time is the time length between two divisions of a cell occurring
in succession.), showing that the culture has entered into transition period
from logarithmic period., Nishi et al, [2] suggested that synchronization of
cell cycle occurs during this pefiod.
Starting from a few simple assumptions, we shall mathematically show

that these phenomena in the transition phase can be explained by the model in

which generation time of the cells gets longer when concentration of a

limiting nutrient becomes lower than a certain critical value.

* Department of Mathematics, College of General Education,
University of Tokyo, Tokyo, 153, Japan.
** Department of Chemistry, College of General Education,

University of Tokyo, Tokyo, 153, Japan.



Chapter 2. Theory
§ 1. Preliminaries
Letting a be cell age of a cell (time having elapsed since the last
division of that cell) and u(a, t) be the density function of cell number with

respect to a at time t , we have

2u ou

(2.1) Tt - Au (Von Foerster Equation [3]),

where A is called loss function and generally depends on a, t and u., In
our case, A represents death rate of the cells since in batch culture there
is no cell to be lost by emigration. In application there is a case in
which u(a, t) is not necessarily of class Cl. In such a case we may
consider from the biological point of view that u(a, t) 1is differentiable
at least in the direction of characteristic line of Von Foerster equation
(2.1). We consider, therefore, the derivative in the direction of

characteristic line of (2.1):

Deu(a, t) = lin 2B H, T *hh) - ua, t)

0

which naturally coincides with (9/0a + 9/dt)u(a, t) when u is of class cl.
Hence we treat Von Foerster equation in the form:

3] Dcu(a, t) = - Au(a, t) .

Assumptions:
(1) Generation time ag is a function of the concentration C of the
limiting nutrient (glucose). (As C is a function of t , we consider ag

a function of t in the following treatment,)

(2) Al11 the cells have the same generation time.

(3) A cell whose cell age has reached generation time (i.e. a = ag(t) )
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divides into two equal sister cells.

We suppose that ag(t) is a positive, continuous and right differenti-
able function on [t;, «) and satisfies
(2.2) t<et' — ag(t') - ag(t)<t' -t .
If ag(t') - ag(t);t' -t for some t¢t' , there exists a subinterval
[T, t'] of [t, t'] such that ag(r') - ag(r) 2T'-T>0 and that ' - T
is sufficiently small. Sihce there is no cell division during the time
interval [T, T'], it belongs to a period of no growth which we do not treat
in the present note. The domain of definition of u is

D=1{(a, )]t 3tp, 0¢acgag(t)},
where to is the initial time. By assumption (2,2), D satisfies the
characteristic line condition [4]:

If (a, t)eD and (a + h, t + h)eD, then .(a + 6h, t + 6h) &éD

for all 6 &[0, 1] .
This condition is natural from the biological point of view, because
(a + 6h, t + 6h) lies on the growth trajectory in the (a, t)-plane of a cell

of age a at time t . From assumption (3),

ag(t)
Zj u(a, t)da (0 < h < ag(t+h)),
ag(t +h) - h

(2.3) Shu(a, t + h)da
0

because both sides of this equation represent the number of the cells born

during the time interval [t, t + h]. When wu(a, t) is left continuous with

respect to a at (ag(t), t) and u(a,t) restricted on domain

{(a, )eD | 0 s a<T-1t, t$T<t+e} for some € > 0 is continuous at

(0, t), dividing both sides of (2.3) by h and letting h — 0, we obtain a

boundary condition :

(B) u(0, t) = 2(1 - Diag(t))u(ag(t), t) .



When we put b(t) = t - ag(t), b 1is a continuous and right differentiable
function on [tg, ). b(t) represents the birth time of a cell dividing at

time t. Since b is strictly increasing from assumption (2.2), we can

inductively define a sequence t; < t < ty < --- by recurrence formula :
-1
t,=b (tn_l) n21) .
When tn_1 2> lim b(t) for some n, we define t; = © and the sequence

tdo
terminates at n. Otherwise {tn} is an infinite sequence. For convenience

sake we set t_1 = b(tg) . When we define
Dg = {(a, t)|[t 2 ty, t -a<ty 0€acgag(t)}
{Dn = {(a, t)]tn_1 £t-a<ty,0¢<acg ag(t)} (n > 1) ,
domain D can be expressed as the disjoint

/
union of subdomain Dn's (Figure 1) t

2.4y p=U o, . Tne

nx0
Define a sequence of functions b,
on [tn—l’ ©) by recurrence formula :
bg(t) t th
ibn (t)

bn_l(b(t)) (n>1)
By this definition it is clear that

by (t) = b(t) (t 2 tg)

(2.5) byt ;) =b _,(t ) = ---

—-- = by(tg) = bo(t_)) = t_,

(2.6) bu(ty) = bn-l(tn-l) = ---

--- = by(t)) = bylty) = to .

7

a

Figure 1.

Division of domain D into subdomain D,'s.
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§ 2, Density Function of Cell Number
Under the notation and assumptions in § 1, the following theorem holds

concerning density function u(a, t) of cell number.

Theorem 1,
Let A be a constant and ¥ a real-valued function defined on (0, ag(to)].
Then, there exists a unique solution wu(a, t) on D of the equation

83D) Dcu(a, t) = - Au(a, t)

(2.7) { (D) u(a, tg) = P& (0 <as ag(ty) )
(B) u(0, t) = 2(1 - Dyag(t)ulag(t), ) (t > tg)
The solution wu(a, t) is given by the following formula : |
(2.8) u(a, t) = 2"Diby(t - a) P(tg - bn(t - a))e (%) for (a, t) €D, .
(Existence) We shall show that wu(a, t) given by formula (2.8) is a

solution of equation (2.7). When (a, t) €& D, , we have t. $t-ac<ty,

1

therefore b,(t - a) makes sense. The relation
t_; = bn(t ;) € by(t - a) < by(ty) = to
implies |
0 < tg - bp(t - a) €ty - 'c_1 = ag(to) s
which shows that ty - b,(t - a) belongs to the domain of definition of ¢.
Since D is the disjoint union of Dy's (n 2 0) by (2.4), wu(a, t) is a well-
defined function on D, If (a, t) €D, and (a + h, t + h) €D, then we have
(a + h, t + h)eDp and from (2.8),
u(a + h, t + h) - u(a, t)
= 2"D,bn(t - &) P (tg - by(t - a)){e M (EHT0) L -A(t-to)y
Hence, u(a, t) satisfies Von Foerster equation (F). For 0 < a g ag(to), we

have (a, to)é‘DQ , and so
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' A(tg-t
ua, tg) = Pltg - (tg - a)e (07t = ¢(a),
which is no other than initial condition (I). For t 2ty , there exists a

unique integer n 2 1 such that t-1 €t <ty . Since (0, t)eD, , we have,

on the one hand,

u(o, t) = an+bn(t) P(to - bn(t))e'}‘(t'tO),

On the other hand, from the relation
t o o= b(tn_l) € b(t) < b(ty) = too1 o

we have (ag(t), t)EDI1 and so

-1
—)\(t-to)

2" 1D,b L (t - ag(t)) P(tg - b__, (t - ag(t)))e

2" o,b, 1 (6(8)) Plto - by (b(£)))e (ETO)

u(ag(t), t)

)

Hence, we obtain
2(1 - Dsag(t))u(ag(t), t)

"lob (b(6)) Pltg - b (b(E)))e
-A(t-to)

-A(t-tp)

2D4b () X2

n

2'D,bp () P(tg - by(t))e
Boundary condition (B) is therefore verified.

(Uniqueness) We shall show by mathematical induction on n that any

solution u(a, t) on D of equation (2.7) coincides on subdomain D, of D with

the solution given by formula (2.8).
1° For n = 0, we have
-A (t-to)
u(a, t) =u(a - t + tg, tgle (a, t)&Dg ,

since u(a, t) satisfies Von Foerster equation (F). Initial condition (I)
for u implies
u(a - t + tg, tg) = gﬂ(a-t+t0)
= ?(to - bg(t - a)) .
Hence, we obtain
u(a, t) = @(tg - by(t - a))e-A(t-tU).

2*  Suppose that for (a, t)éDn_1
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(2.9) u(a, t) = 2" Db (t - @) §reg - b (¢ - a))e (FFO)

For tn-l gt< tn , we have (ag(t),‘t)é-Dn_1 . Then, by induction hypo-

thesis (2.9),

u(ag(t), © = " T0b (e - ag(t)) $ltg - b (t - ag(t)))e  (F7%0)
= 2" lob (D) P g - b (b()))e M (ET0)
On the other hand, using boundary condition (B)
u(0, t) = 2(1 - Dyag(t))u(ag(t), t)
—A(t-to)

20,b(t) 27 lDub_ (b (1)) P (tg - b__ (b(t)))e

-A(t-tg)

2"D,bp (1) P (tg - bp(t))e

Therefore, for (a, t)e-Dn ,

Aa

u(a, t) = u(0, t - a)e

-A(t-a-tg) -Aa

2“D+bn(t - a) ?(to - b,(t - a))e

a))e-l(t-to)

2"Dybp(t - @) P(tg - bp(t -

§ 3. Total Number of the Cells
It is very difficult, at the present level of experimental technique,
to measure generation time ag(t) as a function of t. When one analyzes
experimental data, it is, therfore, necessary to find ag(t) from another
relation :

ag(t)
(2.10) Ny (t) = u(a, t)da |,
0
where Ny (t) represents the total number of the viable cells at time t,

a quantity measurable by experiments. The following theorem gives a relation

between Ny (t) and ag(t) through the intermediary of bj,(t).
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Theorem 2.

In addition to the assumptions in Theorem 1, suppose that D,ag is right
continuous and that { is a non-negative, left continuous and integrable -
function on (0, ag(ty)] . Then, for any t >ty , u(a, t) given by formula
(2.8) is an integrable function of a on [0, ag(t)] and its integral N, (t)

defined by (2.10) satisfies the following formula :

(2.11)  Ny(v) = {2"Nfty) - 2" teceq - bn(t))}e‘)‘(t‘to) for t .St <ty
a

where d(a) = S ¢ () da (0 5 a s ag(tp)).
0

In order to prove Theorem 2, we prepare
Let F be a real-valued monotone increasing continuous function on
[ao, a;]. Moreover, suppose that F is left differentiable on (ag, 2] and

that its left derivative D_F is left continuous. Then,

a4
g D.F(a)da = F(aj) - F(ap) .
ap

Proof of Lemma

Since F is a monotone increasing function, it is differentiable almost

everywhere and satisfies

a]
g DF (a)da § F(ap) - F(ao) ,
a0

where DF(a) denotes the derivative of F for almost all a e[ao, al] .

( See e.g. [5] . ) Since we have
al aj
0 < g D_F(a)da = g DF(a)da € F(a;) - F(ap) < =,

f(a) = D_F(a) is integrable on (agp, al] .
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X
G(x) = S- f(a)da
%0
is, therefore, a continuous function of x e[ag, a;]. Since f is'left
continuous by assumption, G is left differentiable and its left derivative
D_G is equal to f. Hence,.
D_(F -G) =0 on (ap, al] .
F - G is, therefore, a constant on [ap, a;], because F - G is continuous or.
[ao, al]. Since G(ag) = 0, this constant must be F(ap). So, we obtain

a
& f(a)da = G(a1) = F(a;) - F(ap)
ag

Proof of Theorem 2

For tn-l £t<t,, wehave
0 S t - tn-l < ag(t) .
Let us fix t for the moment and let F(a) denote @(to - b,(t - a)) for

0gagt-t . Since ¢ and b, are both continuous, F is also continuous.

n-1
F is monotone increasing because 9’2 0 and b, is monotone increasing. As ?
is left continuous, ¢ is left differentiable and D_® = ¥ . Since by, is
strictly increasing and right differentiable, F is left differentiable and

D_F(a) = 7(t0 - by (t - a))Dyb,(t - a)
which is left continuous, because of the left continuity of 4 and the right
continuity of D4b, . By Lemma, therefore, |

el g g

SO _F(a)da = F(t - t__.) - F(0) ,

that is to say

t-tn_l
& 50(1:0 - by(t - a))Diby(t - a)da
0

\

= Bty = byt 1)) - 8(tg - b (1))
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Hence, we obtain

t-t
g "1 uga, 1)da = 2M0(aglty)) - 9t - by(e))le (F7F0),
0
where we used relation (2.5). Similarly, we obtain
S ag(t)
t-t
n

u(a, t)da = 2°7Ho(ty - b (8)) - o(t, - bn_l(tn_l))}e-lCt-toJ

- A (t-tg)

2oty - by(t))e (by (2.6)).

We have, therefore,
t-t ag(t)
- g
5 n-1 y(a, t)da +§ u(a, t)da
0 t-tn_l

{2M0(ag(ty)) - 2M0(ty - by(t)) + 2" Me(ty - by(e))}e

Ny (t)

-A(t-tp)

{270 (ay(ty)) - 2" acty - by(e))}e (E7T0)

When t = t;, n is equal to 1 and we have
Ny(tg) = 20(aglty)) - &(t, - b(ty)) = ¥(ag(ty))

Hence,

n ~A(t-t0)

Ny(t) = (27N, (to) - 2"7Mo(t, - b (t))}e :
Q. E. D.

In the culture,dead cells accumulate gradually. Let Njy(t) be the number
of the dead cells at time t. In practice, counting the total number of the
viable and dead cells i.e.

N(t) = Ny(t) + Ngq(t)

is much easier than counting Ny (t). It is clear that Ny(t) is given by

t
(2.12)  Ng(t) = Ng(ty) + AS Ny (T)dT .
0

Hence, we have for tn_1 S$t<tyg,

n-1:ty t
Ng(t) = Nd(to) + Az Ny (T)dT + g NV(T)dT}

k=1Jty tn-1
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n-1pt :
= Ng(tg) + 2] I g . {szv(to) - 2k-1¢(t0 - bk(T))}e-A(T-tO)dr
k=1)t
k-1

t
+ S {2"Ny (tg) - z“'lé(to - bn(T))}e-A(T'tO)dT‘]
tn-l
by (2.11). We obtain finally

n-1 | |
(2.13)  N(t) = Ng(tp) + Ny(tg)lz + 1 2% (k%))

k=1
- 2" o(e, - py(r))e M (B t0)
n-1 t
if tx A (e
Al oz 2k lg 2ty - by (T))e AT-to) gr
k=1 te

t
. 2"'13 8ty - b (1))e  ("t0)ar)

tn-l
(t, 1 $t<ty .

§ 4. Biomass of the cells

Suppose that all the cells of age a have the same biomass m(a, t) at
time t .. From the biological point of view as in § 1, m(a, t) is considered
a positive function on D which is differentiable in the direction of charac-
teristic line of Von Foerster equation. Moreover, we suppose that all
the cells increase their mass at a constant rate u :
(2.14) Dem(a, t) = um(a, t) .
Let Y(a) be the biomass of a cell of age a at the initial time tg :
(2.15) m(a, tg) = y(a) (0 < ag ag(to) ).
From aésumption (3) in § 1, a cell having reached its generation time ag(t)
at time t divides into two sister cells of equal biomass. Hence, we have a
boundary condition for m(a, t)

(2.16) m(0, t) = 5 m(ag(t), t) (t2ty) .
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Theorem 3
Let { be a real-valued function on (0, ag(to)]. Then, there exists a

unique solution m(a, t) on D of the equation

(2.14) Dem(a, t) = um(a, t)

(2.17) (2.15) m(a, ty) = Y(a) (0 < ag ag(to) )
1

(2.16) m(0, t) = E’m(ag(t?’ t) (t 2 tg)

The solution m(a, t) is given by the following formula :
1 t-t

(2.18)  m(a, t) = 2y ¥(tg - balt - a))eH (t-t0) (a, t)& Dy .
Proof
(Existence) It is shown similarly as in Theorem 1 that m(a, t) given by

formula (2.18) is a well-defined function on D and satisfies (2.14) and
(2.15). As for boundary condition (2.16), we take a unique integer n 2> 1

such that t t <t

n + From the relation (0, t) €D, , we have

n-1 s
m(0, € = 2 V(tg - ba(e))e! (70

From the relation (ag(t), t) GDn-l
- 1 u(t-tj)

m(ag(t), ) = = ¥(to - b, (G(INHETTO),

, we have

Hence, boundary condition (2.16) holds.
(Uniqueness) We shall show by mathematical induction on n that any
solution m(a, t) on D of equation (2.17) coincides on D, with the solution
given by (2.18).
1° For n = 0 , we have, by (2.14),
ma, t) =m(a - t + tg, to)e”(t‘to) (a, t) €D, .
By initial condition (2.15), we have
m(a - t + ty, tg) = Y(a-t+ ty) .
Hence, we obtain
m(a, t) = Y(ty - byt - a))e!(*-%0) for (a, t) €D, .

2° Suppose that m(a, t) is given on Dn-l by (2.18). Using (2.16) and
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induction hypothesis, we have, for t o1 St<t,,

m(0, t) = 4

m(?g(t): t)
u(t-to)

7
3 527 V(to - by y (€ - 2g(©)))e

1 -t
S V(e - by(e))eH(EF0),

since (ag(t), t) e[%bJ_. For any (a, t)&€ D, , the relation t £t-ac<t,

-1

implies

m(a, t) = m(0, t - a)eua

-;-ﬁq;(to - by(t - a))el(t - @ - tolgha

S W(tg - balt - a))eH (8-t
Q. E. D.
1% 3 D,,ag is right continuous and y(a) ¥(a) is a non-negative, left conti-
nuous and integrable function on (0, ag(to)], then, for t 2ty

m(a, t)u(a, t) is an integrable function of a on [0, ag(t)] and its integral
ag(t)
M, (t) = m(a, t)u(a, t)da
0

represents the total biomass of the viable cells at time t. We shall calcu-
late My,(t), using the results (2.8) in Theorem 1 and (2.18) in Theorem 3.

<
For tn-l gt<t, , we have

t-tn 1
S “"m(a, t)u(a, t)da
0

.

-t
n
‘i/('cO - byt - a))]

L Dbt - a)(ty - byt - ) Pty - bylt - a))e (WA (t-tg) 4,

a=t-t
n-1 (u-2) (t-t;) )
a=0

a
where Y (a) =g V(o) Y(a)d“' Similarly we have

0
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S ag (t)
m(a, t)u(a, t)da

t-tn_l

a=ag(t) ) (-
- [‘P(to b (t - a))] 87 - (t-tp)
a=t-tn_1
Hence, we obtain
(2.19) My (t) = ‘{‘(ag(to))e(u-ﬂ (t—to) - MV(tO)e(u-}\) (t-to)
which is the formula to be expected naturally. (2.19) is consistent with
experimental data, which justifies the whole framework of our theory.
Let Mj(t) be the total biomass of the dead cells at time t. Then we

have

t
(2.20)  My(t) = My(tg) + AS M, (T)dT
to

Hence, the total biomass M(t) of the viable and dead cells at time t is
given by
(2.21)  M(t) = My(t) + My(t)

= iy M (ee MV T ey - R

Chapter 3. Some Special Cases and Applications
§ 1. The Case in Which ag(t) Is Constant
In this section we suppose that generation time ag(t) is independent of

time t and we denote its constant value by ag. It is evident that

ag(t) ag satisfies all the assumptions on ag(t) in Theorems 1 and 2, By
definition of b(t), we have
b(t)=t-ag.

Hence, we obtain

th = to + nag , b,(t) =t - nag .
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Boundary condition (B) reads, in this case, as follows :
u(0, t) = 2u(ag, t)

(see Scherbaum and Rasch[6]). Thus the solution u(a, t) of (2.7) is written as
(3.1)  u(a, t) = 2¢(a-t+t)e (T for (a, yeD, .
The total number N, (t) of the viable cells at time t is given by
(3.2)  Ny(t) = {2, (tp) - 2" Te(t, - 0} () for e gt
where ¢(a) is the integral of ¢ on (0, a], ¥ being any non-negative
left continuous integrable function defined on (0, ag]. Even if ¢ is conti-
nuous on the whole interval (0, ag], the solution u(a, t) is not necessarily
continuous on characteristic lines t - a = tn_1 .n 2 1) . In this connec-
tion we have the following proposition.
Proposition 1

The following conditions (i) and (ii) are equivalent,
(1) wu(a, t) given by (3.1) is right continuous with respect to a at

(a, t) such that t - a =t
(ii) 1lim 'f(h) = 29 (ag) .

h{0
Proof

n-1

When t - a =t (a + h, t) belongs to Dn-l for 0 < h gag - a.

n-1 2

We have, therefore,

ua+h, t) =2" P +h-t+ tn_l)e‘“t‘to)

2n-l Sa(h)e-)\(t—to) .

Hence, we have
u(a + h, t) - u(a, t) = zn'l{?(h) - 2?(ag)}e'>‘(t't0)
which leads to the desired equivalence.
Q. E. D.

From Proposition 1 and the continuity of u in the direction of characteris-

tic 1line, we have the following proposition.
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Progosition 2

The following conditions (i) and (ii) are equivalent,
(1) u given by (3.1) is continuous on D,

(ii) ? is continuous on (0, ag] and lim ¢(h) = 2 Y(ag) .
h$0

§ 2. Logarithmic Phase (Period of Steady Growth)

When there is no limiting factor in batch culture, the cells enter
sooner or later into a period in which they grow steadily at their own maxi-
mum growth rate, The period with this aspect of growth is called conven-
tionally '"logarithmic phase' by microbiologists.

In logarithmic phase the age distribution is considered to be stable in
shape, which means

(i) ag(t) is constant (= ag ),
and
(ii) wu(a, t) can be written as
u(a, t) = A(a)T(t) ,
where A is a non-negative function defined on [0, ag] and T is a
positive one on [tgp, ®) .
Since wu(a, t) is the density function of cell number with respect to a,
A(a) must be integrable on [0, ag], and the total number N, (t) of the viable

cells is given by
ag
N, (t) = T(t)[ A(a)da
0

T(t) is, therefore, considered to be no less differentiable than Ny (t).
From the relation
{u(a + h, t +h) - u(a, t)}/h

= T(t + h){A(a + h) - A(a)}/h + A(a){T(t + h) - T(t)}/h ,
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A(a) is differentiable if wu(a, t) is differentiable in the direction of
characteristic line. Hence, when u satisfies Von Foerster equation (F), we
have

4 Aa) T(t) + Afa) <2 T(t) = -MA(a)T(t) .

da dt
Thus we find

- K—(-:T)-d{gz\(a) =W%E%T(t) R
Both sides of this equation must equal a positive constant u', and so
(3.3) u(a, t) = uoeu'(t-a)'kct°t0) ,
where uy is a positive constant. This is a solution of Von Foerster
equation without initial condition or boundary condition, If we take t = tg,
(3.4) u(a, tg) = uoeu'(to'a)
Conversely, suppose that wu(a, t) is a solution of Von Foerster equation (F)
with initial condition (3.4) and boundary condition (B) with constant ag.
Then we can apply Theorems 1 and 2 to this case taking'?(a) = quu'(to-a)
(0 < a g ag) and obtain from (3.1) and (3.2) in §1
(3.5)  u(a, t) = (2e7H'3;ygeH (F-AE%0)  por (@, tyen_

uozn-l

(3.6)  Ny(t) = {e ™38 )Mt & (1 - 207M'28 yeH'to}e~ A (E-t0)

ul
for tn_1 $t<t,
The necessary and sufficient condition for continuity of u given by (3.5)

is by Proposition 2

lim ¢(h) = 2 $(ay)

h¢0
This condition is equivalent to
(3.7) u' =082
ag

Substituting (3.7) into (3.5) and (3.6), we obtain

(3.8) u(a, t) = uoeu'(t-a)-k(t-to)

u 14 -
(3.9)  Ny(t) = EST'eu t-A(t-tg)
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So we have by (2.12)
A

u Y4 - '
Ng(£) = Na(tg) + gy (¢ T (E%0) - %0

Hence

(3.10) N(t)

Ny (t) + Ng(t)

Au
_ Yo H't-A(t-tp) 0 U'tp
A CTEE Y B 7+ Nalto) - gy @

u' H'-A) (t-tq A
oS MUSLE A AT grox Mw(to) -
As for the biomass in logarithmic phase, m(a, t) is considered independent
of t. Partial differential equation (2.14) reduces, then, to ordinary

differential equation
da
and we obtain
(3.11) m(a, t) = m(a) = mpe'?®

with a positive constant my . Boundary condition (2.16) for m(a, t) implies

(3.12) = 3982
ag

which means

uo=u'

§ 3. Transition Phase
We take the end point of logarithmic phase for the initial time ty and
suppose that ag(t) depends on t. In other words we consider equation (2.7)
with ¢(a) = quU(tO_a) . Then we have by Theorems 1 and 2

(3.13)  u(a, t) = 2" ugD,b (t - a)etPn(t-3-A(t-t0)  eor (o tyep

(3- 14) Nv(t) {21’1 N(to) + 21}-1 E-Q- (eubn(t) - euto.)}e'x(t"to).

n-1

2 eubn(t)-k(t-to) for t £t<t, .
u n-1 n

As for m(a, t), taking Y(a) = moeua , we have by Theorem 3
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(3.15) m(a, t) = g%_eu{t-bn(t-a)} for (a, t)€D,

Especially for tg € t < t, we have

u{t-a-ag(t-a)}-A(t-t)

2up{1 - Dyag(t - a)le
0gagt-t

0
uoeu(t-a)-k(t-to) t-ty<ag ag(t)

(3.16) u(a, t)

; y ) e
(3.17)  Ny(t) =}.1_J.0. Hlt-ag(t)}-a(t-tg)

§ 4, Application to Experimental Data

The graphs of 1log M(t) and 1log N(t) against t in logarithmic phase

are linear within the range of experimental errors, which is the origin of
the name '"logarithmic phase'. This fact means that the constant terms of
equations (2.21)and (3.10) are negligible compared to the time dependent
exponential terms. According to (2.21)and (3.10), one can determine u - X as
the common gradient of the graphs of 1log M(t) and 1log N(t), obtained
through experiments. Observation of biomass m(a) of individual cell as a
function of cell age a may be possible in principle, which gives the value
of uw by (3.11). Hence A also can be determined.

In_the transition phase, one can calculate ag(t) by (3.17) because

N,;(t) can be obtained through the experiment called 'viable count'. Thus
u(a, t) is calculable by (3.16).

We now apply the above theory to the experimental data obtained by
Maruyama et al, [1]. Since the data concerning m(a) is not available, we are
obliged to guess the value of the death rate A , which is considered to be
not so significant in logarithmic phase, the period in whicﬁ the cells grow
in their best condition, In the transition phase which follows logarithmic

phase, A is still considered to remain small as the transition phase we treat
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is rather short i.e. less than about l.Sag(to) . Hence we step forward,
putting A = 0,

Generation time ag(t) calculated by (3.17) from the data of Maruyama et
al. shows that the culture reaches the starvation point tg before the
curve a = ag(t) crosses the characteristic line t - a =ty . (3.16) and
(3.17) are sufficient for the analysis of the transition phase in this case.
Figure 2 shows the regression line for ag(t) thus obtained which is almost
linear. Since the growth rate of cell number is given by

Roey DeNv(8) = Ml - Dyag(e))
D,ag(t) > 0 implies that the growth rate in the transition phase is less than
M, that in logarithmic phase.

Since concentration C of the limiting nutrient (glucose) is given in the
data of Maruyama et al. as a function of t, we can transform ag(t) into
ag(C) (see Assumption (1)). The result shows that the critical concentration
below which generation time depends on C is about 28 times as high as the
value reported by Monod[7] with respect to Escherichia coli, which means that
the cells in the case of Maruyama et al. are more susceptible to deficiency
of nutrient than the cells in Monod's case. When C lowers below the critical
concentration, 1/ag decreases linearly against C.

Substituting the values of ag(t) in Figure 2 into equation (3.16), we
can calcﬁlate u(a, t) in the transition phase. The numerical calculation
shows that a peak is formed in u(a, t) with respect to a and the peak moves
rightward (Figure 3). When the peak reaches ag(t), relatively large number
of the cells divide simultaneously, i.e. the cell cycle of the cells are
partially synchronized. In the case of Maruyama et al., as seen in Figure 3,
the culture enters into stationary phase (which we do not treat in this note)

before the peak reaches ag(t). Accordingly the synchronous division does not
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occur in the transition phase in their case. It is, however, clear from our
calculation that the cells are already partially synchronized in this period.
The formation of the peak in u(a, t) is also, mathematically, due to the fact
that D+ag(t) > 0.

When rod-like bacteria such as Bactillus subtilis grow, they generally
increase their length, not their thickness. A septum appears, as they grow,
at the middle of the length of a cell (then called "septated cell" ) and
after some time division occurs at the site of the septum., As Maruyama et
al. have measured the ratio of the number of the septated cells to the total
number of the cells, the value of

gag (t)
u(a, t)da
.ag(t)

gag (t)
u(a, t)da
Jo

is known at each t, where ag(t) is the age of the youngest cells that have
observable septum at time t. Hence, we can calculate ag(t). ag(t) is con-
sidered to have close relation to the cell age at which the biosynthesis of
the septum starts. The result is shown in Figure 2. In the early transitior
phase ag(t) - ag(t) = const., which suggests that intracellular changes
resulting in the elongation of ag(t) occur during 0 < a < ag(t). In the
late transition phase, on the other hand,

Diag(t) > D+ag(t) 5 0,
which suggests that the intracellular changes occur principally in the cells

of age a > ag(t)
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Note on the error estimate for the Newmark-B method applied to

the second order linear evolution equation of hyperbolic type.

By Teruo USHIJIMA

Introduction.

In this note we present an error estimate for the Newmark-B8 method
applied to the following initial value problem (E) of the 2nd order evolution
equation of hyperbolic type in a Hilbert space X with the positive definite
selfadjoint operator A as its coefficient.

d2u(t)
Sz

ac + Au(t) = 0, t>0,

(E)
u(0) = al, (é%-u)(O) = al.

Under two conditions (A) and (I), being specified in 81, it will be shown
that the erfor measured in energy norm is O(h) if the stability condition is
satisfied. Here condition (A) corresponds to the error estimate for the
finite element solution of the stationary problem. And condition (I) is
a kind of inverse assumption in the finite element approximation.

The parameter h means the representative leghth of the triangulation.

The aim of this note is an operator theoretical reconstruction of the
analysis done in Fujii [1] for the dynamic problem in the linear elasticity
theory. Our method is based upon the approximation theory for semi-groups
of linear operators due to Trotter-Kato (see e.g. Kato [3], see also Ushijima
[5D). Hence our estimate is valid so far as the initial data al, and a°,
belonging to the domain D(A3/2), and D(A), respectively.

Our problem and main result is stated in §1. Then we establish an

abstract theorem concerning the error estimate for approximate discrete
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semi-group in §2, using the results developed in Kato [3] and Ushijima [5].
The stability criterion of our stheme is discussed in §3. Finally the
proof of main result is shown in 84 after series of Propositions are prepared.
In the anthor's previous work [6], we discussed the semi-discrete
approximation of the problem (E). Namely the adopted approximate problem
was also the Cauchy problem for the 2nd order ordinary differential equation.
This note supplies a result concerning time discretization problem of (E).
Due to the discussion given in 85 of [5], our result can be applied to the
mixed problem with Dirichlet boundary condition for both the scalor wave

equation and the system of linear elasticity.

The author would like to express his sincere thanks to his respected
friend, Professor H.Fujii of Kyoto Sangyo University. Without his constant

interest to this study with warm encouragement, this note could not be written.

§1. Setting of the problem and the main result.

Consider the problem (E) stated in Introduction of this note.

The inner product, and the norm of X, is denoted by ( , ), and || ||,
respectively. Tet V be the domain of the positive square root AI/2 of A.
The set V is considered as a Hilbert space with the inner product (u,v)y =
(Allzu, Al/zv) for wu,vev.

Let Xy bg a closed subspace of X contained in V, being dependent of
positive parameter h. And let Ay, be the Galerkin approximation of A.
Namely A is the bounded selfadjoint operator acting in Xy defined by the
formula :

(Ah“h’ vh) = (uh, vh)v for uh,vhexh.

Following to Newmark [4], we construct an Xh-valued approximate solution



T
uh(t) of (E) by the following scheme (Eh,B)'

D_zup (£) + A (1) + BT2DTfuh(t) =0,

nT<t<(n+l)T, n=1,2,°°°,

T
(E. B)
’ uh(t) = aé , Ogt<T,
1 .
=a - Taﬁ s -T1<t<0,
Here B is a nonnegative number, T is positive, and DT-,f = DTDT = DTDT , Where

() (e) = T (ult + 1) = u(®)) , (Dzu)(t) = (D_w)(e - ).

Let P , and P be the orthogonal projection onto Xh from the Hilbert

1h Oh °’
space V, and X, respectively. We require the following two conditions.
@ |l a*/2@,v - vl <cnllavll, vep(a).

1/2
(I) hl|l A / Vh” g cl| vhH s vhexh.
In the above two conditions, C denote the constants independent of h and, v or
X
Theorem 1. Assume (A) and (I). If 0¢B<1l/4, fixing Yy such that

0 <y < Vv4/(1L - 48) , and if B=1/4 fixing Y such that 0 < y < © , choose T in

T
h,B

in h. Let u(t) be the solution of (E) with the initial datum aleD(Aal?) and

(E, ,) so as to satisfy THAhHl/2 <Y . If B>1/4, choose T being bounded

a’eD(A), and let uh(t) be the solution of (E; B) with the initial datum
]

aé = Plha1 and ag = POha° . Then there is a constant C satisfying that

| Al/z(uh(t) - u(eN] 2 + ||Dfuh(t) - (—f;-u(t)ll2

< ch? + (|| A%/2al || 2 + || aa®|| 2} ,  octeT,

1 0

where C depends on B,Y,T SHP T, but not on a” and a".

Tn the above theorem,
_ Apv
syl = S8R TV ,

h
-2
which is O(h ) as h tends to 0 by virtue of (I).
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§2. Error estimate for approximate discrete semi-group.
First we briefly resume terminologies used in Kato [3] and Ushijima [5].
Let T(t), t20, be a discrete semi-group with time unit T acting in a Banach
space X. Namely there is a bounded operator T(T) acting in X with the
property that T(t) = (T(T))[t/T] for t20. The operator T_l(T(T) - 1) is
said to be the generator of discrete semi-group T(t).
Consider a family of Banach spaces {Xh: h>0} and a Banach space X.

tA

Let T(t) = e be a continuous semi-group in X (of class C° in the usual

terminology of semi-group theory, cf Hille-Phillips [2]). "Suppose there

is a discrete semi-group Th(t) acting in Xh with time unit T, for any h.

h

Let Ah be the generator of Th(t). Assume that there exist continuous

linear operators Ph from X into Xh’ and a scalor function £€(h,T) from

(0,2)X(0,) into (0,®) so as to satisfy the following two conditions (AE T)

’

and (BT)'

-1 -1
(AE,T) There exist bounded inverse Ah € L(Xh) , h>0 , and A € LX)
such that

-1
sup Il a |l Lz ©

and that
-1 -1
HAh Pha - PhA aHXh £ e(h,Th)” a” X * aex .
(BT) There is a positive constant T such that
T, € T for h>0,
and that

Ogtgt .h>0
Theorem 2. There is a constant C such that

(2.1) || (1, ()P, - P T(t))al x, < ceth,T) + Tl 2l L(X, X,

0<t<T, aeD(A?).

Dl a%all 4

Proof. Condition (BT) implies that there are positive constants N and

such that
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Il T, ol LX) € Net for t20 and h>0.

Due to the estimation method developed in Chapt. X, 83.1 of Kato [3], we have

@ N1 - en e atll oy WAl )
. h L) € S 2t A ey Al L xp)
for t20,

with

= _ -1 Thu) _

W ggB Ty (e 1,
and

-tAp wt

(2.3) | e 1 L(X},) < Ne for t20.

From Theorem 1 of Ushijima [6], (Ae,T) and (2.3) assure the following
estimate (2.4).
2.4) || (e "Ahp - PhT(t))a“Xh < Ceth, ) || a%all 4
0<t<T, a€D(A?),
where CT means a constant dependent of T but independent of h and a.
We have

-tAp -2
I (T, (€) - e )P, A Il L(X,X, )

—tA -
< Il Ty = e ay 2Ph”L(x,xh)

—tA -2 -
+ |l (T (e) - e - h)(Ah'ZPh - PA 2)“L(x,xh)

In the right hand side of this inequality, the first term is majorized by

from (2.2), and the second term by Cre(h,T, ) from (Ae

Cr Tull Poll L ex, 30 o

So we have

-t A -2
2.5) | (T, (t) - e h)PhA I L(X,Xy)

<cC {ThllPh|| + e(h,Th)} , 0<t<T.

L(X,Xh)
Finally it holds good that

Il (T, ()P, - PhT(t))aH

*n

-2 2

~tA ~tA
< |l (T (e) - e hyp, A" A"a + || Ce hph - PhT(t))aI|Xh

Iy,

€ ( by (2.5) and (2.4) )
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sc (el +e(h, T, ) |l a%all .

L(X,Xp)

Hence we have (2.1).

§3. Stability of the scheme.

Let us introduce the bounded positive selfadjoint operator Ah B defined
. ]

by
1

(3.1) A g=@Q+ BT?A) A .
Then our scheme (E; B) can be rewritten in the following form (3.2).
DTTuh(t) + Ah,Buh(t) =0,

nt<t<(n+l)Tt, n=0,1,2,¢°-,
(3.2)

a, , O<t<T,

uh(t)

= a

=g i

- Taﬁ , =T<t<0.

This scheme (3.2) can be transformed to the following one step scheme
<

mi}\’B) .
- _ a2
OET ) n1$e<(n+l) T, n=1,2,°°",
h,B
= = 4l
uh(t) a =TP.a, oOst<t,
= (Un(t)
Here u (DTUh(t)) is considered to be an element of the product space
Xy, = ih ’ Ph is the operator from the product Hilbert space X = i onto Xh
h

defined by the following matrix expression:

P = ( Pin O ) ,
0 Py

Ah,B and Bh,B are bounded linear operators acting on Xh defined by
T S N A Y
B &g O | > Th,B 0 0
Let Vh,B be the Hilbert space Xh with the inner product:

= 1/2 2
(ays b))y g = (A o /Ty, Ay o1/%b) For ap,bueX,,

and let Xh g = %:,B be the product Hilbert space, whose norm is determined by
?

- 58 -



gl g = g a1 2+ layll 2
for a, =(; )e“h,s

Now we consider discrete semi-groups 1T (t) acting on Yh defined by
h,B ,B

_ [t/7]
Th,B(t) = [1 - T(Ah,B + TBh,B)] , t>0.

Proposition 3. If O<B<l/4, fix Y satisfying

(3.3) o<y<'/1-—‘_‘—48- ’

and if B = 1/4 , fix Yy arbitrary positive constant. Define ¥ by
Y ____ : ‘

) e if 0<B<1/4 ,

Gy y={ THE
7%’ if  B>1/4 .
Choose T in GE B) so as to satisfy
1/2 .
3.5) Tl all (%) if 0<B<1/4 ,
being arbitrary if B>1/4. Then we have the estimate
1+v/2 )

(3‘6) “ Th,ﬁ(t)ah“ h;B < 1 - -Y/z ” ” ’ t20 .

Proof. Since Ah is bounded positive definite selfadjoint, we have
= 2 -1
Wy 6l Loy = @+ BTy ey,
with o = “ Ah” L(X) Hence

(Il & gl L(Xh))l/2
(1 + B(/or) 2 avar

N

( by (3.5) )
W o

( by (3.4) )

~

Y .

N N

n

Since (1 + BYZ)—I/ZY is monotone increasing for Y>0, (3.3) and (3.4) assure

(3.7) TIIAhBII 2 o3 ¢a .

Therefore applying the following Lemma 4 to the scheme (3.1), we obtain (3.6).

This Lemma is an abstract version of the stability criterion used by Fujii [1].
Lemma 4. Let A be a bounded positive selfadjoint operator acting on the

Hilbert space X. Let u(t) be the solution of the difference equation
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DT%u(t) + Au(t) =0 , nt<t<(n+1)T, n=0,1,2,++-,

with the initial values

1]

u(t) = al ,  0gt<t
=al - Tao, -1<t<0.

If T“ A” 1/2 £ Y < 2 , then we have

18261 2 + || Do 2
e PN LY UL BN

Proof. See the proof of Proposition 3.1 of Ushijima [5].

§4, Error estimate for the approximate solutions.

Consider the closed linear operator A acting in X defined by
0 -1
A= (A o)

with the domain

D(A) - X .
\Y
Then -A generates the semigroup of linear operator e—tA in X. It is noted

that Afl and Ah B—l exist with the norm bounded uniformly in h.

Proposition 5. There is a constant C independent of B,T and h

satisfying

12y g Pra -2 8 ally g < cBT+mlally

1 1 1
Proof. For a (ao) , let w (uo) A a, ”h,B (“g,g
Then we have

0

-u? = a! . Au! = a°

and

_..0 = 2 =1 1 = 0
Up,g = Pipd 0 (X FBYTAD Au g = Ppa

We use auxiliarly u! = P__u! , which satisfies

1 - 0
Ahuh P Oha

Therefore

c
]

1 2 1
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which implies

uy g = Uy = BTALu = BTy a’
Hence
1
(R (uh g = Prpul) |l
- 1/2 1 _ 1
” A'h B uh,B uh) ”

= BT2” Ah 81/2 Oh 0“
< ( by (3.7) )
< 28t|| Py a, |l
So we have
1) luy g = Putlly o< 267] 8yl

From Proposition 4.1 of Ushijima [6], which is an abstract version of

Aubin-Nitsche's duality argument, condition (A) implies

4.2)  |lpyv - vl <cnlla’2) . vepa'?.

On the other hand it holds that

- 1 _ 1
= lIPat - Pouatll

1 _ 1 1 _ 1
e at - alll + [la® - Byall

lug, g = Pontl

N

n

2|l ppyat - &l
By (4.2), we have

4.3l g - g el < cnll PRIERTT
Since

- 1 2 o _
h,g " P10 lla,g * v, = Po,n®

(4.2) and (4.3) assure the conclusion of Proposition 5.

0” 2

1

Proposition 6. The bounded inverse (Ah 8 + TBh B)- € L(Yh B)

and satisfy

-1 ~1
By g " = B Byl €0

Proof. In fact we have

-1 -

(Ah,B + TTBh,B) = Ah,B + '[]K.h,e
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where }81,8 = ( 8 Y )

Since

we have

Hence by (3.7)

" -1
.4 @ g+t gl LK, o) < 3.

-1 -1 .
And By o By dPng T Ky,

implies

- -1
5> lay g B A Tl o "L

Noticing the equality

-1 -1
@, g ¥ Bhg) Ay
-] -1
= TRy g TR g Bh g
@y, g +TBy A A TB A T

we have the conclusion from (4.4) and (4.5)

Propositions 5 and 6 imply the following Proposition 7, which in turn
implies Proposition 8 by Theorem 2.

Proposition 7. There is a constant C independent of B,T and h satisfying

I (Ah,B +T]Bh’8)—llpha -IphA-lall h.g < c((1 + B)T + h)| al| X

Proposition 8. There is a constant CT satisfying
-tA 2
I (m (0P, -Pre™Dall ) o< cph+ D[ a%a]l ¢
for Ogt<T, aeD(A?)

provided that the stability condition stated in Proposition 3 is satisfied.

Proof of Theorem 1. Let a'! € D(A3/2) and a’ € D(A) . This
condition is equivalent to a = (:0) € DQAZ). Since
3/2
| a2all (2 = || a%/%ar |2+ || a2 2



Let wmi(t) = e-tAa . Then w(t) = ( t;t) ) where u(t) is the solution
) E-E u(t) 7
of the continuous problem (E). Similarly let uh(t) = Th(tNPha.

Then uh(t) = ( up, (£) ) ~where uh(t) is the solution of (E

T
D?uh(t) h,B" "

Now we have

(4.6) w (t) - u(t)

= (u, (6) - Pu(t)) + @u(t) - u()) .
It is easy to see
.7 |lru(e) ~u)ily < cnjlaally, . 30 .
As for the 1lst term of the right-hand side of (4.6), it is noted that
.8 o -Pa®lg

= o - 2@l 2 o+ Btlla, g7 2 ) - 2paen ]l ®

Proposition 8 implies that

2
4.9 o0 -Pu@ll, g c @+ la%ally ,  os<esr.
The remaining thing is to obtain the following estimate:
1/2, 1]2 v
4.10) || A g / A / (up () - Plhu(t))ll < chlA‘allx ,  O&t<T.

To do this, we note

|IAh’Bl/£Ah‘/2(
1/2 1/ 2
= (A g (uy =P, A (A = AP U))

Therefore by Schwartz inequality

w - Plhu)ilz

(4.11) ||Ah’81/2Ahl/2(uh -pwl ¢

R R R PR AT LS

Tt holds that

l/c
llAh,B (o, = Pl

< ey, - 1Ph““h,e
<l ©sll, 5+ Ipuly
1+ Y¥/2\1/2 i
. i —tA
stnce flac®lly = 1o ally = lally ana lagll, o< lally -
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Therefore

z 1+ y/2
@12y iy o - rpwll < av (RS il

Next we note that
CREN PN

It holds that

(= ol < lay M oawll + 1l MRl

R ]/ 1
g, g rull < I eyul < 1Ml < ol

where the second inequality follows from the fact that P is the orthogonal

1h
projection from V onto Vh' The unitarity of e_tA implies
1/4
.16y A o el < lall g
= Ahuh . Then vy is the solution of (3.2) with the initial datum
= AhPlha1 and aﬁ = AhPOhao . Let vh = ( ;hv ) . Since we have

Th

I8y 6" 2l < vl g s

Proposition 3 implies
(4.15) Il Ah,BI/ZAhuh” ¢

1+ v/2 1/2 1] 2 0] 2
" 1 - .?/2 (“ Ah,B Ahplha ” + ” AhPOha “ )

It holds that

1/2 1
R L
< | AhI/ZAhPIhaIH
ol PN Vel
1/ i
< I1a 2y nat - 2 aal) ]| + || A 7P, nal
€ ( by condition (I) and the orthogonality of P )

1h

N

Ch“IIPOhAa1 - PlhAa‘H + || A3/2a‘H

2ch™ | Pyl - Al + | Aj/zaIH

N

N

( by (4.2))
< 2c” enf A%%a1|| + | a¥2at]

Therefore we have

@.16) llay arpatl o< cllatally

Analogously as above we have

- 064 =



Il A Pga° ]
s |l a @2 - e afll + [l arp,all

I

-2 A . 5
£ Ch ||P1ha“ -a’l] + !IPOhAa
< ( by the duality argument )
g ch?n?jl aa’|l + || a2’

Hence we have

.17 || AhPOha"lI < ¢l a4al] <

Inserting (4.16) and (4.17) into (4.15), then we obtain
@a8) |l ay g *aull < cllatall g .

Again inserting (4.14) and (4.18) into (4.13), we have
419y llay g - Pyl < clla%all g

The estimates (4.11), (4.12) and (4.19) assure (4.10). From (4.6)

to (4.10), we have the conclusion of Theorem 1.
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