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An error analysis of some difference method for a singular

perturbation problem

By

Koichi Niijima

1. Introduction
In his paper [2], J.J.H.Miller presented an exponentially
fitted difference scheme for solving a boundary value problem

with a small positive parameter ¢;

ey" - b(x,e)y = f(x,¢e), 0<x<1, (1.1a)
y(0) = agys y(l) = aj- (1.1b)
It has been shown in the paper that a solution of the schemé |
converges uniformly in € to that of (1.1) on mesh points.
However, several conditions which seem to be unnatural have been
imposed on the coefficients. This is because the error analysis
is due to the method of A.M.Il1'in [1].
| In this paper, we want to give a difference scheme of ‘
exponential type for the problem (1.1), and to propose a method

of error estimates by which the uniform convergence in € of our

scheme can be established under week conditions.

2. Construction of a difference scheme

Let €, be a small positive number, and define D by

0

D = {(x,e)]| 0<x<1, O<e<ey }.



We make the following assumptions on the coefficients;
Al. b(x,e) and f(x,e) are continuously differentiable
with respect to x, and their derivatives are bounded on D.
A2. There exists a positive constant §, not depending

on ¢, such that b(x,e)28 in D.

For constructing our difference scheme, we introduce the
uniform mesh X, = ih for i=Q,...,N, where Nh=1, and use the

abbreviations bi= b(xi,e) and fi= f(xi,e). We approximate the

equation (l.la) in subinterval (x., ) by

ir®i+1

Eyl‘(li)" - biyk(li)= £, (2.1)

It is well known that this equation is solvable explicitly.
(1)

h (x) of (2.1)

Now, we shall connect at x = X4 the solution y

and that of (2.1) for i-1, together with their first derivatives.

We continue this procedure from i=1 to i=N-1 to get

(i-1) _ (1)

yh,i = yh,i ’ i=1l,...,N-1, (2.2a)
and
Bobhsy i, e, (2.2b)
(3) (3)y . 4. (3) (3),
where yh,i and Y, i indicate ¥h (xi) and Yh (xi),

respectively. For i=0,N, we impose the boundary conditions

(0) _

(N-1) _
Ynh,0o T @

o' Ypon = (2.3)

al.

We remark that conditions (2.2) and (2.3) yield a linear system

concerning N-1 unknown numbers, since a solution of (2.1)



contains two unknown numbers.
Although this system may be derived directly from these

conditions, we try another approach for convenience of our error

analysis. Define an inner product (u,v)i by

X.
(u,v)ii/ﬂ l+lu(x)v(x)dx
X,
i

and let u(l)(x) be a solution of

eq (3w _ biu(i) - 0. (2.4)

Then we always have, from (2.1),

- biyéi), NS T L A (2.5)

(1) w
h i i i

( ey

On integrating the left hand side by parts, we obtain, by virtue

of (2.4),
(1) (1), _ (1) (1),, _ (1), (i) _ (i), (i)
ey Yn,i+1 T Y Yp,i ) T 80933 Yh 541 T Wy 'Yy, 5 )
_ (1)
= (fi,u )i' (2.6)
Since u(l)(x) may be expressed by a linear combination of the

basis { exp(-p; (x-x;)), exp(pi(x—xi))} , where pi=¢bi/e , the

equation (2.6) is equivalent to the following equations;

-1 (1), (1), -1 (i) (1), _ (i)
€0ty ¥y, 441" T ¥p,i )t oeeg(tyyy 53y - ovp,i ) =91 (2.7a)
and
(i), (i), (i) (1), _ (i)
e(TiYy 541 ~ Yu,i ) " €03 (Ti¥p 541 T Yh,i ) =93 v (2.7D)



(1)

where T = exp(pih), 9, =(fi,exp(—pi(x-xi)))i and

9§l)=(fi’eXP(pi(x—xi)))i' Since Ti—Tll¥ 0, we may solve (2.7)

in terms of the first derivatives to get

. . ) . L1 (s . _
Yéfl'= {pi(zyh,ii;-(Ti+Til)yétl)+ E(Tilgél)'Tigil))}/‘Ti'Til)
(2.8a)
and
. -1 . . L . )
AT A OOt D S A TA SR TE R A D VAC ORI
(2.8b)

By the matching condition (2.2), we obtain a difference scheme

=¢;,i-1Yn,i-1% Si,i%n,i” Si,i+1¥n,i+1” 940 L. N0L
(2.9)
where we have used the abbreviation y =y(i_1)= (1) The
h,i *h,i ~*h,i-

coefficients occurred in (2.9) are defined by

1
C. . 1= 2€0, 77—
i,i-1 i lBi_l
o o
i-1 i
c, .,=elp, ;7 + 0.57),
i,i i lBi_l 1Bi
_ 1
Ci,i+1” 2€Pip
i
and
—ai—l 2-0
d,.= ————— f., .+ £.,
1 pi_lBi_l i-1 piBi 1

-1 -1
L= T d STL-TL .
where aj Tj TJ an BJ TJ 3

The solvability of the equation (2.9) is shown in the



following lemma.

Lemma 1. The equation (2.9) subject to Yh 0= @ and
’

yh,N= a, has a unique solution.

Proof. Define a linear operator L by

.= =C. . . + .. .- . .
Lyhll cl,l—lyh,l—l cl,lyh,l c1,1+lyh,i+1

It is easy to show that ci;i—l’ ci,i and ci,i+l are positive.

Moreover, since exp(t)+exp(-t)>2 holds for all t>0, we have

Qs
Jj 2 . .
> PygLr that is, ©;,1%%,i-1 This shows that the

j j

+ Cc. . .
i,i+l

operator L is positive. Therefore we can apply the maximum

principle to (2.9) for getting our assertion.

Lemma 1 assures that there exists a differentiable
function on (0,1) satisfying (2.1) in subinterval (Xi'xi+l)°

In the later sections, we denote this function by yh(x).

3. Preliminaries for error estimates
The main aim of this paper is to prove the following

theorem.

Theorem. Suppose that assumptions Al and A2 are fulfilled.
Then, for the solution yh,i of (2.9) satisfying yh,0= a, and

= a we have

Yr,n~ 217

max |y, . - y.|gMh,
i=0,...,N Dri .

where Yy denotes a solution of (1.1) at X=X, and M is a positive



constant independent of € and h.

For proving this theorem, we set r(x)= yh(x)— y(x) for
a solution y(x) of (1.1). Note that this r(x) is differentiable
on (0,1), since yh(x) and y(x) are so. Now, we always have,

from (1l.1la),

" (1), _ (i)
( ey"- by, u )= (f,u )i (3.1)
for a solution u(i)(x) of k2.4). Also, we may rewrite (2.5)
using yh(x) as
w_ (i), _ (1)
( Eyh blyh, u )1— (filu )l. (3.2)

On subtracting (3.1) from (3.2), we get

(i))_= Ri(u(i)) + Si(u(i)),

r"- b.r, u
(E it i

where Ri(v)=((bi-b)y,v)i and Si(v)=((fi—f)y,v)i. We integrate
the left hand side by parts and employ (2.4) to obtain

(1) ! (i) "' (i) (i)
e(U1T547 — U 3 T3) - eluyyy ryy —utorg)

(i)).

(3.3)

= Ri(u(i)) + Si(u

The present purpose is to derive from this a relation
between r, 4 and r, for kz2. We sum up (3.3) for i=0,...,k-1

and arrange the summation to get

k-1

e{—u(g)ré + ;zl(u(i_l)- u(i))ri + u(i—l)ri}
(3.4)
k-1 . . k-1 . .
(i-1), (i), (k-1), _ (i) (i)
- €{§=l(u i - uyi g uy rk}— 1=0(Ri(u y+s; ('),



where we have used r0= 0.

We now determine u(J)(x) for j=0,...,k-1 by the matching

conditions
wi-1) 2 u(%), w1 u(%)', i=1,...,k-1
i i i i
s (0) _ (k-1) _
and by the boundary conditions u 0= 0 and u X = 1. As seen

in the preceding section, these conditions lead to

—Cl,l—l 1—1+ i,i i ci,i+lui+1= 0, i=1,...,k-1, (3.5a)
u0= 0, ’ uk= 1, (3-5]3)
_ o (i-1)_ (1) . . .
where we set u;= uy =u . The equation (3.5) is uniquely

solvable by Lemma 1, and so there is a differentiable function u(x)

on (0,xk) which becomes a solution of (2.4) in subinterval

(xi,xi+l). With this u(x), (3.4) may be written as
k-1
' ' =
ey euy ry ;=0(Ri(U) + Si(u)). (3.6)
On the other hand, we consider (3.3) for i=k-1l. We now
determine u(k—l)(x) so as to satisfy u(§:i)= 0 and u(£_1)= 1.

By solving (2.4), we indeed get

u® 1) ()= {exp(pk_l(x—xk_l))—rexp(—pk_l(x—xk_l))}/(Tk_l—rk:i).

For brevity, we denote this function by G(x). Then (3.3) becomes

A A N

v A - ' =
ery e(upry uk—lrk—l) Rk_l(u) + Sk_l(u). (3.7)

Eliminating sri from (3.6) and (3.7), we obtain

A k-2 A A
- e(up- uplr,= - Z 0(Ri(u)+Si(u))-Rk_l(u—u)-Sk_l(u—u).

(3.8)



. . N, AT
It 1s easily seen that R 2pk—l/8k—l’ U, = pk—lak—l/Bk—l and

L -
up pk—luk—l/Bk—l Zpk-luk—l/sk-l' Therefore we have, from

(3.8),
B
Ti-17 Yk-17k" iEzif% Tx-1- (3.9)
where T, , denotes the right hand side of (3.8). This is our
desired relation between Tr-1 and ry-

In order to estimate rj by (3.9), we need to know some

properties of uj which will be given in several lemmas below.

Lemma 2. The solution uj of (3.5) satisfies

0= u0<u <...<u <u, = 1, (3.10)

1 k-1 "k

Proof. Using the operator L introduced in Lemma 1, (3.5a)

may be written as

Luli =0, i=1,...,k-1. (3.11)

Since L is positive, the maximum principle yields, by U= 0 and

uy = 1,
0 < ui <1, i=l,...,k-1.
We further have ul>0. Because, if u1=0, then we get from (3.5a)
u2= u3=. = uk= o,

which contradicts to u, = 1.
Next, we show that the sequence {ui} is monotone

increasing. Assume that for some iO’

O<u,gu,g...5u. _.>u. .
1272 i, 1 iy



But we can apply the maximum principle to (3.11) for i=1,...,io—1

to get

Osuiguio, 1=l,...,10—l.

This contradicts to us —l>ui . Thus we have

0 0

0<ulgu2g...gu lgl.

k-
The equality may be omitted since

C C

i,i-1 i, i+l
u, = —m—— u. + —— u,.
i c. . i-1 c. . i+l
i,i i,1i
C + c. .
< i,1-1 i,i+l <u
= C. . i+l Ti+lc
i,1i

The proof is completed.

Lemma 3. For the solution uj of (3.5), we have

4y 2
< , i=1,...,k-1.
u -1
i+l T, + T,
i i
Proof. The inequalities 0<u, ,<u, and c. , .>0 lead to
i-1 i i,i-1
.u.= C. . . .+ c. . .
Ci,lul cl,l—lul—l c1,1+1u1+1
€ Ci,i-1% Yt %y, iv1Y%ie
from which we get
u. c. .
i . - 1:121 , (3.12)
i+l i,1i i,i-1
. S S e o
since ci,i ci,i—l and ui+1 0 hold. From the definition of Cl,j'

it follows that



Combining this inequality and (3.12), we obtain

Yy 2ep; /By
Uiyl EP3043/B4
- 2 2
%3 T.+ TTl
i i
which completes the proof.
Lemma 4. Define vy by
o —T_i
Vi= "—k——T]—(' ’ i=0,...,k,
T -1

where 1= exp(ph) and p= vV§/¢ . Then the solution uj of (3.5)

satisfies

u, s Vi, i=1l,...,k-1.

Proof. The definition of \ implies that Vo= 0 and V= 1.
Therefore we have Vo~Ug= 0 and ViU = 0.
We next show that L(v—u)|i is nonnegative. An easy

calculation gives .

L(v—u)|i= Lv|i

I> i-1, i-1 -(1i-1)
= — { ( - T )
Tk- T k Bi-1
o1 i, 4 —i. 2P i+l - (i+l)
+(p,_ = p:.5) (t7=-1 7)-—=(1 -1 ) }.
T Bs

10



We now introduce two functions;

£ -t
p(t) = t(i te )
e - e

and

a(t) < -t -

It is easily seen that p(t) is positive and monotone increasing
for t>0,and g(t) is positiﬁe and monotone decreasing for t>0.

Using these auxiliary functions, L(v-u)|i may be written as

L(v=w) 5= ———g
T

h(t" - )

i-1_ -(i-1)
-1

{—2q(pi_lh)(T )

+(plp;_ M+ plp;) (rh=rh

i+1_T-(i+l))}.

-2q(p;h) (1 (3.13)

We can establish L(v-u)|,20 as follows;

(i) When ;20 then p(oih)gp(pi_lh)>0 and

i-1'

O<q(pih)gq(pi_lh) are valid. Therefore we have from (3.13)

L(v-u) | ;3—pS—p—(-2a(p; ;0 (x* T B4 2p (o, im) (o7

h(t'-t )
- zq(pi_l)(T1+l_T-(1+1))}

2eq(p, _,h) C 1 sl _ C

—— l_i {-(* 1.-@ l))+ (Ti_1+Ti_})(Tl—T )

h(t'-t )
—(Tl+l—T_(l+l))}

We further have, by virtue of Ti_l+Ti:igT+T—l,

11



2eq(p;_1h)

Lo
h(tF-17K)

i-1__-(i-1)

L(v-u) |2 Y+ (t+thy (riord

—(ri+1—1-(i+l))}

1
o

(ii) When Pi<Pi_q” then 0<p(pih)<p(pi_lh) and

q(pih)>q(pi_lh)>0 are valid. We now have from (3.13)

L(V—u)li>——~€%“fqz{‘2q(pih)(Ti—l“T_(i—l))+ 2p(p.h)(Ti-T—i)
h(t'=-1 ) T
- 2q(p;h) (1HHEo T (B,
2eq(p.h) . e _ .
=“——§——%E~{—(Tl L= G0y eeThy (odohy
h(t -1t ) o1

—(Ti+l—T_(i+l))}.

Using again Ti+T;lgT+T_l, we get L(v-u)|i>0.

Thus we can apply the maximum principle to get our

assertion.

4. Proof of Theorem

-

First of all, we notice that all constants to be appeared
are independent of € and h. For proving our theorem, we return

to the recurrence relation (3.9). From this relation, we get

Bk-—l

lr, . lsu, _,lr |+ 53—/ (4.1)
k=1'2"k-11"k " 2ep, 7

T |-

12



We can seek the bound of [T, _;| as follows. 1In the first,

we obtain, from the definition of Tp-1’

k-
A
|Tk_1I§Z;§(|Ri(u)|+lsi(u)|)+|Rk_l(u-u)|+|sk_1(u-ﬁ)| .

By assumption Al, we have |bi— B(x,g)nglh on subinterval

(xi,x.+l) for a positive constant Kl' We also know that a

solution y(x) of (1.1) satisfies |y(x)|§K2 on (0,1) for a

positive constant K,. Moreover, it holds by Lemma 2 that in

subinterval (Xi’xi+l)’

u(x) = [{Tiexp(—pi(x—xi))—T;lexp(pi(x—xi))}ui

+{exp(pi(x—xi))- exP(—pi(x—xi))}ui+1]/(Ti—Tll)>0.

Accordingly, we have

¥i+l

|Ri(u)|=|Jf (b;= b(x,e))y(x)u(x)dx|
X.
1

X,
s Klebjr l+lu(x)dx
X

i
o= 2 -
< Kh ——B-—'( ui+ ui+1)

PiPj

for a positive constant K. Similarly, we obtain

o.—- 2

1
|s; (u) | skh piBi( us+ a0

but now by using |fi— f£(x,€) | <K h.

13



We turn to the estimate of Rk_l(u—G) and Sk 1(u—ﬁ).

Since it holds on (xk_l,xk) that

A 1 -1
u(x)- u(x)= z={1, _,exp(-p, _,(x-x, _.))=- 1 exp (p (x-x ))}
By k-1 k-1 k-1 k-1 k-1 k-1

2 0,
we have
X
|R, _; (u-2) |;_th Kz - Gx)ax
k-1
o - 2
.
Pr-1Pk-1
and
A uk-l_ 2
|S, _, (u-u) |gkKh ———— u, ..
k-1 pk-lBk—l k-1

From these estimations, it follows that

| | k-2 ai— 2 ak—l_ 2
T <2Kh{) (u,+u, )+ ———u _}
k-1 =0 piBi i i+l pk—lBk—l k-1
k- ai_l— 2 ai— 2
= 4Kh z ( + u.,
=1 Pi-1Bio1 P38y i

where we have used = 0. With p(t) introduced in proving

Lemma 4, we may write as

oa. — 2 T%/z— Tfl/z
) = % 2 1177' T2 hh/2) ’
0485 pj(Tj/ RN PPy

and already know that p(t) is momotone increasing, say,

p(pjh/Z)zp(oh/Z). This leads to

14



aj— 2 h _ 11/2- T—l/2

.S.: - — ’
Dij 2p(ph/2) D(Tl/§+ T 1/2)

and so

l 1/2_ =172 k-1
|T, .|s8Kh - u. .
k-1 p(Tl/2+T 1/2) = i

Combining this and (4.1), we finally get

-1
1/2 -1/2 =« -T k-1
|r, .|su, ,|r, |+ 4kh 1—=1 k=1 k-l
k-1 1391 [Ty 172

- u, . (4.2)
A TR =

+
We are now in a position to prove our theorem. It
suffices to consider two cases;
(i) h/vE = h™9 for o¢30.

(ii) h/vE€ = hY for 0<ogl.

k-1
In case of (i), we rewrite the summation Z u; as
1=1
k-1 k- -2 k-2
Z u, = u,_,( 1+ E u./u, )= u__.(1+ I u./u.,,).
=T 1 k-1 = 1 k-1 k-1 =T §=i 37 T 3+1

On applying Lemma 3 and on using the fact that 2/(Tj+T;l)SZ/(T+T_l),

we obtain

k-2 1
M 2/(t.+1.7) )
j= i3

k-1

k-2
T
i=1 i

1=1

k-2 .
-1, ,k-1-
suy 4 {1+ Z=1(2/(T+T )) Ty

<u /1= —=—7 ).

15



. -1
Since U 17 uk_l/uk<2/(1k_l+Tk_l) follows from Lemma 3, we

further have

u, < ————3-—:T /( 1- 2_1 ) .

1=1 Te-1t 1 T+t

We combine this inequality and (4.2) to get

-1
Ir | < 2 x|+ 8Kh Tl/rz—"[ /2 1y 17T
k-1 -1'"k EPPy, _ 1/2, -1/2 -1
T-1¥ k-1 k=1 777 41 T-1"Tk-1
/01 - —2 )
T+T

from which we obtain, by virtue of the inequalities eppk_lgd

-1
and Tl T T=127TFT

_2
-1
T

2

——1 )

lr. | + m h/( 1-
k 1 T+T

|ry_q 1< (4.3)

T+

where m, = 8K/§ . Using (4.3) successively by starting with

N~ 0, we get

eyl em/C1- =222, k=2, .08, (4.4)

T+T

|r

But since we now concern case (i), it holds that
1L = exp (VS/h%) + exp(—/fyho)
> exp(V/8)+ exp(-V3)

K > 2.

W

Therefore we have from (4.4)

16



|rp_ql< M h, k=2,...,N,

where M,= ml/( 1- « )2. The constant M; is trivially

independent of £ and h.

We proceed to case (ii). 1In this case, we estimate the
right hand side of (4.2) by using the results of Lemma 4.

It holds by Lemma 4 that

k-1 k-1 Ti_T—i
2 v s2 S
i=1 i=1l T -7
_ 1 ( T(Tk_l—l) _ T_l(l-T—(k-l)) }
K-k -1 1 - 1
. 1 Tk_T—k (Tk_l-r_(k-l))
Tk—T_k T + T~1 - 2
) l—vk_l
T+T_l -2

and uk_lgvk_l<l. Applying these estimates to (4.2), we obtain,

because of gppk_lgé,

-1
2 - -
ltgeq | < Vi Izl + 4§h Tijz_T—iji Tk_l-Ik-l( 1= vpq )-
T +T ™+T1T -2
Under the present condition, we have

-1 -1
/2007172 Bt Tell | Tk T k-l
Tl/2+T_l/2 T+T_l—2 1 - 11

= (exp (vB,_;h%) —exp (-vB,_11h9))/ (exp (/8h%) -exp (-/Eh%)) .

17



The Taylor's expansion of exp(z) implies that the last term is
bounded by a positive constant m, independent of € and h.

Therefore we get

lepq | < vl l + M0 1= vy )b,

where M,= 4Km2/6 . The desired result is obtained by applying
this estimate successively. Indeed, we get by starting with rN=0
N-1

< M2( 1- T wv. )h

Ity 1|
k-1 j=k-1 3

< Mzh.

This completes the proof of our theorem.

18
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Construction of a difference scheme for some singular perturbation

problem by a Liouville-Green transformation

By

Koichi Niijima

1. Introduction
Let ¢ be a small positive parameter and consider a singular

perturbation problem of the form

ey" + a(x,e)y' + b(x,e)y = f(x,¢), Ogxgl, (1.1la)

y(0) = do' y(l) = dl' (1.1b)

On a(x,e), b(x,e) and f(x,e), we make the following assumptions;

(i) The functions a(x,e), b(x,e) and f(x,e) are twice
continuously differentiable with respect to x on

D = {(x,e)I 0gxgl1, O<egeo, : small} , and they are bounded

€0
on D together with partial derivatives with respect to x up to
second order,

(ii) The condition a(x,e)26>0 is satisfied on D.

It is well known that a reasonable difference approximation
to this problem may give inaccurate results for small e . For
example, the centered three-point difference scheme has this
property. So we desire difference schemes whose solution converges
to a solution of (1.1) uniformly in €. Difference schemes of

this type have been considered by A.M.I1'in [2] and recently
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by M.van Verdhuizen [7], in case of b(x,e)=0, and by J.J.H.Miller
[3] and K.V.Emef&anov [1], in case of b(x,e)<0 in D. However,
the rate of convergence is of order h except for the method of
Verdhuizen, where h denotes a mesh step.

The aim of this paper is to construct a difference scheme
for the problem (1.1), whose solution converges to that of (1.1)
uniformly in € with order h2, by using a Liouville-Green trans-
formation. In our analysis, b(x,e) is not assumed to be non-
positive in D. The procedure of constructing our scheme is
exactly the same as in K.Niijima [5],[6], but the error analysis
requires detailed estimates concerning a solution of an analogous
problem to (l1.1). These estimates can be derived not from the
maximum-principle but from Lemma 1 in K.Niijima [4].

In our approach, we can also obtain the value of the
approximation at any points between the nodes, and its accuracy
is of order h2 uniformly in €. This point is different from the
results of Veldhuizen [7].

Throughout this paper, Ci denotes a constant independent
of € and the symbol C is used in common as a positive constant

not depending on € and h.

2. Estimates for a solution of an analogous problem to (1.1)
In this section, we give detailed estimates concerning

the solution y(x) of the problem
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€§" + g(xr€)§' + B(X,E)? = ‘f-(X,E), 0sx<1,
(2.1)

y(0) =4a y(1) = 4

0’ 1’

where a(x,e), b(x,e) and f(x,e) are continuous and bounded on D,

and the condition 3a(x,e)28>0 is satisfied in D.

Lemma 1. For the solution y(x) of (2.1), we have

— 1t |£(s,€)] S T T
Iy(x)|§.Cl( . —-—'exp(-Z(t-s))dsdt + |d0| + |d1|).
0
Proof. Applying Lemma 1 in [4] to an initial value
problem associated with (2.1), we obtain
a— - l —
y(x) = p(x)(y'(0)x(x) + E“(X) +.dg).

Here A (x) and u(x) are

X
X (%) =/ qz(t) at
0 p (t)

and

X t
(t) —= p(s)
p(x) ij/ﬂ g————d/ﬂ f(s,e) dsdt,
0 p(t)J o a(s)

respectively, where

¥ 3(t,e)
qg(x) = exp(i/F ——ELE—dt)
0

and

X
p(x) = exp&/ﬁ a(t)dt),
0
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0(x) being a solution of

a(x,e)

a(x) + az(x) +

' _E(er) _
o' (x) + — =

subject to

a(0) = 0.

The value y'(0) is determined by the end condition to get

T = (- 3EPped) + oy B+ BB oo -2
(2.2)
The bound for |y(x)| is derived as follows. As was shown in
the proof of Lemma 1 in [4], there exists a constant C2 such
that
|oc(x)|,_<=C2

from which the bound

0<C,sp(x)£C

3 4

-

is obtained. Combining this with the estimate O<q(x)§exp(—§x),

X t___ ‘6—
Iu(x)l;C%/ﬂ’/n |f(s,e)|exp(—g(t—S))dsdt.
0/0

Noticing here that 0§;§§;gl, we have the desired result.

we get

Corollary. The derivative y'(x) satisfies the following
estimate:

|§'(X)|§CG( 1 + % exp (- %x )).
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Proof. This estimate is obtained by differentiating ¥y (x)

in (2.2) and by noting that A(l)= O(e).

3. Approximation to the problem (1.1)

We begin by approximating a(x,e), b(x,e) and f(x,€)
which appear in the equation (l1.la). Let N be a positive integer
and define a mesh step h by h=1/N. We also define equidistant
mesh points X, by xi=ih, i=0,1,---,N. For later use, we shall
introduce two functions g(x,e)=b(x,e)/a2(x,e) and c(x,e)= 1l/a(x,c).

In subinterval [xi’xi+l]’ we approximate a(x,e), b(x,e) and f(x,¢)

by
—-— - 2 -
A(x,e) = l/(ai(x xi) + Bi(x xi) + Yi),
B(x,e) = -(a., (x-x.) + m, - 1)A2(x €)
’ i i i !
and
k. X
F(x,e) = A(x,e)3/2exp(—§%y/q A(t,e)dt)
x5
'(Ci(¢(x)-¢(xi)) + wi), (3.1)
respectively. Here ui, Bi, Yi’ mi and ki are
a; = =(93,979;)/h,
By = (cy,97Cy)/h + 9,479,
Yi = Gy
mi =1- gl
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and

k. =2 - (c.
i

i —ci)/h - (gi+l+gi),

+1

where gi=g(xi,e) and ci=c(xi,£). The function ¢ (x) included in

X
¢(xi) +k//‘ A(t,e)dt (3.2)
X.

1

(3.1) denotes

¢ (x)

for xigx;xi+l, and (N and Wy denote
k.s,
-1 _ iti 3/2 _ 3/2
i T s, Ol Yy T Yy e
and
_ 3/2
(.Ul - Yi fll

X.

respectively, where Sii/F i+l A(t,e)dt. It follows at once that
X,
i

for i=0,1,---,N,

A(XiIE) = a(XiIE)I
B(X.,E) =b(X-l€)
. 1 (3.3)
and
F(xi,e) = f(xi,e).

This shows that the functions A(x,e), B(x,e) and F(x,€) are

continuous on D. We further have the following lemma:

Lemma 2. The estimates
2
|A(x,e) - a(x,e)]|sch?,

|B(x,€) - b(x,e)|sCh?
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and

| F(x,e) - f(X,E)IéChz
hold on D.

Proof. From (3.3), it suffices to prove the above

estimates only in subinterval [xi,x. In the first, we have,

1+1]'

by virtue of the Taylor's theorem,

I

2 .
g (x=x3) 748, (x=x,) 4y, = e +((cy 7c;) /h+g; 1-9;) (x=x;)

+ 0(h2)

' _ 2
ci+ci (x xi)+0(h )

c(x,e) + O(h2)

which establishes the first estimate. This fact and the Taylor's

theorem again lead to

Blx,€) = (-u;(x-x;) + 1 - m)a’(x,e) + 0(h%)

= ( 2x,€)
2
a (x,¢)

+ O(h2))a2(x,€) + O(hz)

b(x,e) + 0(h2)

1

which asserts the second estimate. Before proving the last

estimate, we note that ¢(x)—¢(xi)= O(h) holds for xigxgxi+l,

3/2 _.3/2, _ _ -
and Yi+1 fi+l Yi fi O(h) and ki O(l). By noticing further
X k.s. k.s.
i1 171 2
that ¢(x)—¢(xi)i/f A(t,e)dt and exp(-— )=1-— + O(h™), we
X3
have
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k.
200+ e m-ex)) + om?))

F(x,e) = A(x,€)

k% 2 3/2

b (x)-6(x,)
=+0 (h") ) ¥ 3/2¢ ) 1 3/2

ivl Fi417Y: By 5; vyt gy

°[{(1-

k.
= A(x,e)3/2{l + §£(¢(x)—¢(xi))}

k., 6 ()= (x,)
g 000 = 66p)) - Qg )y 32

i+1 fi+1

(%) =6 (x.)
+ (1- i),3/2

2
fi] + O(h")

3/2 3/2f

i+l Ti+l

k. 6 (3) =6 (x,)
- (LR (6 (0= (x))) (L2 (y, 32

i

= A(x,¢€) {(1+0(h )) v,

f - 3/2f ) }

i+l Ti+l

+ 0(h2)

(x) =9 (x.)
_ 3/2, 372, ° i’ 3/2 _ 3/2
= Abx,e) ™ vy fi+"—'§;_—__”(Yi+1 Fi+17Y

£s )} + O(h )

X-X.
3/2, 3/2 3/2 3/2
03232 G M2 3280k o,

= a(x

where, in the last step, we have used the equality
(¢(x)—¢(xi))/si=(x-xi)/h + O(h). Since the term in the brackets

gives a polygonal interpolation to f(x,e)/a(x,€)3/2, we get

the last estimate.

Corresponding to (1.1), we consider the problem

eY" + A(x,€)Y' + B(x,e)Y = F(x,¢€), 0sx<1, (3.4a)

Y(1) = d,. (3.4Db)

Y(0) = d 1

OI
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We have the following theorem.

Theorem. Let y(x) be a solution of (1.1), and Y(x) a

solution of (3.4). Then we have, in D,
2
|Y(x) - y(x)]|sCh”.
Proof. Putting u(x)= Y(x)-y(x), it satisfies

eu" + A(x,e)u' + B(x,e)u
= F(x,e)-f(x,e)-(A(x,e)-a(x,e))y'-(B(x,e)-b(x,€))y

and (3.5)

u(0) = u(l) = 0.

Since A(x,e), B(x,e) and the right hand side of (3.5) are
continuous on D and there exists a constant 6§ such that
A(x,e)gg in D for 625>0, we can apply Lemma 1 to the above

problem to conclude that
2L E 14y (s ] 5
|u(x) | sCh ——EX———— exp (- —(t-s))dsdt,
0/0

where the results of Lemma 2 have also been used. By virtue of

the estimate
' 1 )
|y (x)|§C6( 1+ = exp ( = x))

which follows by applying Corollary in Section 2 to (1.1), we

have further

1/t
|u(x)|§Chi/p“/p (
0/ 0

The proof is completed by noticing that the integral term is

o=

+ liexp(—gs))exp(—%(t—s))dsdt.
€
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bounded by C because of 628,

4.

A three-point difference scheme

The purpose of this section is to derive a three-point
difference scheme between Y. ;= Y(x.
Yiv1

-l)’ Y.= Y(xi) and
= Y(x.+l), where Y(x) is a solution of (3.4).

On [x;,x;,41,

we change (3.4a), by the Liouville-Green transformation
z:

¢i(X),

v, = wi(x)Y(x),
into

d v, " IP' ' dv
e i, {A(x,e) + € (¢, = 2 S1 0. )}t
d22 ¢1, ¢1,2 i by 71 dz
V! : V!
1 i € i,2 i,,
+ {——Tj(B(X,E) T A(x,e)) + “Tj((Ef) - (wj) )}Vi
¢i 1 ¢i i 1
U,

I

5 F(x,€). (4.1)
d) ]
i
We shall determine ¢i

and wi by the differential equations

lp! L} 1
" o_ i _ 2
O;" T2 g7 0y = ko
i
and
1N vl '
2 ' 2
(D)7 - (D) = ey
i i
L
with some constants k and 2. As was shown in [6], ¢i and
wi /wi are given by

30



6" (%) = 1/(a(x=x;)° + Blx-x;) + )
and
P3O /g (1) = = (alxmx )+ m) /(o (xmx) 248 (xmx )+ ¥)

respectively, where m=(g+k)/2 and g=ay-m(B-m). Now, we choose

=0, s B=Bi, Y=Y and k=ki. Then we have

i
A(x,e) = ¢i'(X) (4.2)
and
5 wi(x)
B(x,e) = (bil (x) + ) A(x,¢€)
i

which imply that (4.1) may be written as

d2v. dv. wi(x)

i i _
€ ) + (1 + eki)az— + (1 + eILi)vi = = F(x,e). (4.3)
dz ¢i (x)

Notice here that ¢(x) in (3.2) is a function obtained by solving
(4.2) for each i and by connecting them continuously. It follows
from the inequality A(x,e)26>0 that z=¢(x) is continuous and
monotonically increasing on [0,1], and so it has an inverse
x=¢—l(z). Therefore the right hand side of (4.3) may be written

as Ci(z—¢(xi))+ Wy with gi and ws which have already been given

in Section 3. Hence (4.3) is solvable analytically and the

solution vi(z) takes the form

vi(z) = Klexp(r{i)(z—¢(xi)))+ Kzexp(réi)(z-¢(xi)))+ w, (z),

{1) and r are roots of the equation

where r él)
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2 -
er” + (1 + eki)r + 1 + eﬁi =0,

and wi(z) denotes a particular solution of (4.3). Thus the

solution Y(x) of (3.4) may be written, in [xi,x as

i1l

Y (x) vi(¢(x))/wi(x)

I

_ 2 _ 1/2
(ai(x xi) +Bi(x Xi)+Yi)

(1)

- [Kyexpl (r} ) (¢(x)- 8 (x;)) 14K exp{(r‘l’+——><¢(x>-¢(x )) )

k.
+ exp (5= (0 (x) = (x;))w, (6(x))].

The first step of obtaining our difference scheme is to express

Kl and K2 by Yi and Yi+1' This is accomplished by solving the
system
/yi(Kl + K2 + wi,i) = Yi,
vy (K ex (r( i) ) + K,ex (r(l)s ) + W, ) = ex (—kisi)Y
p Si 2€¥P i,i+1 pPi=— i+1,
where W, j= wi(¢(xj)). The next step is to match the first
derivative of Y(x) in [Xi'Xi+l] with that of Y(x) in [x 1% ]
at the node X, - The matching condition yields
(r(i) + m.)K, + (r(i) + m.)K, + m.w + dwi’i
1 i1 2 i"v2 0 Tivi, i dz
(i- 1), (i-1)
= {lry™ “i4oy jhimy jJexplr)™ "s; 1)Ly
(i-1) (i-1)
+ (r +ocl_lh+mi )exp(r si_l)L2 + (ai—lh+mi—l)wi—l,1
dw i-1,1i
— 1T 4.5
+ —3; }E _1’ ( )
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kisi dwi;j dwi(z)
where mi_(Bi+ki)/2’ Ei= exp ( 2 ) dz T Taz |z=¢(xj) and
Ll and L2 are, respectively, equal to K, and K2 in which the
index i is replaced by i-1l. Substituting these Kir Ky Ly and
L2 into (4.5), we have
(i-1) (i-1) (i-1) 1/2 (i-1), (i), (i) (i)
K T T2 £i-1%i-1 Yi-1 ¥ (0 oA A,
-a}/2 Y.
i i
(i) 1/2 _(i-1) _(i-1) (i-1)
MELRRATEL PSR FUE I T T g Y1, i
(i-1) (1), (1) (1)
n £i-1¥i-1,i *(M IR
. dw., . dw. .
(i) i-1,i _ i, i
RS TS BT har v az "
where T;l)= exp(rgl)si), K(l)—(r(l) (1))/( (l) (l)) and
n(l)=(r{l)r{l)—rél) (l))/(r(l) (l)). To calculate the right

hand side, we must seek wi(z). Since the right hand side of
(4.3) is a linear function of z and since r{l) (1) _ (l+e£ ) /%0

for sufficiently small ¢, wi(z) takes the form

L(4),(d)
w, (z) = —‘TE%‘T*T*Z“¢‘X')’+ Liifiz ;?32 o (i?i(')'
i 1 rzl i Er]_l r21 ery r21

After a careful computation, we finally get

t. S.
i-1 _Ti-1,.1/2
Zesinh (o, ) o*P 726 121 Vi

w
w



t t

_ _ tia &
Hileg 720 te; 1) /2t (95,795 ) /2= coth(0; ) ~5gcoth(o;) )
-al/?y.
1 1
t. S.
i i 1/2
Zesinh(oy ©*P(22)2141 Yin
t. S.
_ i-1 _i-1 re _
= Zesinh(o, ;) P ) 050/ T Py t)
t, k
i-1 i-1 =
(=g cothlo; )= ) (/8 ) = my 085 955-0)
t, Ei _ £ s,
- ( 5 coth(o.)+ 5=) (w, /2. - n;c.) <exp (57)

2651nh(oi)
“lwy /%7 nyE5ey)

i-1

_ ing /2 a4t %= .=
where o, = tisi/2€, ti being ki 4€2i, and ki—l+eki, Qi—l+ezi

and n, = Ei/fiz' This gives our difference scheme.

5. Numerical experiments

In this section, some numérical experiments are performed
with our difference scheme and the computed solution is compared
with an exact one. In each table below, only the maximum error
at the nodes is listed. The experiments were carried out for
N=8, 16 and 32.

The first problem is
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" 2¢€ 2 27 . TS TE TS
ey" + ( + )y's =—————(sin(—5) + —cos(—)),
1+x (l+x)2 (l+x)4 2 2 2
y(0) = vy(1) =0

with the exact solution

— ms exp(-1/e)-exp(-s/¢c)
y (%) cos 2) + l-exp(-1/¢) !
where s=2x/(1+x). This problem was used in experiments by
Veldhuizen [7].
N = 8 N = 16 N = 32
e=10"1| 0.76(-2) 0.20(-2) 0.54(-3)
1072 0.65(-2) 0.22(-2) 0.60(-3)
1073 0.64(-2) 0.22(-2) 0.63(-3)
1074 0.65(-2) 0.22(-2) 0.64(-3)
1072 0.64(-2) 0.22(-2) 0.63(-3)
1078 0.64(-2) 0.22(-2) 0.65(-3)
1077 0.64(-2) 0.22(-2) 0.63(-3)
1078 0.64(-2) 0.22(-2) 0.63(-3)
The next problem is
" 2 , 4 4 exp (=1/¢)
ey" + ——— y' - ——= vy = - —7{(1+x) 3= =
(1+x) 2 (1+x) > (1+x) 1-exp(-1/¢)

+ (1l+x + Ezg)cos(ﬂg)

+ %(1—(1+x)e)sin(£§)}:

l
o

y(0) = y(1)
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with the same solution as above, where s=2x/(1l+x).

N =8 N = 16 N = 32
e=10"1| 0.22(-2) 0.59 (~3) 0.18(-3)
1072 0.22(-2) 0.91(-3) 0.28(-3)
1073 0.22(-2) 0.99(-3) 0.39(-3)
1074 0.22(-2) 0.99 (-3) 0.39(-3)
107°|  0.22(-2) 0.99 (-3) 0.40(-3)
107°% 0.22(-2) 0.99(-3) 0.40(-3)
1077 0.22(-2) 0.99(-3) 0.40(-3)
1078 0.22(-2) 0.99(-3) 0.40(-3)
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On the Viscous Shallow - Water Equations I
-- Derivation and Conservation Laws --
By

Hiroshi KANAYAMA* and Teruo USHIJIMA**

Synopsis
In this paper, we de;ive the two-dimensional viscous shallow-
water equations, starting from the three-dimensional Reynolds
equations. It is also shown that the derived equations have the
horizontal viscosity terms hereditary from the original Reynolds
equations and that mass and energy conservation laws are satis-

fied under physically plausible conditions.

1. Introduction

The aim of this survey paper is to clear the derivation of
the two-dimensional viscous shallow-water equations, to show
the complete forms of the horizontal viscosity terms, and to
establish conservation properties of mass and energy in the

derived equations.
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1-1, Tanabeshinden, Kawasaki-shi, Kanagawa, 210, Japan.
** Department of Information Mathematics, The University of
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Computer simulation of the tidal motion in a bay has
often been studied in recent years. It is well known that
the two-dimensional viscous shallow-water equations are the
basic ones for the tidal current.!) llowever, a newcomer
into this field would be puzzled by the number of apparently
different mathematical models. ®) Especially, the horizontal
viscosity terms are writteq in various forms. It seems that
one of the reasons for this confusion is that there are many
researchers who do not pay much attention to these terms
because they are usually small in comparison with the vertical
viscosity terms. ') In the above situation, the authors
believe that it is very important to clear the derivation of
the viscous shallow-water equations and to show the complete
forms of the horizontal viscosity terms. This is partly
because, from the mathematical point of view, it is necessary
to set suitable boundary conditions for the basic equations
to be well-posed, which may depend on the forms of the visco-
sity terms. .
Also, this is partly because, from the numerical point of
view, it is important to distinguish the artificial viscosity
produced by numerical schemes from the original viscosity
in the basic equations. In fact, these necessity and
importance of mathematical and numerical analysis of shallow-

water phenomena are stressed by many engineers and scientists.
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For the first step of this analysis, it is indispensable to
settle a sound mathematical model which describes the pheno-
mena by fairly plausible derivation. Our motivation of this
paper is in this point.

Now, let us summarize the contents of this paper. First,
we derive a general form of the two-dimensional viscous
shallow-water equations, starting from the three-dimensional
Reynolds equations for the time-smoothed velocity of the
turbulent flow. The derived general form includes, as the
special cases, a few typical horizontal viscosity terms used
by several investigators, for example, Dronkers!', Leendertse-
Liu’), Wang!?' and Kawahara'!'. Furthermore, the derived
equations have the following two principal features:

A) the horizontal viscosity terms are hereditary from the
original Reynolds equations,

B) mass and energy conservation laws”' are satisfied under
physically plausible conditions.

As far as we know, Juncosa first discussed mass and energy

conservation laws in simplified equations.”) later,

Gustafsson-Sundstrom®' demonstrated the well-posedness of a

linearized system by the energy method. Our demonstration of

conservation laws in the full system seems to be new.

Remark 1

It is noted that Zienkiewicz-Heinrich®' gives a complete-
ly different derivation of the viscous shallow-water equations

from others.
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2. Vertical averaging of the Reynolds equations under the hydro-
static pressure assumption
As the starting point, we adopt the three-dimensional
Reynolds equations (R)®) for the time-smoothed velocity of

the turbulent flow in the following form :

Du o 0P, L T, Dy 2B 4 opy, L)

g% = —% %§-+ % (§%§X~+ §%§X + E%EX) + Fy, ... (2)

.g_%+g_;-+g—‘—;’=o, ........................... (4)
where

%% = g% + ué% + vf% + wﬁ% ,

x, y and z are Cartesian coordinates, t is time, u, v and
w are the time-smoothed velocity components in the x, y
and z directions respectively, P is the time-smoothed
pressure, p(>0) is the density of seawater, Fx, Fy and Fz
are the x, y and z components of the forcing term, finally

xx, Tyy, Tzz, Txy, Tyx, Tyz, Tzy, Tzx, and Txz are stress

components which are symmetric, that is Txy = Tlyx, Tyz = Tzy
and Tzx = Txz. The density of seawater p is, for simlicity,
assumed to be positive constant in this paper. Unless we

clearly show the dependence on x, y, z and t, the same

remark holds in the following.
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To advance the description of the viscous shallow-water
phenomena in which representative sizes of the quantities
in the horizontal plane are guite larger than those in the
vertical direction, we adopt the so-called hydrostatic

pressure assumption. This implies that g% and

1 asz BTXZ 8'[22
o ox * oy * 0z

) are neglected in (3). Furthermore,

it is assumed that the forcing term takes the following

form : (Fx, Fy, Fz) = (fv, -fu, -g), where f is the

Coriolis coefficient and g(>0) is the acceleration of gravity.
The horizontal components of the forcing term (fv and -fu)
repressent the principal parts of the Coriolis force.

The Coriolis coefficient f equals 2w sing where w(>0) is the
angular velocity of the earth and g is the geographical
latitude which is positive in the Northern Hemisphere and
negative in the Southern Hemisphere. Hence, the equations

of motion (1) - (3) are reduced to the following equations

(5), (6) and (7) :

o 122,141 CE.2 3 a;y Bgzx) ¥ EV, ... (5)

Dv. _ _1 93P 1 (BTXY + 9lyy + asz) - fu, .... (6)

Dt p dy 0 oxX oy 9z

0 = —% %g S et ee ettt ettt e (7)
In this paper, the system (4) - (7) is called the Reynolds
Hydrostatic system (RH). The concrete expressions of stress

components will be described later.
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T(x,y,t)

the sea surface I'g

N AR R RARAERRAIARY

Fig.l The cross section of a bay

Throughout this paper, the mean sea level which is
assumed to be horizontal is taken as the reference plane
(see Figure 1). Let us denote the sea surface and the bottom
by I's and I'b respectively. We assume that the two boundaries
I's and Tb are uniquely expressed as z = 7 (x,y,t) and
z = ~h(x,y) <0, respectively, where the smooth function ¢
may be considered as unknown in the following, while the
smooth function h is known. Then, it is assumed that the
set of smooth functions (u,v,w) of RH(4) - (7) satisfies the

following two boundary conditions

- 9% 3¢ 9L r
wo= o unz 4+ Vay’ (x,y,2z) ¢ I's, «....... (8)
oh _ 3h r
W Us— V= (x,y,2) € 'b. ... ..., (9)

The conditions (8) and (9) mean that the normal velocity
component vanishes both on the free boundary I's and on the
fixed boundary Ib.

In fact, they are obtained from the condition

DG

5t 0, where G = z-¢ for (8) and G = -h-z for (9) respec-
tively.
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Let us introduce the following notations :

H Z h4l, ittt eesereecannensenncnns (10.0)
1 C
U = = /udz, ittt ettt eeetaenans (10.1)
H
-h
1 &
V 2 = VAZ . ittt ittt i teeennanannans (10.2)
H oy

It is reasonable to restrict our consideration to the case
which satisfies the condition

H > 0. ittt ittt enanaanss (10.4)
Let e(x,y,2,t) be an arbitrary mathematical expression
dependent on the symbols x, y, z and t. For simplicity, we
introduce the following notation

e(x,y,z,t) 2=t o e(x,y,cx,y,t),t)-e(x,y,-h(x,y),t).
z=-h

With these notations, the first proposition comes from (4).

Proposition 1.1

If the set of smooth functions (u,v,w) satisfies (4), then

d (HU) 9

V -

Yy ax oy 2=-h

(
0

Corollary 1.2

If the set of smooth functions (u,v,w), ¢ and h satisfies

(4), (8) and (9), then

dC 9 (HU) + 3 (HV)

= Z 0,  eeeerecncceeeeens 1

3t T Tox o0y 0. (11)
which is equivalent to

8H 3 WMHU) L 3UV) _ o ... (12)

t ox oy
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Proof

The integration of (4) with respect to z from -h to ¢

yields
C g zZ=(
f%;l—(d+fgidz+w 0. (13)
-h -h °Y z=-h

Remember the following equalities
C C z=C
fg—idz=§§fudz—(ua—a§z) S e (14)
-h -h z=-h
z z z=¢
f-gldz=§§-fvdz— (Vga—z) e (15)
-h °Y Y _h Y z=-h

The substitution of (14) and (15) into (13) and the use of

the boundary conditions (8) and (9) result in

g z
2 J udz + 2 S vdz + b _ 0, it ettt (16)
ax ‘h Yy “h 3

which means (11) due to the definitions (10.1) and (10.2).

Q.E.D.

The similar integration of (5) - (7) produces the second
proposition.
Proposition 2

If the set of smooth functions (u,v,w), P, Txx, Tyx, Tzx,
Txy, Tyy and Tzy satisfies (4) - (7), and if the atmospheric
pressure P (x,y,t,t) is constant, then,

C C 4 z=0
) ) 2 L) 3 9 d
— [ u dz+t=— J u? dz+— [ uvdz + {u(w-mvz-us—z-v=—2z)!
ot “h 0 X ‘n 8y'_h it ax dy z=-h
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s gl (2 F o dze T vz (temrt et ) | s )
oxo tax o xxFTay o Tyx xx3x2 T Tyx5y? " Tex |z=-h
g

I 0 A V< .2 (17)
-h

2 ? v dz+ii ? uv dz+jL fvzdz+{v(w———z-uiLz—v——z)} i

Bt._h IxX ‘h oy ‘h ot ax ay 2=-h

g c z=C

= _gudtil (2 9

= 9H§§+p {55/ txydz+sy 35Tyyd2 (Ixyaxz+1yya z sz) z=—h}
g

B S A N 2 Y (18)
-h

Proof

It is sufficient to prove only (17). The integration of
(7) with respect to z from z to ¢ leads

Z2=Z

Then, we have

P 9T 0P 97

S5 =PI BE B T P Go e (20)

because the atmospheric pressure is assumed to be constant.

Therefore, the similar integration of (5) yields

C G C C
s du dz + [ U%E-dz + f V%E dz + [ w%% dz
“n ot “h 9% “n %Y “h
C 37 N~ z=g C
= gudl 4 L7 EXX g, 4 5 L¥E g5 4 Tax ) + £/ vdz.
X Py OX Zn Y z=-h -h
..................... (21)
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As (14) and (15), the following equalities hold

.o

c g 2=C
S8 dz = 2 T udz - (uz) e (22)
-h -h z=-h
C c z=g
W, ol 8% g, oL el f e (23)
jguax dz 3 3X.£]u dz 5 (u522) 2=—h
g G C
s V%E dz = [ gi(uv) dz - J u%z dz
-h °Y -h %Y -h Y
g z=¢ g
= gL J uvdz - (uvgiz) - f u%x dz, .. (24)
-h Y |z=-h -n %
g z2=g c
[ wid az = (wu) - L (25)
-h z=-h -h
¢ 0Txx ) & 3 z=t
f dZ - A f Txxdz (TXX"“‘—Z) ] e e e e e e s o (26)
“h 9X X “h 90X sl
Z 5q 4 z=¢
;SR Az = L Tyxdz - (Tyx 5z) e (27)
-h %Y Y -h z=-h
Furthermore, by (4), we have
c C
-/ u(%X + é—"1) dz = [ uz—a-E e /2 (28)
“h y 0z _p 09X

The substitution of (22) - (28) into (21) completes the
proof of Proposition 2.
Q.E.D.
In the following, the system (10), (17) and (18) is
called the vertical Averaging Reynolds Hydrostatic system

(ARH) .
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3. The viscous shallow-water equations
Let us define u and v as follows
U = u-U, Vv = v-V.
Obviously, from the definitions (10.1) and (10.2), it

follows that

L oz
S udz =0, [f v dz = 0.
-h -h

Furthermore, we define the two-diemensional stresses

Txx', Tyx', Txy' and Tyy' as follows :
c c C C
Txx' = % J Txxdz - % / u%dz, Tyx' = % / 1yxdz - % / uvdz,
-h -h -h -h
g C C g
1 P o~ 1 P ~
Tyv' = = J 1xydz - = [ Gvdz, Tyy' = = [ Tyydz - = J v24dz.
X 4% r oYY Yy
Y H -y H_j, H-p Y H
Txy' is also symmetric because Txy is so. Then, a general

form of the Viscous Shallow-Water equations (VSW) is the
system which consits of (11) derived from (10) and the

following (29) and (30) derived from (17) and (18) respec-

tively:
U, 4BU , AU L _ 3L L D3 .
3t P Usx Y Vay T 9k T oEp LaxWxx') * gy (HTyx")
+ i (196s] Tex=1T0p1 Thy) + £V, eiiiiiiiin, (29)
A LN Y VS U USRI IS
3 T Usx Y Vay T 9%yt e lax Hixy ')ty (Hiyy ')
+ 2 (1eal teu-]7Cy | Thy) - fU (30)
HQ 3°S Sy b by 7 e e e e e e s e e s e e e e e e
_ 9T 9L
where, Gg = z-C, VGs = (=53 "oy’ 1),
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|%GSI = {%GS'%GS}I/{ Gb = (—h) - 2,

> > - - -+ > > >
Tsx - Txonsp Tbx = —Tx'nb’ Tsy = Ty.ns, Tby = -Ty.nb,
- >
Tx = (Txxr Tyxs sz)r Ty = (Txyl Tyyr sz)r

> vGs > ¥
s T TGSl ' p = [VGbl ~

The symbol- denotes the inner product of two vectors.

Remark 2
Z2=C
{u(w - jLz ujLz - viiz)} =0 and
3t- Yox 3y _
z=-h
d d 9 2=t
{v(w - 5¢2 T Usxz - V§—Z)} =0 in the left hand
Y z=-h

sides of (17) and (18) hold due to the boundary conditions

(8) and (9).

Remark 3

In the right hand sides of (17) and (18), we have

zZ=
) 3
(Txx3%% * Tyxgy? ~ Tzx) no %Gs| Tsx=| %Gb | Thxs
z=-
3 3 ="
- (Txy§;2 + Tyygyz - sz) yeoh = I%GS|TSY—|%GbITby.

If the positive directions of stresses are taken as in
Figure 2, Tgx and Tpx are equivalent to the x-direction
stresses on the tangential planes of s and b respectively.

Tsy and Tbhby are the corresponding y-direction stresses.
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z
L
Tsx z=C - X
r;;~7:=7~—-—______ z=-h
- _ V,Gb

n —3
b ygp|

Fig.2 The positive directions of Tsx and Tbx

Usually, the following concrete expressions! for Tsx, Tbx,

Tsy and Tby are used

1/2 1/2
|UGs | Tex = BpaWx (Wx’+Wy?) 7, |%GslTgy = BpaWy (Wx +Wy?)

| VGb | Thx (—‘;-‘3— U(U2+v?) 1/2, | %G| Tpy = g—% V(uZ4v2)i72,
where Wy and Wy are velocity components of the wind in the
x and y directions respectively, 6(>0) is the coefficient
of the wind effect, pa(>0) is the density of atmosphere,

and C(>0) is the Chezy's coefficient. Finally, it is also

noted that |YGg|=1 and |VGp|=1 if the quadratic terms of

9

L 8% EB-and 3h are sufficiently small compared with 1.
9x, dy, 09X 9y
Remark 4

From the definitions of u and Vv, it can be easily shown
that

4 C C a
_3_28 __323 328~~
e / u dz+-,a—§ J uvdz = §§(HU )+§§(HUV)+§; J u dz+§§ / uvdz,

-h -h -h -h

4 4 4 g
2 27 yraz = R vy ety e ¢ avasel g
3x.£1Ude+ay-£]v dz = BX(HUV)+8y(HV )+§§:£1uvdz+§§-£lv dz,
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in the left hand sides of (17) and
due to (12),
d 9 (Hu? 2 L
§E(HU) + §§(HU ) + ay(HUV) = H(at
3 3 9 (pu?y = (Vv
g{:‘(HV) + a—x(HUV) + ay(HV ) = H(Bt

Remark 5
If 4%, UV and v? are sufficiently

U?, UV and V? respectively, we have

(18).

Also, we have,
aU oU
+ UBX + Vs‘;’) ’
A Vv
+ UK + Vé—y-).
small compared with

18 16
"~ LI
xx' % g I tyxxdz , Tyx' ¥ [ /] tyxdz ,
~-h -h
Tyy!' = 1 ? d Tyy' =~ 1 ? dz
xy T g’ Txy9%z + Tyy T g’ Tyy®® -
-h -h
In the following Remarks 6, 7 and 8, we examine the
relations between constitutive laws assumed in the original
RH system and those assumed in the VSW system.

Remark 6

Now, we suppose the following constitutive law

RH (5) and (6) :

du 1 - v 1l oo =
ETXX = 2\)H§'§ ’ 'p—Tyy = ZVHBY ’ pTXy
1 Ju 1
§Tzx T vy ¢ Fley

5)

in
I WY TR 14
ETyX - \)H(ay + ax)l
LAY
= \)Vg-z ’

where Vg (>0) and vy (>0) mainly denote the coefficients of

eddy viscosity in the horizontal and vertical directions

respectively.

(17), we have
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C z g
l(ij Ty dz+ f Tyodz) (2v f§3d2)+ (v f——dz+v fade)
p '9ox YX H Iih Iih

— 2 {Jiﬁ udz—(ujLz)
= 3x |“VH 3%y, x>’ |z==n’| "3y

2= C
. d 3 )
.}J+—— [vH{——f udz- (u=—=z)
aY_h ay

2=
Z=Th}]

3 5 & 5 . |%T¢
toay [Vutexd vz T e z=—h}]
3 N
= 5% 2V H{(H——) + {(U—u)ggz} g= hi]
3 5 . |%7¢ 3 N
+ 5—? H{ (H )+{(U u)—yZ} B }]‘*‘5? H{H )‘*‘{ (v- V)—XZ} ~ ]ﬂ
z=-h z=-
B dU U, 3V
3% {H2\)H(§—)}+ {Hv H(By ax)}
In the last part, we assumed that ugﬂ ﬁgﬁ, 328 ana ¥ are
ax’ T3y 9x oy
oU U VvV v
sufficiently small compared with Hg—, H§§, Hg; and H§§

respectively. Also, it is remarked that the z-independence

of vy was essentially used in the above calculation.

The horizontal viscosity terms of this type were adopted by,

for example, Wang!?) .

Remark 7

Remarks 5 and 6 suggest to ignore the following term in

(17) =
3[2 (oo o] fc~2d]a[{ )zt v-v) 2ot |
vyl (U-u) z—=z -/ u dz|++— (U-u z+ V-v) =z
9x 0% lz=-n -n sy M 0% " lz=-n
g
- ﬁﬁdz]
-h
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The same note also holds for (18). This disregard means that

we assume the following two-dimensional constitutive law:

1 - U 1 v 1 v U, v 1 — A
(*) ETXX' 2\)Ha ETXY = pTyx = H(§§+8x)’ pTyy szay .
Kawahara'!' also used this type of constitutive law. But, in

his paper, the horizontal viscosity terms take the following

forms in the right-hénd sides of (29) and (30) respectively:

3 oU 3 oU | aV
% {ZvH(E)} + 3y {\)H(W+5-;)}r
3 U k) oV
5;{ H( BY)} + ‘é—y‘{Z\)H(W)} .

Namely, the space dependence of H is neglected in a sense.
On the other hand, Connor-Brebbia® describes the following
horizontal viscosity terms in (29) and (30), when p is

constant

%[jL{ZvHa(HU)} PRI NV c) B(HV))}J,

9 90X oy Ay 9xX
1[ 3 3 (HV) . 3 (HU) d 3 (HV)
HLg‘;{‘ {vgh( % + Ay )} o+ 'a—y‘ {2\)H—a—y——}] ’

assuming directly the two-dimensional constitutive law with-

out describing the three-dimensional one. This means that
1 ' dU. 1 3H 1 ' 0U 9V, 1 9H . 1 9
oTxx " =2VR (G 539 Slyx VRt vt axd)

1 1 1 v oV, 1 3

afxy —-DTYX ’ B-Tyy ——2\)}1(;}74"}-1- %V).

Therefore, again, the neglect of the space dependence of H
derives the same two-dimensional constitutive law as in

Wang'?) and in Kawahara'l).
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Remark 8
There is another assumption of constitutive law in RH (5)
and (6).”) That is

=1 =V ?.li -];T =V EE .];T =v B_Ll
p XXTVH3x’ p yx 'HRy’ o zx 'Viz !

1,3V, Lo 3v. 1. 3v
pixyTVH3: ' vy~ Hyyr 5lzy™Vvyy

It is noted that, in this case, Tyxy 1s not equivalent to Tyy.
The similar discussion to Remarks 5, 6 and 7 leads the follow-
ing two-dimensional constitutive law which was adopted by,

for example, Leendertse-Liu’), Gustafsson-Sundstrdm® and

Walters-Cheng!*) :

1, 3 1 ,_ 23U 1. . 3V 1 ,__ 93V
(**) STxx'=VHyys Flyx'=VHzyr §5Txy' =VHzyr 5lyy =VHzy -

Pinder-Gray'!®' seems to use the horizontal viscosity terms

of this type. Some formulas in page 268 of the first edition

of their book should be corrected, in our opinion.

Dronkers!' considered the abridged forms of this type,
neglecting the space dependence of H. Namely, the horizontal
viscosity terms in (29) and (30) take the following forms
respectively

3U
3y

3 9V P LAY
é_x(\)Hl_)_;) + S—f(vHW)

2

U )
ax(vﬁg—;) + W(\)H )

These abridged forms were also used by, for example, Kanayama-
Ohtsuka"' and Praagman'®) . Leendertse?' and Kaneko et al.?®

completely neglected the horizontal viscosity terms.
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Tanaka - Ono!’) describes the following terms in (29) and
(30) of the same type as in Connor - Brebbia®', using the

second constitutive law

1] 9 3 (HU) g) 9 (HU)
i [‘a-x{\’ﬂ oy P+ y {vy 5 }] ’

y
o ;. o (HV) d o (HV)
[é—;{ \/H—gx—'} + —a-§ {vua 3y }:l .

ol o

4, Conservation of mass and energy
This chapter demonstrates that the derived viscous

shallow-water equations satisfy mass and energy conser-

vation laws under physically plausible conditions. The
vector notation is used in the following. Then, the
derived VSW system (11), (29) and (30) can be rewritten
as
98 4 Giv (HD) = 0, eeeeeeeee e (31)
3t !
§P_+ﬁ- Vﬁ+6[f] + g V¢
ot
= qp (div (HD) + WGl = |96plTp) s ceveeeean.. (32)
where
. 0 £
U = (Ul V), [f] = ’
-f 0
(Txx Tyx
T = ’
Txy Tyy)
-> >
Tx = (Txxr Tyx)s Ty = (Txyr Tyy)s
g = (Tgx, Tsy), p = (Tpx, Thy) -
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It is noted that the dashes of the two-dimensional
stresses are omitted here, and that we use the following
notation
3 . > - >
div(Ht) = (div(Hty), div(Hty)) .

The initial conditions are specified as

C.(XI Y O) = Z—'-O(Xr Y), ----------- (33.1)
O(x, yo 0).= U0(Xs Y) s woennmunuann. (33.2)
in the smooth bounded domain Q. T denotes its boundary.

We consider the following boundary condition :
> ->

Uy = U(x, vy, £)'n =0, ............ (34)
where n denotes the outer normal unit vector on T.
The initial data 60(x, y) and zg(x, y) are assumed to be
sufficiently smooth and to satisfy the compatibility condi-
tions associated with the boundary conditions (34), (49)
and (55), and the condition (10.4). Under the above situation,

the following mass conservation law holds.

Proposition 3 (Mass conservation)

If the set of smooth functions ¢ and G satisfies (31)

and (34) for t>0, we have

é%-fc A% = 0. (35)
Q

Proof

By the eqguation of continuity (31), the Gauss-Green
formula and the boundary condition (34), the derivation of

(35) is straightforward
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-/ div (HO) &%
Q

e
Y
o
Xy

I
0=
[
o
X
i

It
|

3 8 oI
o
v
Sy
Q
0
Il
o

Q.E.D.
Now, we consider the following energy form T (t) attached

to our VSW system (31) and (32)

T(t) = £ /ctax + % JOH|T|2d% , ... (36)
Q Q

where it is required that z(x, y, t) is square integrable
over 2 with respect to the usual Lebesgue measure for fixed
t, and that 3(x, y, t) 1s square integrable over  with

respect to the measure H(x, vy, t) ax (H=h+z>0) for fixed t.

Proposition 4 (Energy Conservation)

If the set of smooth functions ¢, U and T satisfies (31),

(32), (34) and (10.4) for t>0, we have

|
O+

. > > >

(div (HT) +|VGg| Ts=|%Gp|tp, U)) ..... (37)
where ( , ) denotes the L?-inner product over Q.

Proof

Multiplying (31) and (32) by g and by HU respectively,

and integrating the results over Q, we can get

(%%, gz) + (Aiv(HU), gC) = 0, ceveeeennneennnn (40)
(%%, HO) + (G-v0,H0) + (GLE],H0) + (gVe,HD)
(ﬁ;(div(Hr) + 19Gg|Ts = |9Gp|Tp) s HO) . vunnn.. (41)
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The addition of (40) and (41) yields

>

U .= > o L1S
(§€'HU) + (U'VUIHU) + (ggrgi)

= —(U[£],H0) - g{ (Vg,HD) + (div(HO),z)}
4 % (@iv (HT) + |9Gg|Ts = |9Gp|Tpr0) e wvnvevnn.. (42)
It is noted that

(ULE], HU) = 0y tevevemenenenennnnnns (43)

and, due to the Gauss-Green formula and the boundary
condition (34),
(Vg, HU) + (Aiv(HU),0) = 0. uuuunnnnnnnnnnn (44)

Furthermore, we claim that the left hand side of (42)

equals g%. In fact, we have
@-90, 1) = 33, (T2, i (45)

because, by the Gauss-Green formula, the boundary condition

(34) and the equation of continuity (31),

> > > _ aa ég > _ l > >
(U-VU,HU) = (Ugs + Vay' HU) = 2(V(|U| ), HU)

1 . > 0 > 1 . > > >
=3 fdiv (H|U|?%0) dx - = / div(HU) |U]|? ax

2
Q Q

1 S, > 1 3¢, > 1,3 g

= 5 ? H|U12U n ds + 5 é —E|U|2 dx = 5(—%;|U'2)
Therefore, we have

dr 30 > 5o ar
ac (';)_‘E'HU) + (U-VU,HU) + (‘B'E'fgl’)

l N > > -5
= 5 (div(Hr) + |uGglts - |9Gp| tp,U) .

Q.E.D.
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Remark 9
If ¢, U and T in Proposition 4 further satisfies
l (d. -> - >
5 iv(Ht) + |UGs|tg - |VGplTp, U) < 0, .-.. -(46)

then, Proposition 4 implies

QJIQ.A
ct| 3

S 0 (47)

Let us adopt the concrete expressions for ?s and ?b in
Remark 3 and choose the first constitutive law (*) in
Remark 7. Then, the following additional conditijions (48)
and (49) are sufficient for (46)
W =Wy = 0 in Q, ....ocvnnaa... (48)
Ut = 0 on ',  tiiiiiiieennnnn (49)
where Uty denotes the tangential velocity component of U.

. -> > . . .
In fact, from the expressions for 15 and TR, it is obvious

that
1 >
5 (]VGsltg, U) = 0, iinininiiiinennnn.. (50)
1 -> >
-5 (JVGb] Thr U) < 0v  teeeeeeeeineannnn. (51)
Furthermore, we can also show
(Aiv(HT), U) < 0v  tivivrennnnnnnnn.. (52)

The proof is as follows. By the Gauss-Green formula, we

have
1 . > 1 . > . -
> (div (Ht) ,U) = 5((le(HTX),U) + (div (Hty),V)}
= Lydivautyak + f Aiv(EVTy)dx - (HVU,T,) - (9V,Ty))
P Q Q
= 5 HUZE + v R as - (HVU,%?) - mvv, . L (53)

r
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Since the boundary conditions (34) and (49) imply U=V=0,

we have
- >
T
§ HU= + vY).h ds = 0.
T o} P
The final check is to show
T T
(HVU,7§) + (va,7¥) S T (54)

In fact, the first constitutive law (*) yields

> >

Tx Ty
) + £
(HVU, 5 ) (HVV, 5 )

_ U2 93U ,3U, 3V 3V , 3V dU AV, 2 -
= é Bval2 (70 +55 Gytax) + axGxay) * 205y} dx
- U, 2 3U 3V, 2 av,? >

{2 H\)H{Z(-a—)z) + (-a—?*“a—x’) + 2('3—3—,) } dx _>_ 0,

because of the condition (10.4) and vg > O.

Remark 10

Choose alternatively the second constitutive law (**)
in Remark 8 instead of the first one (*) in Remark 7.
Then, the following additional conditions (48) and (55) are
sufficient for (46)
Wy = wy = 0 in Q,

aUt

AUg+ (1=1) T

= 0 o) o W (55)

where %%% denotes the outer normal derivative of Ut and A

is a constant such that 0<A<l. For the proof, it is

sufficient to check only (52). The equality (53) yields
1 . >
5 (div (Ht), U)

-

-
= ¢ HUZE + vY).qn ds
r 0 P
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-> >

- Xy y
(HVU, =) = (HVV, =)

=9 Hvuy (UVU+VYV) +R ds - (HvgV0,v0) .

Furthermore, due to the boundary conditions (34) and (55),

the condition (10.4), and vy>0, we have

. > 1 > 2 >
g Hug(UVU+VVV) 'n ds = 5 ¢ HugV (|U|?)-n ds
r r
_ 1 d 12 1 0 2,112
=5 ? H\)Hé-r—l(lU' ) ds = *2— ? H\)HE(Un—FUt) ds
- aUn Ut _ Ut
= ? HvH(UnTﬂT'+ Ut ds = ? HVRUt =~ ds
A=1,9U¢,2 .
]f H\)HT Tn—) ds i 0, if O<)\f_l
, 1if A=0
which completes the proof.
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Optimal error estimates for H-l—Galerkin method for parabolic

problems with i:ime dependent coefficients
By

Mitsuhiro TOMONAGA

§1. Introduction.

An H—l—Galerkin method was introduced by Rachford and
Wheeler [5] as an approximation scheme for a numerical solution
of boundary value problem of a differential equation. Wheeler
[6] applied the procedure to a one space dimensional parabolic
problem with time independent coefficients and obtained optimal
L2 and L error estimates. The collocation-Galerkin methods,
which are mixed schemes of a collocation method and a Galerkin
method, were introduced by Diaz, and several results were de-
rived by Diaz [2], Dunn and Wheeler [4] and Wheeler [7] for a
two point boundary value problem. In particular, using discon-
tinuous piecewise polynomial spaces with collocation based on
the Jacobi points, Diaz [3] analyzed the collocation—H_l—
Galerkin method for one space dimensional parabolic problem

with time dependent coefficients and derived optimal L2—esti—

mates.

In this paper we clarify essential analogy between the

" l_Galerkin method and the collocation-H T-Galerkin method,
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and, using this property, we extend the results in [6] to the
case of time-dependent coefficients and also derive an optimal

L -estimate for the scheme in [3]. 1In the next section, we
describe a parabolic problem and define an H_l—Galerkin method.
In §3, the collocation—H_l—Galerkin method is described and it
is explained how these two methods are connected with each oth-
er. In §4, we present Lz—gnd Lm-global rates of convergence
for the H—l—Galerkin method, by the similar procedures to that
of [3] and [4] for the collocation—H—l—Galerkin method. Finally
we derive L' -error estimate for the collocation—H—l—Galerkin

method using similar arguements in §4.

§2. A parabolic problem and H_l—Galerkin method.

We consider the following initial boundary value problem

to parabolic equations in a single space variable.

%’E + Lu = f(xlt) ’ (Xlt)é IxJ,
(2.1) u(x,0) = uO(x), xel
u(l,t) = u(0o,t) = 0, ted

where I=(0,1), J=(0,T], and the elliptic operator L is defined

by

.2 ou 2u
Lu = ax(a(x,t)gx) + b(x,t)ax + c(x,t)u.

Assume that there exist positive constants a, and ay such that

0
a, < a(x,t) < aj (x,t) € IxJ.
Also assume that Byr Auyr Bypr Ay bx’ bxx’ bxt' bt’ Cy and Cy
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are in L®(I) uniformly on t, f(.,t) is in L2(I) and HOlder con-

tinuous uniformly on t and uj, is in Cé(I).

In the following sections, the symbol u denotes the solu-
tion to (2.1) and a, b and ¢ denote the coefficients of the
operator L unless otherwise stated. We denote the adjoints of

the operator L by

¥y = - _9(50Vy _ _0
L*v BX(aBX aX(bv) + cv,
and also define the operator Lt by
_ _ _32adu _ 3b du  dc,
Lew = - G T oeax T e e
and denote its adjoint by
d,0a 9 9 ,ob I
* = - e (e - (= _—
Lyv x e ax?) TV f eV
Now, we introduce the following notation. Let A = {0=x0
<xl<----o<xN=l} be a partition of I and set Ii=(xi_l, Xi)’
h.=x.-x, ; and h = max h,. For ECI and a positive integer

1<i<N
r, denote by Pr(E) the class of polynomials of degree not

greater than r restricted to E. We define

MIy

{v : V|I.€ Pr(Ii)’ 1<i<N},
1

My = OOAMENEG T, k203,
zi = {vg/{; §3¥( ;)=0, 0<ic<N, 0<j<k}
X
and
r djv djv .
z, (I;) = {ve Pr(Ii)|g;?(xi_l)=g;§(xi)=0, 0<j<k}.
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Also let
1
(¢,0) = f ¢ (%)Y (x)dx
0

and
(b0 = J o (x) ¥ (x)dx, EC I.
E
The H—l continuous time Galerkin approximation is defined
by a map U:J —j/%fl, where

2.2) A, v+ w, L) = (£, W) vedtT?, tea.

U(+,0) will be defined later.

The above equality relation defines a system of ordinary dif-
ferential equations for the time variable and determines U
uniquely, once U(-,0) has been specified.

Now we introduce the following additional notation. For an
open interval E and a nonnegative integer m, let HY(E) and
W:(E) denote the closure of C*(E) in the norms

m

- (I 2 1/2
£ = (] £ )
lim ) 3=0 ‘LZ(E>
and
m .
| £ = 7 1E9 L
L
respectively.
We define H_m(E) = (Hm(E))', using the norm
_ (£, 9)|
€Nl _ = sup | .
g9
1 ™(E) 03ger™ () I\ lle(E)
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When E is equal to I or Ii' we shall suppress the symbol I or

I, and simply denote by i (e.g. [ £ , and || £| ) mean ||£|| 5
L L™ (1) L™ (1)

and ”f” 5 , respectively).

L (Ii)

Also, for X a normed space with norm “.“X’ and for maps

$:J — X, we adopt the notation

2 2
¢ = J v e 2at
| “L2(J:X) ) Jl (X
and
ol o - ess sup Hv(t)l .
ll llL (J:X) ted IX

§3. The relation between the H_l—Galerkin method and the

collocation—H-l—Galerkin method.

The H_l—Galerkin method is closely related witﬁ thé col-
1ocation—H_l—Galerkin method as described below. The colloca-
tion—H—l—Galerkin method is defined as a map U:J —9/{51 satis-
fying the following collocation relations and weak form. That

is, for teJ

U _ oo .
. SE(Xij’t) + LU(xij,t) = f(xij,t), 1<j<r-1, 1<iZ<N,
(3.1 1)
oU * _ : 3
(§E,v) + (U,L*v) = (f,v), Vﬁ/{l’
and for t=0
L(U-ug) (x,.,0)=0 l1<j<r-1,  1<i<N,
(3.1 ii) 1]
| 3
(U(.IO)_uOI L*v) ; ) Ve/él,

where Xij are points in I, which are defined by the following
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transformation of the Jacobi points pj on I with weight function
x(1-x)2,

= X.

xij i-1 hip 1<j<r-1, 1<i<N.

j'
It follows that the map U satisfying (3.1 i) is represented

equivalently in the following semidiscrete bilinear form, that

is,
(3.2) <Ut,v> +2(U,v) = <f,v>, vgj{i+2, teg,
where X (u,v) = <LU,vy> + (U,L*v,)
N
and <g,v> = izl(<g,vl>i + (g’VZ)i)'

_ r+2 r+2 3
for v = v, + Vzﬁlll such that v ¢ 27" 7, VZGA%I'

where for g defined on each Ii’

r-1 g(x,., t)v,(x..)
<g,v,;>, = h, ) w. =J 1 1] (w.>0).
171 I 2 2 ! 3

Since the equations (2.2) and (3.1 i) (or (3.2)) are the same

r+2_Zr+2
1 "1

method completely coincides with the H_l—Galerkin method,

3 . -1 .
form for vgﬂl andA% @Ui, the collocation-H ~-Galerkin
replacing the discrete inner proeduct <oV in the former with

the continuous inner product (-,Vv This equality does not

l).
hold in general, although <¢,v>i=(¢,v)i for ¢-veP2r+l(Ii).

Therefore, these two methods define different approximation
schemes. However, there exist following correspondences be-

tween various properties derived by each scheme.

(1) If an equality for the collocation points holds, as in
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most cases, the equality of the same type holds but it is
transformed to weak form in the H_l—Galerkin method. For

example, if the equality

LU(x. .
i

;o8 = o(xy5,0),  li<r-l,  1l<ieN,  t€ g,

holds, one will be able to predict that equality of the

following type should be established for the H_l—Galerkin

method.
(LU,v) = (¢,v), ve Z]1:+2' teJ.
(2) The argument for the one method, based upon the weak forms

whose test functions are inﬂﬂi, are completely identical

with the one of the other method.

(3) There are almost no differences between the results of the
error estimation (including intermediate results) for both

methods.

As described in the next section, because of the above reasoning,
we can estimate the error for the H—l—Galerkin method using the
techniques analogous to that of [3] and [4] for the collocation-
H '-Galerkin method.

84. Optimal error estimates for the H_l—Galerkin method.

4.1 L2—error—estimate.

First we show the following lemma which is used often later.

Lemma 1. Let feLz(Ii), then for each teJ there exists a
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unique polynomial Y&Pr_z(Ii) (r>2) satisfying

(4-1) (aY,V) = (flv)l A4 Zi+2(Il)'

and there exists a constant C, independent of hi’ such that

(4.2) | ¥ < c| £ .
Iy gp =Sl

Proof. Clearly it suffices to show that the conclusion
holds for a unit interval (i.e. Ii=I). Since Pr—2(I) and
Zi+2(1) are of the same dimension, existence of Y satisfying
(4.1) follows from uniqueness. On the other hand, the uniqueness
immediately results from (4.2). Thus, if we show (4.2), then

the proof is completed.

Now we define a norm on Pr(I) by

el = Hx(l'x)¢HL2(I) :

Then, since all norms are equivalent on the (r+1l)-dimensional

space of Pr(I)’ there exist constants C, and C, (positive and

1 2
independent of ¢) such that
c,loll 5, < llof| < C,ll¢ .
1 le —= “l “'— 2‘ ”Lz
Hence,
2
x(1-x)Y x(1-x)Y
I ”L2 Iy i I ”L2

2 ) . - 2 C/C,
“YHLZsz(l—x) Y”Lz uY“LZ mx(l x)Y“l

Therefore, by the assumptions of a and (4.1),

2
\x(l-x)Y”
| L2 < Cl(aY,xz(l-X)zY)l

2 = 2 2
(1-x)“Y [|x“ (1-x) “Y|
P |2

HY”LZ < C—s < CHf“Lz ’

| x
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which concludes the proof.

Hereafter, without notice, we assume r>2, but it will be
easily seen by the process of the proof that each proposition

in this section (except lemma 1) is also valid for r=1.

Now, for the error analysis we define as in [4] the fol-

lowing projection Y:J —7%151 satisfying for t J.

n - r+2

(4.3) (a(Y-u) ,vl) = 0, vi€e 27 7y
_ , 3
(4.4) (Y—u,L*v2) =0, vze/%l.

Existence and uniqueness of Y satisfying (4.3) and (4.4), for
h sufficiently small, immediately result from the following

lemma.

l(I) (teJ), then, for h suffi-

Lemma 2. If u(-,t)é€ Hr+
ciently small, there exists a constant C, independent of h,

such that for Y satisfying (4.3) and (4.4)

N
+ -
v - u| , cce ] n2E g2 o /2 eed .
L i=1 H (Ii)
Proof. For fixed t, from Lemma 1, the local projection
r-1 . . .
I, :H (Ii) — P__,(I;) (1<i<N) determined by (4.3) is a con-

tinuous linear mapping. And if u" Pr-Z(Ii) then Hiu"=u“.
Hence, from the well known result of approximation theory (e.g.

[1]) there exists a positive constant C such that

-1
(4.5) y" - u" < Chl " {ul]
I lle(I i RS
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The rest of the proof is completed by an argument similar to
that of lemma 2 in [4].
As in [6] we define an elliptic projection W:J —wﬂ%fl sat-

isfying for teJ
(4.6) (W=u,L*v) = 0, ve Ul

It was known in [5] that, for h sufficiently small, there exists
a unique function W satisfying (4.6). We have the following

estimation for u-wWw.

Theorem 1. Let W be the solution to (4.6).

1

If u(-,t)eHr+ (1) (teJ), for h sufficiently small, there exists

a constant C, independent of h, such that

la =Wl o+ (1 nfju-w|®y

i=1 H (Ii)

172 2(r+l) 1/2

? 2
< C( h’ u ) .
= = i ” “Hr+l(Il)

Proof. As the proof is similar to that of Theorem 1 in

[4], we only show principal parts below.

Let n=W-Y and ¢=u-Y, where Y is as in Lemma 2, then for

r+2
1

Lemma 1

veZ (Ii)’ (Ln,v)i=(Lg,v)i. Since (ac",v)i=0, we have by

Il 2 < cn , + 0l e,
L (Ii) L (Ii) L (Ii) L (Ii)

+ e )

2
L (Ii)

Using the well known inequality "f'“ 2 éC(hi“f"" 2 +
L™ (1;) L7(I;)

h;l“f“ 2 ), for h sufficiently small, we have
L™(I.)
i
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-1 -1
(4.7) n" < C(h, " |n + h.llz" + h. |lc ) .
l HLz(i) < il HLz(i) ill ”Lz(i) il “Lz(i)

Thus, as in [4], we get the following estimate.

(4.8) Il > < € h(iglhf(r+l)uuu;r+l(i))1/2 :
Hence, by Lemma 2 we obtain

N 2(r+1), 2 1/2
(4.9) lu - wuLz < c(iglhi uuuHr+l(i)) .

Moreover, from (4.5), (4.7), (4.8) and Lemma 2, for h suffi-

ciently small, we have

N N
4 2 2(r+l) 2
(4.10) h |[(u - W) " < C( ) hs u ) .
i£1 il "Lz(i) = yep i I “Hr+l(i)
Also,
N N
4 2 2 4 2
(4.11) h; |[(u-w)"* < C h“{( ) h; [(u-w)"| )
izl il uLz(i) = i=1 il le(i)

+ uu—wniz(i)} .

From (4.9)-(4.11) the conclusion immediately follows.

Next, we estimate an error for time derivative of W. One

can easily verify that, if u (-,t)eLz(I) (teJ), from the defi-

t
nition of W and the assumption for the coefficients of L*,
aW 2
-a‘t‘(‘,t)G L™(I).
Let W:J —ﬁval be the elliptic projection of U defined
by
r+2 =
(4.12) (W - u,,L*v) = 0, veU] T, ted .
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We have the following lemma as in [3].

Lemma 3. Let W and Wt be the solutions to (4.6) and (4.12)
respectively. For h sufficiently small, there exists a constant

C, independent of h, such that

1/2

(W -w| , <c(u-mwl,+ ? h4“u - w||? )T
2 = 12 i=1 2 .

H™ (1)

Proof. Let n=Wt-W and =W-u. Then, for v(Zr+2(Ii) and

each teJ,
(Ln,v); = (Ln,v); + (L(W-u.),v)
= (L8, v - (L &,V
= - (L &,v)y
Therefore,
(an",v); = ((-a +b)n' + cn - a &" - (a, -b )E' + c E,v),,
vezIt?(r,) .

Hence, if h is sufficiently small, by Lemma 1

I

“”"“Lz(. cn' 2

+ ||n
O 1200 I ﬂLz

TP

(1) L™ (1)

S EIPEN

A

-1
C(h, |\n + || & )
e LIPS L PO

By an argument similar to that of Lemma 3.2 in [3], the desired

result is obtained.
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We obtain the following result from Lemma 3 and Theorem 1.

Theorem 2. Let W be the solution to (4.6). If u(+,t) and

r+l

ut(-,t)eH (I) (teJ), then, for h sufficiently small, there

exists a constant C, independent of h, such that

”g%(u - W)” L2 < cf Z h 0

ul|? gt gy “ ” r+l

Now, let U and W be the solutions to (2.2) and (4.6), re-

spectively. Also, let =U-W and £=u-W. Then we have

oG _ r+2
(—é_EIV) + (CIL*V) - (g"t’V)’ Veﬂl ’ te J.

Therefore, by Lemma 1 in [6], which is valid even if the coef-

ficients of L* depends on time variable, we obtain the follow-

ing estimate.

(4.13)  |\u-w| _ < c(||w-w (o) , + |[=2(u-w) )
52, = L2 [5e le(J 12)

From the above results, we have the following main theorem for

the L2—error—estimate.

Theorem 3. Let u be the solution to (2.1) and U be the

solution to (2.2) with U(+,0)=W(+,0). If u and uteLz(J:Hr+l)

and “u(-,t)u r+1 . € Hl(J) (1<i<N;, then, for h sufficiently
H (i)
small, there exists a constant C, independent of h, such that

L2(J:Hr+l(i))

)}1/2

du (2
' I_5lt1‘“L2(J:Hr+l(i))
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Proof. Using Theorem 1, Theorem 2, (4.13) and the triangle

inequality,
“u—U“ 5 < C{ess sup ( ? h2(r+l) ” +1 )1/2
L (J:L°) ~ tegd i= HY T ()
. ? hz(r+1)(ll ' N __u 11172
L2 (3:H" L% (g:85" (1))
By the imbedding theorem, for each i (1<i<N)
sop o’y s cqul, g | Gy %
teJ (1) Lo(I:H (1)) J H (1)

One can easily verify that

il 5t o eeo

Hence, we obtain the result.
4.2 L”-error-estimate

In this section, we estimate the error with Lw—norm.
However, we need to assume that the partition A satisfy semi-

uniformity. That is, there exists a constant KO such that

max h.h_.l < K h“l

1<i,j<n * 0
First, note that (4.13) may be improved to the following ([6]).

(4.14) |(U—w||LOo , < C(“(U-W)(O)”L + “at(u w)|| 25,

) .
(J:L°) -1

tH )

Next, we have the following lemma corresponding to Theorem 2.

Lemma 4. Assume the hypothesis of Theorem 2. Then, for

h sufficiently small,

78



N
[ (u-W)”H_ ccnly n? (r+d)

ql H r+l +ll “ r+1 )))1/2

Proof. Let W be the solution to (4.12)

We consider for
each weHl(I) the dual problem,

L*® = y, on I,

¢(0) = @(1) = 0.

", ~ o3
Now, let n=Wt—W and £=W-u, then for each ®€M1, we have

(4.15) (N, ¥) = (n,L*(9=0)) - (&,L.0)

Choosing ¢ appropriately, that is, ®(J)(xi)=®(3)(xi), jelo,1},
0<i<N, one obtains by elliptic regualarity,

~ N
| (n,L*(9=0)) | < C ) |[n] ,

(1)hi“®“H3(i) = © h“nHL2“¢“H3

<C h“”“Lzuw“Hl

To estimate the second term of (4.15) we define the norms

lu'“Ls and[“-m s for a positive integer s by
H

N
2 1/2 s .
| £ = Z “f| ) ' fe H  (1.), i < i < N,
and
£ 2
hal g = s LEBL o ge?m),
H S, . s
O#feH™ (1) H
1<i<N

respectively.
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Now we have

N

. 2
E BT < el -2 0 < CHE o €L N5

A

C
< CHEl _q 0y
Thus, by (4.15)
< C(h + ||l € ) :
Il -1 < Cling_o + WEll

From Lemma 3 and Theorem 1,

1/2

A

Ny 2
R C(ug“L2 ' (izlhi“g“Hz(i)) !

N
2(r+l) 2
< C( )h; \u )
= i=ll “Hr+l(i)

1/2

)

1/2

<

CM&MH_IM®MH3

It follows that from the estimates for the negative norms in

[5]

N
2(r+1) 2 1/2
£ < C h( h? u ) .
I mH_l = izl i \ uHr+l(i)
Hence,  ||nl| ; < C 3 p2(e4D) g2 12
i=1 1t HETE (1)
Therefore,
3 o’ ™
llgz(U-w)”H_l = "ut_W"H—l +‘IW—WtHH—l
N
2(r+l) 2
< C h( ) hS ([lull + |[u
= i=1 i u Hr+1(i) u

which concludes the proof.

I
t Hr+l

))1/2
(i)

’

Next, by the semi-uniformity of the partition and the well-
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known property of the piecewise-polynomial, we have

ho - wj .,

ch flu-w
gy £ C T

- L (J: L )

Using the estimate in [5], we obtain for each teJg

1
jlu - w < C max hr+ .
“Lm - 1<i<N "Wr+l(i)

Thus, if we choose U(.,0)=W(:,0), from (4.14), Lemma 4 and the

triangle inequality, we have the following L”-estimate.

Theorem 4. Let u be the solution to (2.1) and U be the

solution to (2.2) with U(.,0)=W(.,0). Tf ueL”(J:w ") ana

ou +1
3t

constant C, independent of h, such that

€ L (3:8" ), then, for h sufficiently small, there exists a

u - U < C max h¥+1 u
| llL°°(I xJ) ~ 1l<i<n t | ”Lw(J:W£+l(i))
2(r+l) 1/2
+ c{ Z hy (|l + ) } .
I |L2(JH “ “2(JH L(iy)
§5. L _-error-estimate for the collocation—H_l—Galefkin

method.

In this section, applying the arguments as in the previous
section, we estimate optimal L” global rate of convergence for
the collocation—H_l—Galerkin method described in 8§3. We also
assume that the partition of the interval I is semi-uniform as
in §4.2. Since each argument is analogous to that of §4.2 or

in [3], the detailed proof will be omitted.
As before let u denote the solution to (2.1), but the map
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U:J —?j%fl denote the solution to (3.1). In order to obtain

estimate for u-U, we estimate the error for elliptic projection

W:J —e%%fldefined as follows.

(5.1) X w,v) =Z@u,v), ve uit?, e 3.

First, we obtain the following lemma corresponding to lemma 4.
Using the estimates derived in [4], the proof is quite similar

to that of Lemma 4.

Lemma 4'. Let W be the solution to (5.1). If u(-,t) and

au 1

ot

exists a constant C, independent of h, such that

(-,t)eHr+ (1) (teJ), then, for h sufficiently small, there

r+l) (Hu 2

0
Hr+l(i) "5%”§r+l(i )}1/2

ot )

N
Il_i(u—W)”H_l <cC h{izlhi(

Now, from Lemma 4' and Theorem 3.1 in [3], we have immediately

the following result.

Lemma 5. Let W be the solution to (5.1). If u(+,t) and

ou 1

ot

exists a constant C, independent of h, such that

(+,t) € utt (I) (teJ), then, for h sufficiently small, -there

N 2
ll?%(“"W4|§—1 * izlhiuaiat(u’w)”zz(i)

+“%%u;r+l(i)))'

2(r+l

The following lemma is an improvement of Theorem 4.2 in [3].

Lemma 6. For h sufficiently small, there exists a constant

C, independent of h, such that
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2 )l all?
<Ch (izlhi ‘“““Hr+1

(1)



lo-w) ., , <ci (u—wﬂ]

LY (J:1L%) -1

(J H ™)

N 4 %
+1* “axat(u w)”L (J:12% (i ))) '

Proof. Let z=U-W and &=u-W, then from (3.2) and (5.1) it

follows that
_ r+2
<§th> + iJQ,V) = <€tlv>l VEAAl , te J.

Therefore, using the estimates in [3], we have

|<€t,V>|

A

|(£trv)| + I<gtrV> - (gtlv)|

A

N A%
Weel 2V 2+ Cizlhiugtx"L2(i)H3§”L2

A

N
2 4 2 v
cllecl 2, + I nhile | ) + C l .
l t H 1 jop 1 tx\L2(i) ”8 ‘ 2
The quite analogous argument of the proof for Theorem 4.2 in

[3], except the above, enables one to verify the desired result.

Now, using Lemma 5, Lemma 6 and the estimate in [4], an
argument similar to that of 84.2 yields the following L -error-

estimate corresponding to Theorem 4.

Theorem 4'. Let u be the solution to (2.1) and U be the

ou +1
% € L (J:HY

for h sufficiently small, there exists a constant C, independent

solution to (3.1). If uéLm(J:W£+l) and ), then,

of h, such that
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1

+1
o = Ul (1ygy < C max hi uf

1<i<N L (J:Wi+ (1))
N
2(r+l) 2
+ C{ h? (fu
izl 1 " uLZ(J:Hr+l(i)
y3/2

duy 2
* lg%“Lz(J:Hr+l(i))
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