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Stability Property 

of 

the Urabe's Implicit Single-Step Method 

and its Modification 

By 

Taketomo Mitsui 

~1. Introduction 

We are concerning with the numerical solution for the 

initial-value problem of ordinary differential equations: 

dy _ ( ) 
(E) dx - f X,y , XI < X < xT' 

(IV) y(x I ) = Yr· 

In 1970 Urabe proposed an implicit single-step method for this problem 

([6]). Its feature is the following: 

(i) Utilizing the second derivative evaluations for the solution of 

the differential equation" (E). 

(ii) Essentially single-step predictor-corrector type method. 

(iii) High-order accuracy. 

Here the second derivative for the solution means 

g(x,y) = f (x,y) + f (x,y)f(x,y), 
X y 

which is provided to give in an analytical form. 

Suppose that the approximate solution Yn for y(x) and an 

appropriate initial guess yn+1 for y(x+h) are given. Then the 

Urabe's method first predicts Y approximating n+2 y(x+2h), and next 

corrects y n+1 by the informations Yn' Yn+2' old Yn+1' and their 

first and second derivatives. Such process is continued until 

convergence. Moreover it has an auto~atic step-size control strategy. 

Urabe applied the method to some numerical examples, which showed 
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the efficiency of the method. It is remarkable that the method is 

readily applicable to a system of the equations due to its linearity, 

though he applied to only scalar equations. 

The aim of the present paper is to investigate the stability 

property of the method, and to modify the method to have a built-in 

estimator for the local truncation error without reducing its 

stability. 

~ 2. Original Urabe's Method. 

First of all we will state the initial-value problem and its 

discretization. Find the solution of the differential equation 

(2. 1) 
dy 
dx = f(x,y), XI < X < xT 

subject to the initial condition 

(2.2) 

where y(x) 

Rd ). The second derivative of y(x) is given by 

g(x,y) = fx(x,y) + fy(X,y) f(x,y). 

An equi-distant discretization is employed for the problem on [xO' 

xO+2h]. Here h is the step-size, xi = xO+ih (i=O, 1,2) are the step

points, Yi (i=0,1, 2) stand for the approximations for y(x i ), and 

fl' = f(x.,y.), gi = g(x.,y.). 
1 1 1 1 

The numerical integration method is described as follows. Given 

the computed value Yo and an initial guess Y1 ' make a predicted 

value Y2 for y(x 2 ) by 

2 (2.3) Y2 = - 31y O + 32Y1 - h(14f o + 16f 1) + h (-2g0+ 4g 1)· 

Note that (2.3) is an explicit formul~ for Y2' Then compute the 

corrected value by 
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(2.4) 

The correction should be continued until the estimate 

(2.5) QY1 -Y1 ft < eX 

holds for a previously given criterion ~ of convergence. If the 

estimate is not satisfied, replace Y1 by Y1 and repeat the 

process. 

The method has some devices attached to it for 

implementation. For the details, see [6]. 

(a) Step-size control strategy. The step-size h should be chosen 

so as to guarantee the convergence of inner iteration. It is derived 

that h must satisfy 

(2.6) 

for a positive constant k<1. If not, h should be halved until it 

satisfies (2.6). If twice of h satisfies the condition, then h should 

be doubled to enhance the efficiency of the integration. Since the 

method is essentially a single-step process, the step-size changing 

causes no trouble except the initial guess for Y1 (see (c) below). 

(b) Relations between a and k. Denoting the bound of the 

round-off error of the machine by c, the correction to convergence 

gives the final guess y, such as 

(2.7) R y 1 - y(x 1)11 ~ f 

while e and k satisfy the relation 
c 

~ a: ~ 
E. 

K 1 - k 

and the estimates (2.5), (2.6) hold. The choice a = (1/2){(€/k) + 

(tl(1 - k»} seems to be suitable. 

(c) Initial guess for Y1' If the step-size has changed at the 
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current step, we may take as an initial guess 

for Otherwise Y2 at the former step plays it. 

On the local accuracy of the method, it can be shown that for the 

predictor the estimate 

y(x 2 ) = -3 1y(x O) + 32y(x 1) - h[14f(x o ,yex O» + 16f(x 1 ,y(x 1)] 

+h2[-2g(Xo,y(xo»+4g(x1,y(x1»] + ~ h6y(6?x o ) +OCh7) 

holds and for the corrector 

1 7 (7? 
+ 9450 h Y XO) + O(h 8). 

Hence the corrector has the order 6 whereas the predictor has the 

order 5. Let us call the terms 

1 h6y(6?x o ) and 1 h7y(7?x) 
9"U 91f51J 0 

in the above equations the principal parts of the local truncation 

error for the predictor and the corrector respectively. 

As for the convergence of the method the following statement has 

been established. Assume that f(x,y) and g(x,y) satisfy the 

Lipschitz condition with respect to y, and that the step-size h 

(strictly speaking it depends on x) is bounded by H>O, i.e. 

I h I < H. Th e nth e in t e g rat ion met hod is con v erg en t asH - 0 pro v ide d 

that the initial-value of the integration at 

Remark. The predictor and the corrector 

XI is identical to Yr' 

equations (2.3), (2.4) 

are linear with respect to f and g. Hence the method is feasible 

to apply the system of equations. 
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~3. Stability Analysis for the Urabe's Method. 

Our goal in the present section is 

Theorem 1. The Urabe's method is A-stable for a fixed step-size 

h. 

J. R. Cash makes the following comments in his monograph [2]. 

"AI so these schemes (= Urabe' s method) do not seem to possess 

sufficiently large regions of absolute stability for them to be of any 

use in integrating stiff systems of equations." 

But we can obtain the Theorem 1. 

Proof of Theorem 1. Employing the scalar test equation 

(3. 1) 
dy ax = "Ay, A.E:C, ReA < 0, 

we have 

(3.2) Cz =A.h) 

for the predicting process, where 

2 hOCz) = -31 - 14z -2z, h 1(z) = 32 -16z + 4z 2 . 

Then the correcting process gives 

(3. 3) 

Here 

1 + 101 
= 2"'ll'U 

z -

z + 

3 
21m 

13 
21m 

2 z . 

2 z , c 1 ( z) 
128 

= 21m z -
40 

21m 
2 z , 

Hence we can see that for the above linear test equation the method is 

equivalent to solve the equation 

(3. 4) 

with respect to Y1. Thus we may call the rational function 

cOCz) + c 2 Cz) hO(z) 
P(z) = 1 - c 1 (z) - c2 (z) h1CZ) 

the stability factor of the method. 
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The region of absolute stability, say R., is defined by 

'R = {z € C; Re z < 0, I P (z) I ~ 1} 

for the method. By some manipulations we have 

P(z) = 3z4 + 10z 3 - 24z2 - 120z + 120 
2( 3z 4 - 23z3 + 78z 2 - 120z + 60) 

Hence, definihg the function F(x,y) by 

F(x+iy) = Idenominator of P(x+iy)1 ~ - Inumerator of P(x+iy)\ 2, 

we have the identity 

(3.6) F(x,y) = 27y8+36y6x(3x-17)+6y4x(27x3_306x2+672x-1232) 

+12y2x(9x5_153x4+672x3_1952x2+3600x -3360) 

+3X(9x7_204x6+1344x5_5344x4+16320x3_31360x2+28800X-9600), 

2 2 which is a polynomial of y and each coefficient of powers of y 

is again a polynomial of x. Moreover each polynomial of x has 

positive coefficients for even powers of x and negative coefficients 

for odd power of x. Thus F(-x,y) > 0 holds for any x > 0 and any 

y. Hence f:? 

result. I 

includes the left half-plane of C. This is the desired 

By (3.5), we see IP(z)! -') 1/2 as \z\ -) 00, Rez<O. This fact 

suggests that the method is not L-stable, but the rate of convergence 

to zero of the solution for (3.1) by the method is not so much slow 

while \z\ is sufficiently large and Rez<O. 

§4. A Modified Method 

As is seen in ~2, the orders of the principal part of local 

truncation error do not balance between the corrector and the 

predictor in the prescribed method. To establish a Milne-type 

estimator for the local truncation error, however, it is desired to 
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derive a balanced order method. But balancing the order of the 

predictor with the original corrector is impossible. Thus we will 

reduce the order of the corrector by one to balance it with that of 

the predictor. 

After the derivation in the original work we easily have the 

following alternative for the corrector equation: 

(4. 1) 

which has the principal part of the local truncation error as 

T = - ~ h 6y(6?xo). 

The equation (4.1) has been already given by J. R. Cash [1]. 

We will employ (2.3) as the predictor for Y2 and "(4.1) as the 

corrector for Y1 • Then the step-size control strategy is subject to 

the inequality 

192 
(4.2) 2lrnlhl·Rfy(XO'YO)O < k 

instead of (2.6). Other implementing devices (b), (c) in ~2 are 

attached to the new integration method. 

A-posteriori estimation of the local truncation error is derived 

by the following way. Suppose that the step-size h is invariant at 

the current step. According to the device (c) the initial guess 

for Y1 is identical with the former Y2. Hence the dominant 

truncation error is given by 

(4.3) o < e < 1 

where e is a constant depending on 
[0] 

y 1 • On the other hand the 

correction to convergence after m-times iteration yields 
[m] 1 6 (6) - #01 

(4.4) y(x 1) - Y1 = - 2IiOO h y (x O + 9h), 0 < e < 1 

where e is a constant depending on y~m] Assume that 

7 
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y(6?xO - 9h) ~ y(6?X O + 9h) which is valid for a sufficiently small 

positive h. Then we have from (4.3) and (4.4) 
Em] [0] 83 6 (6) 

(4.5) Y1 - Y1 = 720TI h y {X O)· 

Substituting (4.5) into (4.4), we obtain 

(4.6) y(x 1)

where em = y~m]_ 

Y Em] _ 
1 -

Y EO] 
1 • Thus we can establish an a-posteriori 

estimate (4.6) for the local truncation error. 

Ordinarily there are two ways of usage for the a-posteriori 

estimate (4.6). One is to apply it to the step-size control so that 

the integration may proceed in maintaining the local truncation error 

within the bound of previously given tolerance. But this way spoils 

the basis (4.3) of the a-posteriori estimate for the next step, 

because it depends on the invariantness of the step-size. The other 

is to modify the value Em] y, to obtain possibly more accurate 

approximate value by it. That is, after the iteration to convergence 

we employ the modifying process 

(4.7) Y* _ y[m]_ 3 e 
1 - 1 Bj m' 

It is remarkable that as is ordinary for the modifier in the PC 

methods the process (4.7) does not always give more accurate value 

because the identity (4.5) -holds merely in an approximate sense. 

Concluding the present section, we will mention some features of 

the modified method (with or without the modifier). Though the local 

accuracy is reduced than that of the original method, it has two 

adv an tag es . One is the reduction of the number of function 

evaluations per step. As is seen in (4.1), the corrector needs two 

evaluations for g while the original corrector (2.4) needs three 
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evaluations. The other is the extension of the allowable 

step-size. The estimate (4.2) ensures almost twice for the possible 

step-size against that by the original (2.6). These features will be 

expected to make the modified method more efficient. 

\5. Stability Analysis for the Modified Method 

In the present section we will show that the stability for the 

modified method is not reduced in comparison with those for the 

original method. Corresponding to Th. 1 we have the following 

theorem. 

Theorem 2. The modified method without the modifier is A-stable 

for a fixed step-size h. 

Proof. Similar to the original method, the scalar test equation 

(3.1) is employed. Since the predicting process is same as in the 

original case, we see 

(z = ~h). 

Then the correcting process (4.1) implies 

(5. 1) Y1 = dO(z)yO + d,(z)Y1 + d2 (z)Y2 

= {dO(z) + d2 (z)hO(z)}yo + {d 1(z) + d2 (z)h 1(z)}Y1· 

Here 
101 4 2 

dO(z) = 1 + ~ z + 50 z 

Hence instead of (3.4) we have 

128 
= m z - 7 2 00 z , 

(5.2) {1-d 1(z)-d 2 (z)h 1(z)}Y1 = {d O(z)+d 2(z)h O(z)}yO. 

The stability factor Q(z) of the modified method is given by 

dO(Z) + d2 (z) hO(z) 
Q(z) = 1 - d 1(z) - d2 (z) h 1(z) 

z3 + 3z 2 - 12z - 60 
= 2z 3 - 15z 2 + 48z - 60 

2 
= m z. 

Thus the region of absolute stability for the modified method may be 
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defined by 

1?n = {z € C; R e z < 0 , I Q ( z ) I ~ 1}. 

Similar to the proof of Th.1, the function 

G(x,y) = Idenominator of Q(x+iy)\ 2 - I numerator of Q(x+iy)\ 2 

is shown to be positive for any x<O and any y, because the identity 

G(x,y) = 3{y6+y4x(3x-22)+y2x(3x3_44x2+144x-3360) 

+x(x 5-22x 4+144x 3-496x 2+1440x-2400)} 

holds. Hence!R.M includes the left half-plane of C. I 

By virtue of (5.3), we can see IQ(z)1 - 1/2 as IZ\ -') 00, Rez<O. 

Hence the comments on the L-stability made in the last paragraph in 

~3 is also valid to this case. 

(6. Numerical Examples 

To illustrate the efficiency of the modified method with the 

modifier (4.7) we will show some numerical examples whose calculations 

were carried out by FORTRAN on DEC System2020 in the Research 

Institute for Mathematical Sciences. 

Example 1. Scalar case. 

This is the problem appeared in the original Urabe's paper. T~e 

differential equation is 

d Y 5 (1 y) 4/5 dx = x ~ - , -1 < x < 1, 

the initial condition is y(-1) = 15/32. The problem has the exact 

2 5 solution y*(x) = (1/2) - (1 - x /2) • We integrate it both by the 

original method and the modified one (abbreviated by URABE and URABEM, 

respectively) for their comparison. The computational constants are 

the followings; 
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the machine epsilon = 3.73 x 10-9 , 

the contraction constant k = 0.5, 

-8 the convergence criterion a = 1.1 X 10 , 

the maximum allowable step-size H = 2-4 • 

The result is given in Table 1. 

Table 1. 
---------+------------------+---------------+------------~----------+ 

1 lIn urn b e r 0 f 1 
1 absolute error 1 1 function evaluations 1 

method 1 at x=l 1 step numbers 1 f 1 g 1 

---------+----------:g------+---------------+------------+----------+ 
original 1 1.lx 10 1 42 1 416 1 416 1 

---------+----------:7------+---------------+------------+----------+ 
modified 1 1.2x 10 1 32 1 220 1 126 1 

---------+------------------+---------------+------------+----------+ 

Example 2. The orbit equations. 

Famous orbit equations are integrated numerically. They are a 

system of four components 

variable x, 0 < x < 2. 
(Y1' Y2' Y3 , Y4) with the independent 

dY1 dY2 
= 7t Y3 

dx dx 

-7( Y2 
= 
(y2 2)172 

1 + Y 2 dx 

The initial conditions are 

Y1(0) = 1 - e, Y2(0) = y3 (0) = 0, Y4(0) = j(l + e)/(l - e), 

where e is a parameter satifying 0 < e < 1. We take the case 

e=O.l. The exact solution y*(x) of the problem is known to be given 

by 

Y1(x) = cos u(x) - e, Y2(x) = (1 - e2 ) 1/2sin u(x), 

Y3(x) = -sin u(x)/(l - e cos u(x», 

Y4(x): (1 - e 2 )1/2cos u(x)/(l - e cos u(x», 

where u(x) is an implicitly defined function of x such that 

u(x) - e sin u(x) - x = O. 
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Thus the exact solution has a periodicity as Yf(O) = Yf(2). 

The computational constants are 

the contraction constant k = 0.1, 

the convergence criterion ~ 
-8 = 2.28x 10 . 

Other constants are same as in the Ex. 1. The resul t is shown in 

Table 2. 

Table 2. 
-------+------------------+---------------+-------------------------+ 

. 1 1 1 n urn b e r 0 f 1 
1 absolute error 1 1 function evaluations 1 

method 1 lIy*(2) - y(2)lIoo 1 step numbers 1 f 1 g 1 
-------+-----------:7-----+---------------+--~----------+-----------+ 

URABE 1 7.7>< 10 1 257 1 1515 1 1515 1 
-------+------------------+---------------+-------------+-----------+ 
U R A B EM 1 5 . 0 X 1 0 -7 1 99 1 60 1 1 350 1 
-------+------------------+---------------+-------------+-----------+ 

Example 3. Euler equation of motion for a rigid body without external 

forces. 

This is the problem to find the solution (Y1'Y2'Y3) for the system 

of nonlinear differential equations 

y; = Y2 Y3' Y2 = Y1Y3 , Y3 = -0.51y 1y2 , x)O 

with the initial conditions 

Y1(0) = 0, Y2 (0) = Y3 (0) = 1. 

The exact solution is expressed by the Jacobian elliptic functions. 

In fact, the identities 

y1(x) = sn(x, 0.51), y2 (x) = cn(x, 0.51), y3 (x) =dn(x,0.51) 

hold. Hence they have the following periodicities: 

Y1(x+4K) = y1(x), y2 (x+4K) = y2 (x), y3 (x+4K) = y3 (x), 

Y1(K) = 1, Y2(K) = 0, y 3 (K) = 0.7, 

where the constants K is given by the complete elliptic integral 

(' dx 
K = Jo { (1 _ x2) (1 _ 0.51 x2)} 1 12 
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The numerical integration is done by the following four methods to 

compare their results. 

RKF45 

SHAMP 

Runge-Kutta-Fehlberg method ([3]). 

Shampine-Gordon's VSVO method ([5]). 

URABE and URABEM. 

Each method integrates the problem and outputs the results in every K 

interval until x=28K. Computational constants in the double precision 

arithmetic are the followings; 

the contraction constant k = 0.1, 

the machine epsilon = 3.73X10-~ 
-8 the convergence criterion ex. = 2.28x 10 , 

-4 the maximum allowable step-size H = 2 , 

the tolerance of absolute error in RKF45 

the tolerance of relative error in RKF45 

The resul ts are shown in Table 3. Here 

and SHAMP = 
and SHAMP = 

we adopt 

notations. The absolute error means the magnitude of 

1 . 0 X 1 o-~ 
-8 1.0x 10 , 

the following 

the difference 

between numerical and the exact values at x=4nK (n=1, 2, ... , 7) in 

R3 equipped with 1-2 norm. The relative error means the ratio of 

the absolute error to the exact value. 

The sixth column shows the total CPU times for integration, but 

they have only a relative account because the computations are carried 

out under the TSS environment. 
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Table 3. 
-------+------------+------------+----------------------+------------+ 

1 maximum 1 maximum 1 number of 1 1 
1 of 1 of 1 function evaluations 1 total I 

method I abs. error 1 reI. error I f 1 g I CPU times 1 
-------+----------5-+----------5-+----------+-----------+------------+ 
R KF 45 1 7. 86 X 1 0 - I 5. 56 x 1 0 - 1 2 92 7 1 0 I 9 . 837 sec I 

SHAM;--~-3~75~-10:7-~-2~65~10:7-~---2072---~------O----~-24~876-----~ 
-------+---------:7-+---------:7-+----------+-----------+------------+ 
URABE 1 3.87 X 10 1 2.73 x 10 1 16016 1 16016 1 76.462 I 
-------+----------5-+----------5-+----------+-----------+------------+ 
URABEM 1 1.42 x 10- 1 1.01 ><.10- 1 4606 1 2730 1 23.295 1 
-------+------------+------------+----------+-----------+------------+ 

Example 4. Stiff problem. 

Though URABE and URABEM are both A-stable, they have a significant 

restriction to apply the stiff problems, which possess a large 

Lipschitz constant. In this case the estimation (2.6) or (4.2) 

restricts the allowable step-size to be very small. To illustrate 

these phenomena we integrate the differential equations 

dy 1 2 crx = 0.01 - (0.01 + Y1 + Y2)(Y1 + 1001Y1 + 1001), 

dY2 2 
<rX = 0.01 - (0.01 + Y1 + Y2)(1 + Y2) 

under the initial conditions y1(0) = 0, y2 (0) = 0 ([4]). The 

stiffness ratio is known to be equal to 1.012X 10 5 at x=O, and 

2.438X10 2 at x=100. URABE and URABEM without the modifier (we have 

established A-stability only for URABEM without the modifier!) spend 

too many steps even to reach x:0.5. The results are given in Table 

4. Here the contraction constant k is taken as 0.9 so that it may 

allow the step-size as large as possible. 

criterion ex is equal to 3.937x 10-8 . 
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Table 4.A. Computed values 
+-------------+------------------------------------------+ 
1 
1 

1 

x 
1 
1 

1 

1 
1 

1 

1 
1 

1 

+-------------+---------~----------+---------------------+ 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

0.03125 

0.06250 

0.09375 

0.12500 

0.15625 

0.18750 

0.21875 

0.25000 

0.28125 

0.31250 

0.34375 

0.37500 

0.40625 

0.43750 

0.46875 

0.50000 

1 -1.0281691E-02 
1 3.0186012E-04 
1 -1.0593549E-02 
1 6.1372972E-04 
1 -1.0905408E-02 
1 9.2559904E-04 
1 -1.1217282E-02 
1 1.2374679E-03 
1 -1.1529144E-02 
1 1.5493366E-03 
1 -1.1841011E-02 
1 1.8612051E-03 
1 -1.2152863E-02 
1 2. 1730727E-03 
1 -1.2464720E-02 
1 2.4849397E-03 
1 -1.2776585E-02 
1 2.7968065E-03 
1 -1.3088456E-02 
1 3.1086732E-03 
1 -1.3400314E-02 
1 3.4205397E-03 
1 -1.3712175E-02 
1 3.7324061E-03 
1 -1.4024024E-02 
1 4.0442725E-03 
1 -1.4335895E-02 
1 4.3561389E-03 
1 -1.4647752E-02 
1 4.6680053E-03 
1 -1.4959604E-02 
1 4.9798717E-03 

1 -1.0281688E-02 
1 3.0186013E-04 
1 -1.0593542E-02 
1 6.1372983E-04 
1 -1.0905406E-02 
1 9.2559935E-04 
1 -1.1217269E-02 
1 1.2374687E-03 
1 -1.1529140E-02 
1 1.5493377E-03 
1 -1.1841014E-02 
1 1.8612066E-03 
1 -1.2152857E-02 
1 2.1730754E-03 
1 -1.2464727E-02 
1 2.4849441E-03 
1 -1.2776596E-02 
1 2.7968123E-03 
1 -1.3088457E-02 
1 3.1086802E-03 
1 -1.3400330E-02 
1 3.4205480E-03 
1 -1.3712173E-02 
1 3.7324154E-03 
1 -1.4024040E-02 
1 4.0442824E-03 
1 -1.4335909E-02 
1 4.3561488E-03 
1 -1.4647765E-02 
1 4.6680152E-03 
1 -1.4959625E-02 
1 4.9798816E-03 

1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

+-------------+--------------------+---------------------+ 

Table 4.B Number of function evaluations. 
+-----------------------------+-----------+-----------+ 
1 1 URABE 1 URABEM 1 
+-----------------------------+-----------+-----------+ 
1 For the first derivative f 1 33418 1 12238 1 
1 For the second derivative g 1 33418 1 6631 1 
1 For the Jacobi matrix fy 1 4096 1 1024 1 
+-----------------------------+-----------+-----------+ 
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97. Discussions. 

The numerical examples in the previous section show the efficiency 

of our modified method in comparison with the original Urabe's 

method. It always reduces the number of function evaluations to 

almost half or less of those by the original method. As for the 

significant features of the numerical solution it is inferior to the 

original method by almost one digits as is expected from the 

theoretical consideration. But, in some cases, for instance in Ex. 

2, our modified method gives a slightly more accurate result than the 

original one. It seems that the modifier works well in this case. 

Comparing with the other well-used methods, the original and the 

modified methods however seem to have not so much advantage. But when 

we can obtain the analytical form for the second derivative (this is 

the case by applying the symbolic and 

software), they may be one of the practical 

integration. 

algebraic 

ways for 

manipulation 

the numerical 

For the stiff problems the original and the modified (without the 

modifier) are freed from the instability phenomena. It remains 

however a problem to remove the restriction for the allowable 

step-size in the methods to be more efficient for the stiff 

problems. In such cases two features of the modified method mentioned 

in the last paragraph in ~4 are also expected to make it advantageous 

to the original one. 
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The Relation of Certain Numerical Methods 

for Ill-Posed Problems. 

Takashi KITAGAWA 

1. Introduction 

In this paper we deal with a linear operator equation 

K f = g 

which leads to an ill-conditioned linea~ system, where K is a 

compact operator of a Hilbert space X into another Hilbert 

space Y. We are to find f € X for giyen g € Y. A well-known 

example of such a problem is the Fredholm integral equation 

of the first kind of the form 

Ib k(s,t) f(t) dt = g(s), 
a 

S E [a,b], (1) 

where k(s,t) is,an L2 kernel and f,g are L2 functions. 

Let ¢iand ~i be singular functions and Ai (Al~A2~ ••• ) 

* be singular values of K, namely K ¢i = Ai ¢i a~d K ¢i = Ai Wi 

for i = 1,2, .... Then it is well known that the unique 

solution to (1) exists and can be written as 

00 

f L 1 (g, ¢i) ¢i = 
~ i=l 

(2 ) 

if and only if g belongs to the range of K and 
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00 

I ~ (g, ~l') 
i=l Ai 

converges. The sequence {Ai} then converges to zero as i + 00. 

The degree of ill-conditioning for (1) depends on the rate at 

which the sequence of the singular values goes to zero. This is 

discussed by Smithies [3J and Weyl [5J. Their theorems imply 

that the rate of the convergence, which provides a measure of 

conditioning, depends on the smoothness of the kernel k(s,t). 

When the kernel is analytic and smooth, the sequence {Ai} may go 

to zero exponentially. In this case any direct approaches to 

solve the equation (1) in the ordinally least squares sense may 

produce disastrous results due to the numerical instability. 

To cope with this difficulty, several numerical methods 

have been developed. Best known of them are the method of 

truncated singular value and the method of regularization. In 

this paper we discuss above two methods under the assumption 

that the sequence of the singular values goes to zero 

exponentially. It is shown that the both methods can be 

identified by introducing a variable transformation for the 

regularization parameter. 

Throughout this paper we assume that X = Y =L 2 (a,b) 

and each set of the singular functions {~.} and {~.} forms an 
1 1 

orthonormal system. Further we suppose that the sequence {Ai} 

converges to zero exponentially. This is the case when the 

kernel is smooth and the resulting linear system is severely 

ill-conditioned. 
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2. The method of truncated singular 'value 

Let S be 
n 

x. Then the method of truncated singular value finds the 

function f t such that 

inf "K f - g II 2 = II K f t 
feS 

n 

In terms of the singular functions and the singular values, f t 

is given by a truncated series of (2) 

An appropriate choice of the subspace S is critical to this 
n 

method. This choice can be actually made by introducing a 

threshold T. If corresponding singular value to the singular 

function ~i is smaller than the threshold T, we do not employ 

~. to form the subspace S • 
l n 

3. The method of regularization 

The solution f by the method of regularization is 
r 

given as a function f such that 
r 

in which we call ~ ~O the regularization parameter. The 

unique solution f is also the solution of the normal equation 
r 

* * (KK+ ~I)f=Kg. (4 ) 
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Thus the solution fr is given by fr : (K*K + ~ I )-1 K*g. 

Using the singular values and the singular functions, fr can be 

written as 

A i 
( g, <Pi ) tVi . (5) 

00 

The selection of ~ is again critical to this method. The 

relation between the threshold T and the regularization 

parameter ~ shall be clarified to some extent in the next 

section. 

4. The relation between the two methods 

In this section we deal with a class of ill-conditioned 

linear systems which satisfies 

Ai+l Q-l 
--- < ~ , 8 » 1, 1 = 1,2, .... 

Ai 

i i Let c t and c r be the coefficients of tVi for (3) and (5) 

respectively, i.e. 

i 1 
( g, <Pi ) c t = { :i for i < n, 

for i > n, 

i Ai 
( g, <Pi ) c r = 

A2 + 1-1 i 

for i = 1,2, .... 

Now suppose that 2 
It m+l for some m. We introduce a 
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variable transformation v for the regularization parameter v, 

Then we have 

v = - log V 
8 

(6) 

« 1 for i = 1,2, ... ,m-l , 

since 

Therefor 

-v 
8 

-2 
A m-l 

= 

= 

< 

Similarly we have 

-v 
B 

7 i 

2 
Am 

2 
A m-l 

» 1 

-2 
< 8 

for 

« 1 . 

for i = 1,2, ... ,m-l. 

i = m+2,m+3, .... 
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= 

A 2 
i 

1 

-v 
s 1 + 7 i 

o for i = m+2,m+3, .... 

Further the derivatives of Ri with respect to v are 

and 

= log S e 

A ~ 
1 -v S , 

~ . 

(8 ) 

(9) 

(10) 

dH i 2 
Thus dv attains its maximum at ~= Ai ' or v = a i if we set 

A i = S-a i , i = 1,2, .... 

Then it follows from (7) - (10) that Hi ~ 1 for v > a. +1 and = 1 

goes down to zero very rapidly for ai-l < v < ai+l at the speed 

of 0 (S-v) and then Hi ~ 0 for v ~ ai-I. This implies that we 

can approximately identify the method of regularization with 

that of truncated sigular value under the variable transform v, 

provided that we choose T and ~ such that A > T > A 1 and n n+ 
2 2 

An > ~ > An +l · Hence the method of regularization with the 

regularization parameter ~ corresponds to the method of truncated 

singular value with the choice of the threshold T = Ill. 
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A Posteriori Improvement of Cubic Spline 

Approximate Solution of Two Point Boundary 

Value Problem. Difference Method 

Manabu Sakai and Riaz A Usmani* 

Abstract. 

We consider the numerical solution of two point 

boundary value problem by difference method using cubic 

spline. We obtain an asymptotic expansion of the error 

which is a posteriori determined with little additional 

computation. The applications of this expansion to a 

posteriori improvement of the approximate solution and 

an adaptive mesh selection strategy ( chopping procedure ) 

are discussed. Some numerical results which closely 

correspond with the predicted theory are given. 
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1. Introduction and Description of Method 

We consider the following two-point boundary 

value problem: 

(1.1) x I (t ) = w( t) , 0 < t < 1 

(1. 2) WI (t) = f(t, x( t ) , w(t», 0 < t < 1 

(1. 3) aOx(O) bOW(O) = Co 
(1.4) a 1x(1) + b 1w(1) = c 1 

where f(t, x, w) is defined and sufficiently smooth 

in a region D of (t, x, w)-space intercepted by two· 

hyperplanes t = 0 and t = 1. Now making use of B-spline 

Qm+1 (t) = (11m!) m+1 'C 1) ~ (_ 1)1 m +. ( .)m L-. X-1+, 
i=O 1 

we consider spline functions xh(t) and wh(t)of the form 

n-1 
xh(t) = ~ Ui Q4 (t/h i) (nh = 1) 

1=-3 
n-1 

wh(t) = ~ S.Q3(t/h - i). 
. 2 1 1=-

The above xh(t) and wh(t) will be approximate solutions 

to the problem (1.1)-(1.4) if they satisfy 

wh (t), o < (1.5) 

(1.6) 

(1.7) 

(1. 8) 

xh(t) = 

wh(t) = 

aOxh(O) 

a1x h (1) 

Pf(t, xh ( t ), w h ( t ) ) , o < 

bOWh(O) = Co 
+ b 1wh (1) = c 1 

Here P is an operator defined by 

(1.9) 

so that 

(1.10 ) 

n 
(Pg)(t) = L. YiLi (t) 

i=O 

( i ) r 0, /} YO = r > 

(ii) (1/6)(Y i +1 + 41'. 1 

(iii) Vr Yn = ° 

4 

+ y. 1) 1-

t < 1 

t < 1 

= g. 1 

where /} and V are forward and backward difference operators, 

and L.(t) is a piecewise linear function with the property 
1 
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Li (t .) = o. . J 1,J ( tj = jh ). In practical computation, 

conditions 1.10(i) and (iii) may be rewritten as follows 

for r = 5, 

(1.11 ) 

Yn + (19/5)Y n _1 = (1/30)(181gn _1 - 45gn _2 + 9gn _3 

where gi = g(ih). 

By use of the consistency relation, from 1.10(ii) 

we have 

(1.12 ) 

= f ( t i' x h (t i ), wh (t i ) ) , i = 1, 2,"', n 1 

i.e., if f(t, x, w) = f(t, x , 0) and b O = b 1 = 0, then 

the above approximate problem is considered to be the 

usual central difference scheme with respect to xh(t i ), 

i = 0, 1,···, n. 

By using the similar technique in [5], we have 

Theorem 1. If the problem (1.1)-(1.4) has the isolated 

solution (~, ~), there exists a spline solution (xh ' wh ) 

of the problem (1.5)-(1.8) of the form 
n-l 

(1.13 ) xh (t) = L. ai Q4 (t/h i) 
i=-3 
n-l 

(1.14 ) Whet) = L Bi Q3(t/h - i) 
i=-2 

so that 

(1.15 ) II~ xhll = maxl~(t) - xh (t) I = O(h2 ) 
t 

(1.16 ) II <V whll = O( h 2 ) . 

By using this Theorem 1, in the next section we shall 

prove the following asymptotic expansions of the errors 

~(t) - xh(t) and wet) - whet) 
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Theorem 2. Under the same conditions of Theorem 1, 

we have at any point t E [0, 1] 

(1.17) ~(t) - xh(t) = (h2/12)~(t) + O(h4 ) 

(1.18) ~(t) wh(t) = (h2/12)~(t) + O(h3 ) 

where (~, ~) is the solution of the following boundary 

value problem : 

(1.19 ) ~ , (t) = ~(t) 

(1.20) ~ , (t) f (t, 5{(t), ~(t»~(t) + " ~(t»~(t) = f (t, x(t), x w 
+ ~(4) (t) 

(1. 21) aO~(O) bO~ (0) = 0 

(1.22) al~(l) + bl~(l) = O. 

Corollary. At any mesh point, we have 

(1.23) 

By means of this Corollary, we have 

(1.24) ~(4)(ti) = (1/h2){ xh(t i +1 ) - 2xh(t i ) + xh(t i _1 )} 

+ O(h4 ),i = 1,2, ... , n - 1. 

Let us consider the following approximate problem 

to (1.19)-(1.22) : 

(1.25) 

(1.26 ) 

(1.27) 

(1.28) 

CPh(t) = 

~h(t) = 

aO~h(O) 

a1~h(1) 

~h (t) 

P[ f (t, x xh (t ) , 

+ fw (t, xh (t ) , 

bO~h(O) = 0 

+ b1~h(1) = 0 

wh(t»~h(t) 

wh(t»~h(t) + gh(t) ] 

where gh(t) is a piecewise linear function and gh(t i ) 

= (1/h2){~(ti+1) - 2xh(t i ) + xh(t i _1 )}, i = 1, 2, "', n - 1. 

By applying the same argument in [6] to (1.25)-(1.28), 

we have 
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Theorem 3. Under the same conditions of Theorem 1, 

the problem (1.25)-(1.28) has the solution (¢h' ~h) 

such that 

(1. 29) 

Since the coefficient matrix of the linear system 

(1.25)-(1.28) for determining (¢h'~h) is the one of the 

Newton-method at the final stage by which (xh ' wh ) is 

calculated, (¢h' ~h) may be determined with very little 

additional computation. By Theorems 2 and 3, we have 

asymptotic expansions . . 
(1. 30) ~(t ) xh (t) = (h 2 /12)¢h(t) + O(h4 ) 

(1.31) ~(t ) whet) = (h2/12)~h(t) + O(h3 ). 

In Section 3 we shall consider chopping procedure 

applied to the two-point boundary value prblem by using 

(1.30) . 

2. Asymptotic Expansions of Errors 

Before we proceed with analysis, we shall require 

the following Lemmas. 

Lemma 1. If A ~ (2 - /3)~, then the following nxn 

tridiagonal matrix A is nonsigular and in addition 
n 

II A~ll1 ( II ·11 means the maximum matrix norm ) is bounded 

for sufficiently large n 

where 

(2.1) A = n 

A ~ 

1 4 1 

1 4 1 

~ A 

Proof. Let us consider a linear system 
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(2.2) A l; = n n 

where ~ = (l;1' l; •.• l;) 
<" 2 ' 'n an d n = (n l' n 2 ' •.• , n n ) . 

Hence we have 

4 1 l;2 n2 - l;1 

1 4 1 l;3 n3 

(2.3) = 
1 4 1 l;n-2 nn-2 

1 4 l;n-1 nn-1 -

Let (ai,j ; 2 ~ i, j ~ n - 1 ) be the inverse of 

the coefficient matrix of (2.3), then we have 

n-1 
(2.4) l;. = L a .. n. - a. 2l;1 - a. 1l; 1 j=2 1,J J 1, 1,n- n 

i = 2, 3"", n - 1. 

l;n 

By substituting the above relations into the first and 

last equations of (2.2), we have 

(2.5) 

(2.6) 

Since a 2 ,2 = a n- 1 ,n-1 ~ 2 - /3, a2 ,n-1 = a n- 1 ,2 -7 0 
n-1 

and L: I a. . I < ! , i = 2, 3"," n - 1 ([ 1] ) , 
i=2 1,J 

we have 

(2.7) 1l;1 1 , Il;n I :s.. C Ilnll (II '11 means the maximum 

vector norm ) for a generic constant C independent of n 

provided that ~ ~ (2 - I~)~ and n is sufficiently large. 

Combining (2.4) and (2.7) yields 

(2.8) for sufficiently large n 

from which follows the desired result. 

30 



S · r+l r r ( ) lnce ~ Yo = ~ Y1 - ~ Yo ' condition 1.10 i 

may be rewritten by using 1.10 (ii) as follows: 

(2.9) 

where 

Yo + dr Y1 = " some linear combination of 

g. , i = 0, 1, ... , r " 
1 

d r +1 = (5dr - l)/(dr + 1) , r = 4, 5,··· 

d 4 = 4. 

By a simple calculation, d rapidly converges to 1/(2 - 13) 
r 

as r ~ 00. 

2 Lemma 2. If g(t)E C [0, 1], then we have 

(2.10) 11(1 - P)g~ : ch2 lg"ll for sufficiently small h. 

Proof. Let (Pg)(t) 

r 
~ YO = 0 

n 
= L. y. L. (t ), then 

i=O 1 1 

(1/6)(Y i +1 + 4Y i + Yi -l) = gi' i = 1, 2,···, n - 1 

VrYn = 0 

from which 8 i = Yi - gi' i = 0, 1,· .. , n satisfy 

J ~r8o = _~rgo 2 

(1/6)(8 i +1 + 48 i + 8 i _1 ) = -(h 16)g"(T i ) 

) t i _1 < Ti : t i +1 , i = 1, 2,···,n - 1 

l Vr 8n = -Vrgn • 

Since ~ r go ' Vr gn = O( h 2 ) II g"l, in virtue of Lemma 1 we 

have 

(2.11) 

where 

(I - P)g(t) = (I - Pl)g(t) + O(h2 )lg"l 
n 

(P1g)(t) = L. g.L.(t). 
i=O 1 1 

By a simple calculation, we have 

( 2 . 12) II (I - P 1 ) g II = 0 ( h 2 ) II g "II 
from which follows the desired result. 
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Since r > 4, similarly as in the proof of Lemma 2 

we have 

Lemma 3. If g(t)E:C4 [0, 1], then we have 

(2.13) (Pg)(t.) = g. - (h2/6)g~ + O(h4 ), i = 0, 1,"', n 
111 

for sufficiently small h. 

As a consequence of this Lemma, we have 

(2.14) (Pg)(t) = (P1g)(t) - (h2 /6)(P1gll )(t) + O(h4 ). 

Now we turn to the investigation of asymptotic 

error estimation. Let e 1 (t) = ~(t) - xh(t) and e 2 (t) 

= ~(t) - whet), then in virtue of Theorem 1 we have 

(2.15) 

ei(t) = e 2 (t) 

e 2(t) = f 2 (t)e1 (t) + f 3 (t)e2 (t) 

+ (I - P)~II(t) + R(t) 

a Oe 1 (0) b oe 2 (0) = 0 

a 1 e 1 (1) + b 1 e 2 (1) = 0 

where f 2 (t) = fx(t, Q(t), wet»~, f 3 (t) = fw(t, ~(t), 

R(t) = (I - P)[ f 2 (t)e1 (t) + f 3 (t)e2 (t) ] . 
Since Ilg'll < c(lgll + IIg"~) for 2 an y g ( t ) E c [ 0 , 1] , 

virtue of Lemm 2 we have 

provided that hO is sufficiently small. 

Since II ell! IIe2 11 = O(h2 ) and e" = e' , we have 
1 2 

(2.17) IIRII < Ch2[ O(h2 ) + II e211 ] for h .:;. hO 

where for ti ~ t ~ t i +1 

*'( t ) ) 

in 

e 2 (t) = ~"(t) - whet) = ~"(t) - (l/h) { wh(t i +1 ) 

- wh(t i )} = (l/h){ e 2(t i +1 ) - e 2(t i )} + O(h2 ). 

By (2.15), we have 

( 2 . 18 ) I (11 h ) { e 2 ( t i + 1) - e 2 ( t i) } I ~ C [ 0 ( h -1 ) II R II 

+ I (l/h){ e 1 (t i +1 ) - e 1 (t i ) } I + I (l/h){ e 2 (t i +1 ) 

- e 2 (t i ) }I + O(h2 ) ]. 
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By using again (2.15) we have 

l(l/h){ e 2 (t i +1 ) - e 2 (t i ) }I 

:s C [ I RII + 0 (h 2 ) ]. 

Therefore by (2.18) we have 

(2.19) I (l/h){ e 2(t i +1 ) - e2(t i ) } I < C[ O(h-1 )IIRI + O(h2 )]. 

Combining (2.17) and (2.19) yields 

(2.20) IIRII ~ O(h4 ) + O(h)IIRII for h < hO 

Finally we have the estimate of IIRI! of the form 

(2.21) I R~ = O(h4 ) for h < h 
- 0 

provided that if necessary, hO is replaced by a smaller 

constant. 

Hence by (2.15) and (2.21) we have 

lell = J~ H(o, s) I 0 
+ [O(h4)] 

(2.22) ] ds 

e 2 (I P)~"(s) O(h4 ) 

where 

s < t 

(2.23) H(t, s) 

( see the details of the Green function H(t, s) in [5] ) . 
In [6] , we have obtained the following result: 

(2.24) S~ Hi2 (t j , s)( I - P1)g(s) 2 51 = -(h 112) 0 Hi2 (t j , s) 

xg"(s)ds + O(h4 ) for 
2 gEC [0, 1] 

i = 1, 2; j = 0, 1,···, n - 1. 

By using (2.22), (2.14) and (2.24), we have asymptotic 

expansions (1.17)-(1.18) at mesh points. Since cubic spline 

function xh + (h 2 /12)¢ satisfies 

xhCt J.) + Ch2 /12)¢Ct.) = ~Ct.) + O(h4 ) 
,J J 
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x'(t j ) + (h2 /12)¢'(t j ) ( = Wh(t j ) + (h2/12)~(tj) ) 

= ${'(t.) + O(h4 ), j = 0,1,···, n, 
J 

xh + (h 2 /12)¢ is considered to be a cubic spline inter-

polating to~. Thus we have the desired asymptotic 

expansions (1.17)-(1.18) at any point t E[O, 1]. 

Now we consider the proof of Corollary of Theorem 2. 

From the definition of oerator P, we have 

t.rx"(t ) = 0 
h 0 

(2.27) 
(1/6){ xh(t i +1 ) + 4xh(t i ) + xh(t i _1 ) } 

= f(t i , xh(t i ), wh(t i », i = 1,2,···, n - 1 

r-V xh(tn ) = O. 

By (1.17)-(1.18), we have 

(2.28) f(t i , xh(t i ), wh(t i » = f(t i , ~(ti) + (h2 /12)¢(t i ), 

~(t.) + (h2/12)~(t.» = ~"(t.) - (h2 /12){ 
111 

<.I: f 2 (t.)¢(t.) + f3(t.)~(t.) } + O(h ) 
1 1 1 1 

= ~"(t.) - (h2 /12){ ¢"(t.) - ~(4)(t.) } + O(h4 ). 
1 1 1 

Let s. = ~"(t.) - xh"(t.), by (2.27)-(2.28) we have 
1 1 1 

(2.29) 

t. r so = O(h r ) 

(1/6)( si+1 + 4si + si-1 ) 

} + O(h4 ), i = 1,2,···, 

Vr s = O. 
n 

= (h2 /12){ ¢"(t.) + ~(4)(t.) 
1 . 1 

n - 1 

By means of Lemma 1, we have the rlesired asymptotic 

expansion (1.23). 

3. Chopping Procedure 

We have observed frequently that when problems are 

solved on a sequence of meshes, an acceptable solution 

is arrived at some regions before the problem as a whole 

has been solved. Our strategy is to chop off these regions 

where the solution is satisfactory and reformulate the 
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new boundary value problems on the regions where the 

solution is still poor. Using asymptotic expansion (1.21) 

for the boundary conditions, we consider the new problems 

on the subintervals. 

( £ a desired tolerance ) 

for t E[O, a], [b, 1] (a, b mesh points ), 

then let us chop off regions [0, a] and [b, 1] and 

consider the following problem 

(3.1) x"(t) = f(t, x(t) , x'(t», a < t < b 

(3.2) x(a) = xh(a) + (h2 /12)¢h(a) 

(3.3) x(b) = Xh(b) + Ch2 /12)¢h(b) 

where possibly we have by (1.21)-(1.22) 

(3.4) I~(a) - { xhCa) + (h2 /12)¢h(a) } I « £ 

(3.5) I~(b) - { xh(b) + Ch2 /12)¢h(b) } I « £ • 

If (h2 /12)i¢h(t)i <: £ for tE[a, b] (a, b -
mesh points ), then we consider the following new problems 

on the remaining regions [0, a] and [b, 1] 

(3.6) x"(t) = f(t, x(t), x'(t», ° < t < a 

(3.7) aOx(O) - bOx' (0) = c 

° (3.8) x(a) xh(a) 
2 -= + (h 112)<Ph (a). 

(3.9) x"(t) = f(t, x (t ) , x'(t», b < t < 1 

(3.10) x(b) = xh(b) + (h2 /12)¢h(b) 

(3.11) a 1x(1) + b 1x' (1) = c 1 · 

By reducing h to h/2 and using P, we consider the 

numerical solution of the problems (3.1)-(3.3), or (3.6) 

-(3.8) and (3.9)-(3.11). The successive use of this 
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procedure will give the approximate solution xh(t) 

so that 

(3.12) 

4. Numerical Illustration 

In this section we shall consider the application 

of the above asymptotic expansions (1.30)-(1.31) to a 

posteriori improvement of spline approximations of solutions 

of two point boundary value problems. And further we 

demonstrate the chopping procedure with some numerical 

results. These results conform the theoretical accuracies 

established in previous sections. The rate of decrease 

0-of the error O(h ), where ~ is computed from the results 

from h = 1/16 to 1/32, is given in parentheses in each 

Table. 

As our examples, we choose 

Problem 1. 

x" = !( x 2 + x,2)/et 

x(O) x' (0) = 0 

x(l) + x'(l) = 2e. 

Problem 2. 

The same differential equation as in Problem 1 

subject to the boundary conditions: 

x(O) = 1, x(l) = e. 

The exact solutions of the above problems are 
t e . 
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In the following Tables, the left and right hand 

sides of ( ••• ) ~ ( ••• ) mean maxl~(k)(t.) - x (k)(t.)1 
i 1 h 1 

and max Ib(k)(t i ) - {x-h(t i ) + (h 2 /12): (t )}I k - 0 1 x 'l'h i ,-" 
i 

respectively. 

Table 4.1 

The observed maximum errors for function values. 

h 1/16 1/32 a 

* Problem 1 0.209-3 ....,. 0.343-6 0.522-4 ~ 0.213-7 2.0 ~ 

Problem 2 0.612-4 ~ 0.988-7 0.153-4 ~ 0.619-8 2.0 -t 

* we write 0.209x10-3 by 0.209-3. 

Table 4.2 

The observed maximum derivative errors. 

h 1/16 1/32 a 

Problem 1 0.158-3 ~ 0.341-6 0.464-4 ~ 0.210-7 2.0 ~ 

4.0 

4.0 

4.0 

Problem 2 0.344-3 ~ 0.865-6 0.861-4 ~ 0.529-7 2.0 ~ 4.0 

The above stated method is also applicable to the 

numerical solution of the nonlinear boundary value problem 

having the singularity at the origin : 

x"(t) + (K/t)x'(t) + f(t, x(t» = 0, 0 < t < 1 

Xl (0) = 0 and x(l) = c 1 

with K = 0, 1, or 2, respectively. 

While Theorems 1 - 3 are not assured for the above 

problem, no numerical difficulties are encountered. 

Problem 3. We treat the nonlinear problem 

x" + (2/t)x' + x5 = 0 , c1 = 13/2. 

The unique solution is 

~ = 1/11 + t 2 /3 • 
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Problem 4. Consider another nonlinear problem 

x" + (l/t)x' + exp(x) = 0, 0 < t < 1 

c 1 = o. 

The solution are ~ = 2 In[CB + 1)/(Bt2 + 1)], 

where B = 3 ± 2/3. In ·the following Table, we only 

list up numerical results for the smaller solution. 

Table 4.3 

The observed maximum errors for function values. 

h 1/16 1/32 a 

Problem 3 0.220-4 ~ 0.279-6 0.546-5 ~ 0.175-7 2.0 ~ 4.0 

Problem 4 0.491-4 ~ 0.169-7 0.123-4 ~ 0.105-8 2.0 ~ 

Table 4.4 

The observed maximum derivative errors. 

h 1/16 1/32 a 

Problem 3 0.368-4 -+ 0.372-6 0.962-5 -+ 0.229-7 2.0 ~ 4.0 

Problem 4 0.668-4 ~ 0.803-7 0.169-4 ~ 0.498-8 2.0 ~ 4.0 

Now we consider the application of chopping procedure 

to the following problems in which we take a desired 

tolerance £ = 10-4 and h = 1/32 as starting mesh sizes. 

Problem 5. First we consider the singular perturbation 

problem: 

10-4x" - x = 1, 0 < t < 1 

xCO) = x(l) = 1. 

There exists a unique solution symmetric about t = 1/2 

and having boundary layers of thickness 0.01 at t = 0 

and t = 1. 

Problem 6. 

10-4x" + Cl - !t)x' - !x = 0, 
38 
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x(O) = 0 and x(l) = 1. 

The exact solution is approximately 1/(2 - t) on (0, 1] 

-4 and has a boundary layer of thickness 10 at t o. 

Problem 7. Now we consider a real problem 

x" + { 3cotan(t) + 2tan(t) lx' + 0.7x = 0 

30° < t < 60° - -
subject to the boundary conditions 

The solution curve has a sharp spike approximately at 

30.66 0 with the magnitude of the solution at this point 

283.26· •.. 

o 
In the following Table a = 30 and N is the 

maximum number of grid points of the remaining subintervals, 

that is, we have to solve a linear system of order N + 3 

at least one time. In Problem 5, only the half of the 

interval of [0, 1] is covered because of the symmetry. 
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Table 4.5 

Remaining subintervals. 

Problem 5 Problem 6 Problem 7 
... _--f----_ ... _----_. _ .. 

[ ° 
32 

] [ 0, 32 
] [ (1 32 

] , 32 32 a, + 32)a 

[ ° 
6 ] [ 0, 64 

] [ (1 53 ] , 64 64 a, + 64)a 

[ ° 
10 

] [ 0, 128 
] [ (1 71 

] , 128 128 a, + 128)a 

[ ° 
16 

] [ 0, 
242 

] [ (1 21 
] , 256 256 a, + 256)a 

[ ° 
22 

] [ 0, 150 
] [ (1 37 ] , 512 512 a, + 512)a 

[ 3 22 
] [ 0, 82 ] [ (1 64 ] 

1024' 1024 I024 a, + 1024)a 

[ 0, 49 
] [ (1 109 

] 2048 a, + 2048)a 

[ 0, 19 
] [ (1 182 ] 4096 a, + 4096)a 

[ 0, 8 ] [ (1 290 ] 
8192 a, + 8192)a 

[ 0, 
12 

] [ (1 2 
16384 + 16384)a, 

[ 0, 17 ] (1 + 397 ] 
32768 16384)a 

[ 0, 21 
] [ (1 + 29 

65563 32768)a, 

(1 470 
+ 32768)a ] 

N 44 484 882 

From numerical results in this paper and [6], 

it is certain that collocation method and difference 

methods are almost the same in effectiveness. Since 

the coefficient matrix associatd with the former is 

of band-width three and the coefficient one associated 

with the latter is of band-width five, collocation 

method seems to be more economical than difference method. 
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On the numerical integration 

of oscillatory functions 

Hiroshi KUNISHIGE 

1. Introduction 

On the numerical integration of oscillatory functions, Euler's 

transformation is often used in the case of slow convergence. We 

have computed some examples of the numerical integration by the use 

of Euler's transformation: 

:>Q n I)() n n n+l 
L. (-1) An = L [ ( -1) D Ao / 2 ] 
n=O n=O 

where An ~ 0 , 6. is forward di fference operator. 

An = I r.n+< f( x) dx I ( n = 0,1,2,. .. ) ------ (1) 

f(x) : Oscillatory function 

X 
f1 

: n-th zero point of f(x) 
rOO 

so, we have found an elementary proof of jl) (sin x)/x dx = TT.12, 

and the sequence of functions which can be computed the exact value 

by the composite trapezoidal rule. 

2. The peculiarity of the integral of (sin x)/x on [0 ,~) 
('fYJ 

On the numerical caluculation of I = J (sin x)/x dx, it is necessary 
f) 

to compute several terms ' An ' aCGulately for computing the value I 

exactly in general, 

I,Cn-lI)f( 

An == j(sin 
h"T{ 

But the example of 

where 

x)/x dxj ( n = 0,1,2, ' .. ) -------- (2) 

the function '(sin ~)/x' ,it is known that the 
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computed value SeN) by the trapezoidal rule of division N of the 

interval [nlt,nTI+n] is equal to the exact value '1',([3J,[4J,[5]) 

where , 00 

SeN) =/fI2N + (Tr/N)L(sin kTI/N)/(kn/N) 
K=l 

F.Stenger[4] showed that the convergence of infinite sum SeN) is 

so slow that the approximation(trapezoidal rule) of this integral is 

practically useless.But by the use of the Euler's transformation, we 

could compute the exact value of the infinite sum down to 15 decimals 

with 40 terms. That is to say,in computing the values 'An' by using the 

composite trapezoidal rule of division N on the sub-interval 

[ n Tt , (n+ 1)n J , we could compute the same exact value 7r 12 of the 

integration I in spite of many different values of An , which depends 

on the number of division N of the interval [n7( , (n+1)7\] .Even in 

the simplest case N=2,we can calculate n 12 down to 15 decimals . 

Table 1. The comparison by the division N 

N 2 3 4 

A 0 \0.17853981633974480+01 0.18226368812749570+01 0.18355081232807880+01 
A 1 10.33333333333333330+00 0.38971143170299740+00 0.40910327735919730+00 
A 2 0.20000000000000000+00 0.23197109029940320+00 0.24284985478516110+00 
A 3 0.14285714285714290+00 0.16533212254066560+00 0.17296185282971670+00 
A 4 10.11111111111111110+00 0.12847629616582330+00 0.13436621847418000+00 
A 5 10.90909090909090900-01 0.10506925854737670+00 0.10987007003468640+00 

I 
A35 iO.14084507042253520-01 0.16263746341569860-01 0.17001997897309840-01 
A36 10.13698630136986300-01 0.15818145406905080-01 0.16536163771588240-01 
A37 10.13333333333333330-01 0.15396311303057730-01 0.16095176127352220-01 
A38 10.12987012987012990-01 \0.14996391924603090-01 0.15677098675899770-01 
A39 iO.12658227848101260-01 0.14616722738706160-01 :0.15280191232665340-01 

0~~cTI1.5645473O;59590650+0011.56358045001001400+00:i.56325291482980610+00 
EULER ;1.57079632679489650+0011.57079632679489630+00 i1.57079632679489640+00 

TRUE :1.57079632679489660+0011.57079632679489660+0011.57079632679489660+00 

DIRECT 
EULER 
TRUE 

. n 
Onect sum of (-1) An ( n = 0,1,2,.···,39 ) 
Value of the integration by Euler's transformation 
The true value of the integration 
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IX) 

3. The proof of l (sin x)/x dx ::7f/2 
o 

By the composite trapezoidal rule of division N on each sub-intervals 

of the lengthTI, we calculate the value as the following. 
IX) 

SeN) ::n:/2N + (TI/N)L(sin k1t/N)/(kTI/N) ---------- (3) 
ks/ 

and we have the following expression • 

I :: lim SeN) ----------- (4) 
N-+oo 

Now,we'll prove, 'the value of SeN) does not depend on the division 

N and is always equal to the constant It 12 ' , by the formula of 

trigonometric series , 

00 

L (sin kx)/k :: (n - x)/2, 
k::l 

for 0 < x < 2TI ------- (5) 

So it is easy to prove ' 5 (N) :: Tt 12 ,for any integer N l, 2' • 

I :: lim SeN) :: Tr 12 
N-+oo 

00 

4. About the proof of the ) (sin x)/x dx :: It 12 
00 0 

Several proof of ' l (sin x)/x dx ::TL/2' were discussed by 
o 

G.H.Hardy [2J. 

o 

The marks of the proof by G.H.Hardy depend mainly on the exchange 

of two limits,--the double limit problems. But in our proof,we use 

the formula (5). Abel's continuity theorem on the complex power 

series may be used to prove the formula (5). 

Moreover, substituting I x = It IN I in the formula (5), we got the 

expression below . 
()O 

L (sin k( 11: IN) )/k = (n -1t IN)/2 
k=l 

---------- (7) 

And this formla (7) is quite the same as the calculation of the 
00 

integration I = ) (sin x)/x dx by the composite trapezoidal rule of 
o 

division N on the sub-interval of the lengthTI. 
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5. Expansion of our proof 

Now we will compare two forms below, 
00 

I =~ (sin x)/x dx and trigonometric series 
o 00 

L (sin nx)/n = (n -x)/2, 
n=l 

( 0 < x < 2 It) which corresponds to I 
00 

We will write In =} Fn(x) dx by n-times integrating I by parts, 
o 

n-l n 
and Fn= (L sin x)1 x en = 1,2;··) ,where 

L integration operator 

i.e. L f(x) = r f(x) dx, 
o 

o 
L f(x) = f(x) 

Sn is defined as a calculated value of In by composite trapezoidal 

rule of step size 'h' (0 < h < n ). 

Then we find a result as the following. 

, Sn does not depend on h and is equal to In exactly , 

[proof] 

(i) We discuss'the trigonometric series (1) which corresponds 
rOO 

to I = j (sin x)/x dx 
r) 

L ~sin jx)/j = (n - x)/2 
j=l 

( 0 < x < 2Tt) ------- (8) 

'he left side member of the formula (8) converges uniformly, 

so we can repeat termwise integration (n-l) times on (8) 

n-1 00 00 n-l n 
L (I: (sin jt)/ j) = L [L sin x I j]1 = 

n-l 
L [(rt - x)l2] 

j=l j=1 ~=jt 

So we find the formula (9), 

'Xl n-l n n-l n 
L [L sin xl j] = 7I -t 12(1'1-1)! - t I 2· n! ------ (9) 
j=l lx=jt 

Remark: The formula(9) is ,what we call,equivallent formula of In. 
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(ii) 
00 

Sn = h/2 Fn(O)+ h L F(jh) 
j=1 

I-n 00 n-l 
= h/2 Fn(O)+ h L [L sin 

j=1 

and 
Fn(O) = 1 1 n! 

n 
x JI j ! 

~=jh 

(ll ) 

from (9),(10),(11), we find (12). 

I-n n-l 
Sn = h/2·n! + h [~·h 12 (n-l)! - h/2 n!J 

= Tr I 2 (n-l)! --------------- (12) 

---------- (10) 

(iii) Expression (9) is regarded as a function of variable h, 

Sn ::::Sn(h) . 

In = lim Sn(h) =T(I 2'(n-l)! 
h-.. 0 

Hence,Sn is independent of h and equal to In. 

In = Sn =1t/2·(n-l)! ( n = 1,2,3,····) 

Table 2. Example of Functions 

n 

1 

2 

4 

Fn(x) 

( sin x )/x 

(I-cos x)/x1 

(x-sin x) I/J 

Series 

·Xl 

[ (sin kx) Ik= (TI -x) 12 
k:1 

~ 1 n '2. L (I-cos kx)/k= - x - ~x 
Kel 2 4-

L (kx-sin kx) Ik3= 7t+ XL _ -'--x3 
/(=,1 1'2-
f"ll'l- 4 n J /Q 
L (1 k x -l+cos kx)/k= -' x --"-x 
k:1 12 4-)? 
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But to our regret ,if the number'n' is not less than 3,the function 

Fn(x) is no longer oscillatory ,however, 'In' is equal to 'Sn'exactly. 

And then,the method of the Euler's transformation can't be applicable 

to non-alternating series. It is true the property that the computed 

value by the trapezoidal rule does not depend on step size 'h' and 

is equal to the exact value,is interesting,but those examples need so 

much computational quantity that the trapezoidal rule is practically 

useless. 

6. Conclusion 

So far as calculating the integration, 
_CoO 

I =) (sin x)/x dx by the o 
composite trapezoidal rule of division N on sub-intervals , there is 

a peculiarity that we could compute 1t 12 for any positive integer N 

(N)l). So we have come to the conclusion that the function'(sin x)/x' 

is inappropriate for the test function of formulae of numerical 

integration, and we must pay attention to this point . 

Secondly,the sequence of functions which are generated by n-times 

integrating'(sin x)/x 'by parts,have the property that the computed 

values by the trapezoidal rule don't depend on step size h and are 

equal to their exact values . But 'n' is not less than 3, these 

functions are no longer oscillatory. And then, we can't make use of 

Euler's transformation. So,it is difficult to satisfy the prescribed 

precision by the trapeziodal rule.And we should compute these values 

by the other formulae. 
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Certain classification for non-isomorphic solutions of 2-design 

Hironori Hirata 

Abstract 

We introduce a new mapping (HS-transformation) on a 2-

design. Theorem 1 plays a fundamental role for this investiga

tion in which we attempted to classify 2-designs having the 

same parameters. In order to decide whether 2-designs are 

isomorhpic, we developed a criterion (Corollary 1) by the 

use of HS-transformations. When the Steiner system has HS_ 

transformations it shows s=1 and the design is a Steiner 

triple system (Theorem 3). If the design is symmetrical, 

its HS-transformation will have remarkable features 

(cf. Theorems 4 and 5). 

In general, it is difficult to classify 2-designs by 

HS-transformations, however, we produced six examples (two 

of which are symmetrical) which will decide a class including 

one design. Some of the designs have not been fully reported 

previously. 
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1. Characteristics of HS-transformations 

Theorem 1. If we let pOints of a 2-design D be 1,2, .•• ,v, 

and if we assume as below 

1 1 
c 1 ,···,cn ' 

2 2 
c 1 ,···,cn ' 

3 3 
c 1 ,···,cn ' 

B 4 ( a 1 ' • • • , ap , 
4 4 

c 1 ,···,cn ' 

where p 2! 0, m ~ 1, n ~ 1, s ~ 1, p+m+n+s=k and - - - -
1 3 2 4 . (i=1,2, ••. ,m), cj=c j , cj=c j (J=1,2, •.. ,n), 

(1=1,2, .•• ,s), (the intersections of the four blocks are 

substitute B1,B2,B3,B4 as below 

B~ (a1 ' ••• , a p , 
1 1 b 1 ,···,bm, 1 1 

c 1 ,···,cn ' 
2 2 d1 ,···,ds ) 

B~ ( a 1 ' ••• , a p , 
2 2 

b 1 ,···,bm, 
2 2 

c 1 ,···,cn ' 
1 1 d 1 ,···,ds ) 

B~ ( a 1 ' ••• , a p , 
3 3 

b 1 ,···,bm, 3 3 
c 1 ,···,cn ' 

4 4 d1 ,···,ds ) 

B~(a1' •.. ,ap ' 
4 4 

b 1 ,···,bm, 4 4 
c 1 ,···,cn ' 

3 3 d1 ,···,ds ) 

This new incidence structure D' will turn out also to be 

a 2-design. 

Proof. It is sufficient that the inner product of two 

row vectors of M(D') (M(D') is an incidence matrix of D') 

is A. If the cardinality of row vectors which include d~th-row 
1 

and d~th-row (i=1,2, ••• ,s) is 0,1,2, then the inner product 
1 

is A respectively. 

We shall denote this transformation as below (up to iso-

morphism) • 

1 234 2 1 4 3 
a 1 •.. ds ' a 1 ··· ds ' a 1 •·· ds ' a 1 ••• d s I D' 

or more briefly 

1 2 3 4 I D' 
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We call the mapping of Theorem 1 an HS-transformation. 

s Furthermore, if it is D ~ D' we can call ita proper H -trans-

formation, and if it is D ~ D' we can call it an identity 

HS-transformation. We shall represent image D' of D by HS_ 

transformation as as Da s • I f 1 H s as, ........ s', s=, , , ...., [D]s will 

only show H, a, rv, [D] • If D has HS -transformations and 

the cardinalities of images D1 ,D2 , ••• ,D I by these transforma

tions are n 1 ,n2 , ... ,nl respectively (up to isomorphism) we 

will denote as below. 

S 
D/"CI n 1 D1 +n2D2 +· .• +nl Dl 

From the definition of HS-transformation we get immediately 

Corollary 1,2,3. 

Corollary 1. Suppose we have D~ D', then the images of 

D by HS-transformation will coincide with those of D' by 

HS-transformation (up to isomorphism). In particular the 

cardinality of the images of D is equal to that of images 

of D' • 

Corollary 2. If there exists an HS-transformation from 

blocks Bi of D to Bi of D', then a mapping from Bi of D' 

to Bi of D is also an HS-transformation. 

Corollary 3. If a design D has an HS-transformation S 
a , 

then its comlementary design DC has a corresponding HS-trans

formation (this transformation and its image are also denoted 

by as and DCa s ), and (Das)cg:Dcas holds. If as is a proper 

HS-transformation, then as of DC is also proper. 

Using Corollary 3, we have Theorem 2. 

Theorem 2. 
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Note that Theorem 2 is particularly useful in the case 

of v=2k.and that it serves to self-complementary D as well. 

An HS-transformation of Theorem 1 means Hm-transformation 

or an Hn-transformation. These transformations are called 

conjugates of each other. If an Hm-transformation or Hn-trans

formation is a conjugate to an HS-transformation as it is 

represented am or an. 

From assumption of Theorem 1, 1 ~ s ~ k-2 is clearly found 

and the next follows. 

Corollary 4. If D has an HS-transformation as (s=k-2 

or k-3), then D has a conjugate H-transformation~. 

When A=l, we have following. 

Theorem 3. If a Steiner system S(2,v,k) has HS-trans

formations, then s=l and k=3. 

Proof. If S has an HS-transformation of Theorem 1, the 

cardinality of the intersection of two blocks is 0 or 1 as 

A=l. Therefore p=O, m=n=s=l and k=3. 

Example 1. Let v=6, k=3, b=10, r=5, A=2 and 

D: B1 (123), B2 (126), B3 (134), B4 (145), B5 (156), B6 (235), 

B7 (245), B8 (246), B9 (346), B10 (356) 

H-transformation of D 

148-10 124 135 236 456 D 

1579 125 136 234 456 D 

237·10 124 136 256 345 D 

2469 125 146 236 345 D 

3568 135 146 234 256 D 

therefore DA.l5D 
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2. HS-transformation of symmetrical designs 

Lemma. If a design D(v,k,A) with k~ ~ is symmetrical, 

then v:f=. 2k and k ~ 2A+1. 

Proof. Since D is symmetrical, it follows k(k-1)=A(v-1). 

k(k-1) Suppose v=2k then A- 2k-1 is not an integer. We can 

assume v ~ 2k+1, and so 2A+1= 2k(k-1) 
v-1 + 1 ~ k 

Theorem 4. If a symmetrical design D(v,k,A) has HS-trans-

formations of Theorem 1, then m=n=s and 2s=k-A 

Proof. Any inner product of column vectors of M(D) is 

also A. By counting in the inner product of the 1st column 

vector and the 2nd one , and that of the 1st column vector 

and the 3rd one, and that of the 1st column vector and the 

4th one respectively, we obtain A=p+m=p+n=p+s, therefore 

m=n=s and k-A=2s. 

Theorem 5. 

(1 ) For any given value of s, there exist finitely many 

symmetrical designs with k<' ~ having HS-transformations. 

(2) If a symmetrical design D (v,k,A) with v s 
k < 2 has H -

transformations, the following table follows: 

s v k A S v k A 

1 7 3 1 6 47 23 11 

2 16 6 2 7 55 27 13 

2 15 7 3 8 66 26 10 

3 25 9 3 8 64 28 12 

3 23 11 5 8 70 24 8 

4 31 15 7 8 63 31 15 

5 41 16 6 9 71 35 17 

5 39 19 9 
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Proof. 

(1) From Lemma and Theorem 4 make 2A+1~ A+2s so 

s ~ A ~ 2s-1 1) 

Then the number of A with any given value of s is finite 

and so there are finitely many symmetrical designs with 

HS-transformations. 

(2) Let s=1 then A=1 from D , hence k=3, v=7. Let s=2 

then k=6,v=16 in case A=2j or k=7, v=15 in case A=3, and 

so on. Thus the table required follows. 

Example 2. If a symmetrical design D(v,k,A) has H-trans

formations, then from Theorem 5(2), v=7, k=3, A=1. A design 

D(7,3,1) has three identical H-transformations, thus a 

symmetrical design doesn't have proper H-transformations. 
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3. Classification of 2-designs 

Let 0 1 be an image of 0 by an HS-transformation, O2 be 

an image of 0 1 by an HS-transformation, ••••• , Dl be an image 

of 0 1_ 1 by an HS-transformation, then we can define that 

Dl stands in the same class as O. Thus it is possible to 

classify non-isomorphic 2-designs having the same parameters. 

s . s 
This class can be called H class and we describe [0] the 

class which D belong to. 

Example 3. Let v=8, k=4, b=14, r=7, A=3 and 

DO: B1 (1234), B2 (1256), B3 (1278), B4 (1357), B5 (1368), B6 (1458), 

B7 (1467), B8 (2358), Bg (2367), B10 (2457), B11 (2468), B12 (3456), 

B13 (3478), B14 (5678) 

04 : B1 (1234), B2 (1257), B3 (1268), B4 (1356), B5 (1378), B6 (1458), 

B7 (1467), B8 (2358), Bg (2367), B10 (2457), B11 (2468), B12 (3456), 

B13 (3478), B14 (5678) 

06 : B1 (1234), B2 (1258), B3 (1267), B4 (1356), B5 (1378), B6 (1458), 

B7 (1467), B8 (2357), Bg (2368), B10 (2457), B11 (2468), B12 (3456), 

B13 (3478), B14 (5678) 

D7 : B1 (1234), B2 (1238), B3 (1267), B4 (1356), B5 (1458), B6 (1467), 

B7 (1578), B8 (2357), Bg (2457), B10 (2468), B11 (2568), B12 (3456), 

B13 (3478), B14 (3678) 

These deSigns are non-isomorphic of each other, because 

the cardinalities of the inner product are 0,4,6,7, respective-

ly, in case the inner product of column vectors at the inci-

dence matrix is three. Furthermore these deSigns are all 

self-complementary. Thus the next table follows: 
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H-transformat1ons of DO 

1247 1235 

126'11 1235 

1256 1236 

129·10 1236 

1346 1237 

13 0 .11 1237 

13S7 1238 

138'10 1238 

148'13 1235 

149'12 1237 
159·13 1236 

158·12 1238 

16·10·13 I 1245 

16·11'.12 I 1248 

17·11·1311246 

17·10'121 1247· 

2345 I 1257 

23·10'11 1257 

2367 1258 

2389 1258 

24'10'121 1257 

248 ·14 1 1235 

25'11'12 1268 

259'14 1236 

268·12 1258 

26·10·14 1245 

279'12 1267 

27·11'14 1246 

34·10·13 1257 

349·14 1237 

35·11· 13 1268 

358· 14 1238 

368'13 1258 

36'11' 14 1248 

379'13 1267 

37·10'14 1247 
4567 I 1358 

4589 1358 

45·12'13 1356 

468' 10 1358 

46·12·14 1345 

479'10 1367 

47·13'14 1347 

568'11 1358 

56'13'14 1348 

579·11 1367 

57'12'14 1346 

67·10·11 1457 

67'12'13 1456 

89·10·11 2357 

89·12·13 2356 

8·10'12'1412345 

8·11· 13'1412348 

9·10'13 '1412347 

9 ·11 . 12 . 14 12346 

10'11'12'1312456 

1246 

1245 

1245 

1248 

1248 

1247 

1247 

1347 

1345 

1348 

1346 

1348 

1345 

1347 

1346 

1268 

1268 

1267 

1267 

1356 

1567 

1356 

1568 

1456 

1568 

1456 

1567 

1378 

157~ 

1378 

1678 

1478 

1578 

1478 

1678 

1367 

1367 

1378 

1457 

1578 

1457 

1567 

1468 

1568 

1468 

1678 

1468 

1478 

2368 

2378 

2578 

2568 

2567 

2678 
2478 

1347 

2348 

1348 

2347 

1345 

2346 

1346 

2345 

2348 

2346 

2347 

2345 

2347 

2346 

2348 

2345 

1356 

2456 

1456 

2356 

2456 

2568 

2456 

2567 

2356 

2567 

2356 

2568 

2478 

2678 

2478 

2578 

2378 

2678 

2378 

2578 

1457 

2357 

3457 

2357 

3567 

2357 

3578 

2368 

3678 

2368 

3568 

2458 

3458 

2458 

3458 

3568 

3578 

3678 

3567 

3457 

1567 

2568 

1568 

2567 

1578 

2678 

1678 

2578 

3578 

3567 

3678 

3568 

4578 

4568 

4678 

4567 

1378 

2478 

1478 

2378 

3457 

3578 

3468 

3678 

3458 

4578 

3467 

4678 

3457 

3567 

3468 

3566 

3458 

4568 

3467 

4567 

1468 

2368 

3468 

2458 

4568 

2467 

4678 

2458 

4578 

2467 

4567 

2467 

3467 

2467 

3467 

4567 

4678 

4578 

4568 

3468 
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H-transtormatlons of 04 

1247 1235 

1256 1237 

1346 1236 

1357 1238 

16.10.13 1245 

16·11·12 1248 

17'10'12 1247 

17·11'13 1246 

2345 1256 

23'12'13 1256 

2367 1258 

2389 1258 

24·11'13 1267 

248 ·14 1235 

25'11-12 1278 

259·14 1237 

34'10'13 1256 

349·14 1236 

35'10-12 1278 

358'14 1238 

45·10·11 1357 

4567 1358 

4589 1358 

67·10·11 1457 

67·12'13 1456 

89 '10: 11 I 2357 

89·12'13 2356 

8'10·12·1412345 

8·11·13'1412348 

9'10'13'1412347 

9 ·11'12·1412346 

10·11'12'1312456 

H-transformatlone of 0 6 

16·10'13 1245 

16'11'12 1248 

17'11"'13 1246 

17·10'12 1247 

2389 1257 

23·10·11 1257 

2345 1256 

23·12·13 1256 

248'14 1235 

259·14 1238 

349'14 1236 

358·14 1237 

4589 1357 

45'10·11 1357 
4567 . 1358 

89·12·13 2356 

10·11·12'1312456 

6789 I 1457 

67·10·11 1 1457 

67'12'13 1456 

H-transformatlons or 0 7 

159·13 1245 

15·10'12 1248 

16·10-13 1246 

169·12 1247 

238·11 1237 

2347 1236 

248.14 1235 

27'11'14 1258 

34'11'14 1256 

378·14 1257 

478·11 1357 

569 ·10 1457 

56·12'13 1456 

9·10'12'1312456 

1247 
1245 

1248 

1246 

1348 

1345 

1346 

1347 

1278 

1278 

1267 

1267 

1357 

1567 

1357 

1578 

1368 

1568 

1368 

1678 

1368 

1367 

1367 

1468 

1478 

2368 

2378 

2578 

2568 

2567 

2678 

2478 

1348 

1345 

1347 

1346 

1268 

1268 

1278 

1278 

1568 

1578 

1567 

1678 

1368 

1368 

1367 

2378 

2478 

1468 

1468 

1478 

1348 

1345 

1347 

1346 

1268 
1278 

1368 

1378 

1367 
1678 

1568 

1468 

1478 
2478" 

1345 
1348 
1345 

1347 

2347 

2346 

2345 

2348 

1357 

3457 

1457 

2357 

2478 

2578 
2456 

2567 

2478 

2678 

2456 

2568 

2456 

1456 

2356 

2458 

3458 

2458 

3458 

3568 

3578 

3678 

3567 
3457 

2347 

2346 

2348 

2345 

2358 

2458 

1358 

3458 

2578 

2568 

2678 

2567 

2356 

2456 

1456 

3457 

3457 

2358 

2458 

3458 

2347 

2346 

2348 

2345 

2358 

1358 

2378 

2368 

2678 

2367 

2356 
2458 

3458 

3457 

1567 

1578 

1568 

108 

4578 

4558 

45b7 

4678 

1368 

3468 

1458 

2368 

3458 

3568 
3458 

3678 

3457 

3567 

3457 

3578 

2478 

1478 

2378 

2467 

3457 

2467 

3467 

4557 

4678 

4578 

4568 

3468 

4578 

4568 

4678 

4557 

2367 

2467 

1367 

3467 

3567 

3678 

3568 

3578 

2378 

2478 

1478 

3468 

3468 

2367 

2467 

3467 

4578 

4568 

4678 

4567 

2567 

1567 

3567 

5678 

3568 
3578 
2578 

2467 

3467 

3468 



therefore 
D~56D4, D1v2DO+6D4 +24D6 , 

And [DO)= ~0,D4,D6,D7} 

In these designs, D4 

That is, 

has six identity 

D4r66D4 , D6~3D6 and 

And 

D6 three. 
[Di)2;'{Di} (i=0,4,6,7) 

H2-transformations 

Example 4. L~t v=9. k .. 4, b=lB, r ... e. h,3 and H-transformations of 0 4 

DO: 81 (1234), 8 2 (1257), 8 3 (1266), 8 4 (1356), B5 (1379), [,6(1469), 

6 7(1476), 88 (1589), 8 9 (2358), B 10 (2369), B11 (2459), 8 12 (2467), 

813 (2789), 8 14(3457), BI5 (3489), B16 (3676), B17 (4568), B18 (5679) 

D4: B1 (1234), B2 (1239), B3 (1278), B4 (1356), B5(1457), B6 (1468), 

8 7 (1569), B8 (1679), B9 (2357), 8 10(2467), 8 11 (2469), B12 (2566), 

8 13 (2569), 8 14 (3458), 815(3469), 816 (3678), 817(3789), 818 (4579) 

D~: B1 (1234), 8 2 (1239), B3 (1256), 8 4 (1368), B5 (1458), 86 (1467), 

B7 (1579), 88 (1789), B9 (2357), B10(2458), 811 (2479), BI2 (2678), 

8 13 (2689), BI4 (3469), BI5 (3478), B16 (3567), BI7 (3589), B18 (4569) 

D~: B1 (1234), 82 (1239), B3 (1256), B4 (1368), B5(1459), B6 (1467), 

8 7 (1578), B8 (1789), 8 9 (2378), 8 10(2458), 8 11 (2467), B12 (2579), 

8 13 (2669), BI4(3456), 8 15 (3479), 8 16 (3567), BI7 (3569), 8 18 (4689) 

D7 : Bl (1234), B2 (1239), B3 (1268), B4 (1356), B5 (1458), B6 (1467), 

B7 (1579), 88 (1789), B9 (2378), B10(2457), 811 (2459),_812 (2568), 

8 13 (2679), BI4 (3469), 8 15 (3478), 8 16 (3567), BI7 (3589), 8 18 (4689) 

D~: B1 (1234), B2 (1268), B3 (1269), B4 (1356), B5(1379), B6 (1458), 

B7 (1478), B8 (1579), 89 (2357), B10(2378), B11 (2459), 812 (2467), 

813 (2589), 8 14 (3456), 815(3489), 816 (3689), 817 (4679), B18 (5678) 

o~: Bl (1234), 8 2 (1256), B3 (1268), B4 (1357), 8 5(1369), B6 (1478), 

8 7 (1489), B8 (1579), B9 (2378), 8 10(2379), B11 (2459), B12 (2467), 

B13 (2589), 814 (3456), BI5 (3458), B16 (3689), B17 (4679)', B18 (5678) 

D~: Bl (1234), 8 2 (1256), B3 (1259), 8 4 (1378), B5 (1379), B6 (1457), 

B7 (1468), 88 (1689), B9 (2358), B10(2367), 811 (2478), BI2 (2489), 

8 13 (2679), 8 14 (3456), BI5 (3469), B16 (3589), 817 (4579), B18 (5678) 

D9: B1 (1234), 8 2 (1239), B3 (1268), B4 (1356), B5 (1458), B6 (1479), 

8 7 (1579), B6 (1678), 69 (2378), B10(2457), Bll (2467), BI2 (2569), 

BI3 (2589), 8 14 (3458), 8 15 (3469), 8 16 (3567), BI7 (3789), BI8 (4669) 

"15-12-16 1245 1347 2368 567e 

H-transCormations of D° 

"12'16-17 1237 

"16·13'16 1249 

-lS'10-17 1239 

·18·13'1": 13~5 

"26-10'14 1457 

"26-13-17 1279 

"26'10-16 1259 

"34'11-15 1256 

"359-18 1236 

"35'12-15 1267 

"37·11'18 1248 

"45'11'12 1359 

"479'12 1356 

"47-15-16 1567 

"579'11 1376 

"68-14-16 1459 

"9-12-15·18 2348 

"10-13·14'1712379 

1245 

1346 

1458 

1289 

1269 
1456 

1578 

1368 

1679 

1389 

1678 

1367 

1467 

1348 

1479 

1689 

2567 

2689 

3468 

2378 

2346 

5789 

3469 
2578 

2367 

2489 

2568 

2468 

2569 
2456 

2356 

4789 

2359 

3467 

3589 

3456 

5678 

6789 

56B9 

2347 

2357 
4689 

3689 
3459 

3579 

3479 

4579 

2479 

2478 

3569 

2458 
3578 

4679 

4578 
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16-11-15 1248 

"17-12-15 1349 

"18'11-16 1249 

"23-14-18 1238 

"24-10-18 1236 

"26-10-17 1389 

"26-13-14 1269 

"34'10-14 1267 

"34-13-17 1378 

.36-13-18 1268 

"46-17-18 1368 

5678 1458 

"57-15-16 1459 

"58-11-12 1479 

67-11-12 1489 

68-15'16 1469 

"10-13-14-1712456 

H-transformationa of D~ 

1345 1236 

"15-12·16 1248 

16-11-14 1247 

"18-12-14 1349 

·24-10·18 1238 

·269-18 1237 

"26-13-15 1269 

"27-10-15 1259 

34-12'16 1268 

"469-10. 1367 

·479 -_13 1689 

"47-15· 18 1378 

58-15-17 1478 

·67-10-13 1457 

68-11-12 1479 

"9-13-15-18 1 2378 

14'15-16-171 3467 

1346 

1258 

1367 

1279 

1359 

1246 

1348 

1358 

1256 

1478 

1456 

1467 

1578 

1567 

1568 

1678 

2679 

1245 

1345 

1346 

1278 

1369 

1469 

1347 

1379 

2349 

5689 

2348 

3459 

2479 

4678 

2359 

2478 

3569 

2579 

3579 

1579 

3467 

2458 

2468 

3468 

3478 

1348 

2367 

2349 

6789 

2459 

2359 

2389 

2348 

1356 2567 

1468 2358 

1357 2579 

1569 3468 

1578 3456 

1589 3458 

1679 2468 

1678 2467 

2569 3457 

3489 3569 

4699 

2346 

2789 

4578 

4567 

2379 

4568 

3456 

2789 

4569 

4789 

1689 

3689 

2689 

2589 

3679 

3589 

1568 

5678 

4679 

2346 

4568 

4567 

4678 

4578 

3678 D7 

2457 D~ 

2368 D7 

4579 O~ 
3679 I- D4 

3789 0 7 

2589 0 7 

2789 D7 

4689 0 7 

3578 0 7 



H-transtormatlons ot 0: 
°16'12·17 1247 

°18·12'14 1348 

°23'14'18 1235 

°25'11·16 1249 

25·12·15 1259 

°269'18 1237 

°27·10'15 1379 

°27·13·16 1289 

34·13'17 1268 

°369'14 1267 

°389·17 1569 

489·13 1378 

57·10·12 1458 

°57'11·13 1457 

°68·14·17 1478 

10·11·12·1312457 

°10'13'15'16 12489 

11'12·15·1612479 

H-transtormat1ons of D' 
1345 

15·10'15 

°18'10'17 

239 ·13 

°25·12'14 

°269'18 

°26·11'16 

°28 '12 ·16 

°34·10'15 

36'13'18 

°37·10·18 

°47·15·18 

°58·14·16 

58·15·17 

67·10·13 

°68 ·11'12 

1236 

1245 

1247 

1238 

1349 

1237 

1249 

1289 

1256 

1267 

1689 

1357 

1489 

1478 

1457 

1479 

°9·11·16·18 12357 

14'15'16·171 3467 

H-transformations of D~ 

1246 1236 

12·10'12 1238 

1!·10·15 1237 

16·11·15 1245 

°25'12·15 1267 

°279·14 1?78 

°289·16 1689 

°37·11·18 1249 

38'11·17 1259 

°45'11'12 1359 

°46'10·12 1358 

°56'10'11 1378 

°78·14·16 1457 

78·17·18 1479 

°10·13'14'1712358 

10·13·16·18 I 2389 

14'16·17'1813469 

1346 

1279 

1269 

1359 

1349 

1469 

1258 

1357 

1356 

1456 

1278 

1689 

1579 

1589 

1679 

2468 

2568 

2567 

1248 

1348 

1389 

1269 

1258 

1469 

1367 

1379 

1368 

1468 

1257 

1569 

1578 

1589 

1679 

1678 

2489 

3489 

1248 

1246 

1349 

1348 

1368 

1389 

1468 

1257 

1678 

1679 

1367 

1456 

1459 

1789 

1578 

2789 

2578 

3568 

2359 

5789 

3489 

2367 

2379 

2389 

4578 

2369 

2569 

2358 

3789 

2368 

2459 

2469 

3456 

2589 

3457 

3467 

1345 

2347 

2345 

2379 

4568 

2389 

2359 

2356 

2478 

2689 

4579 

3468 

3456 

3458 

2467 

2456 

3678 

3569 

1345 

2347 

2348 

2349 

2489 

2468 

2356 

3579 

2569 

2469 

2456 

2367 

2379 

3468 

4678 

3467 

3678 

4567 

5679 

2345 

4568 

4567 

4579 

4678 

2349 

5678 

3689 '1 

3478 

2356 

2789 '1 

2578 I 

2678 

3589 

2679 

3679 

3579 

1568 

4578 

5789 

2678 

2369 

4678 

4567 

5678 

3457 

4679 

2468 

4789 

D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 

3679 

3789 

2579 

2589 

4569 

3578 

I· D~ 
D~ 
D~ 
D~ 
D~ 
D~ 

1568 

2678 

3789 

4589 

3459 

3479 

3457 

2368 

4578 

4579 

2479 

2478 

2458 

3569 

5679 

4569 

5689 

6789 

58 

H-transformat1ons ot D: 
1351 1236 

139'12 1238 

149'15 1237 

17'11'15 1249 

°269·14 1456 

°26·13·17 1258 

°289·16 1257 

28·13·18 1259 

°34·12·15 1267 

035'11'15 1269 

°45·11·12 1359 

°479'11 1378 

°579·12 1389 

°68·14 16 1457 

68·17·18 1479 

°9·13'14·17 2358 

9'13·16'18 12389 

14·16'17·1813469 

H-transformat1ons of D~ 

1356 1239 

139·12 1235 

15·10·15 1237 

17'12'15 1248 

°24'11'14 1356 

°24'13'16 1267 

°28'11'17 1268 

28'13·18 1269 

°36'10'15 1257 

°379·15 1258 

°48'1~'17 1368 

48·16·18 1389 

°569·12 1357 

°57· 10·12 1367 

°679'10 1458 

°11·13·14'1612467 

11-13'17-1812479 

14'16,17-1813459 

H-transformations ot D9 

1345 1236 

139·11 1238 

°14-13·18 1235 

16'11-15 1247 

°16·12'16 1249 

025-10-17 1389 

27'13-17 1259 

028'13-16 1289 

35-13-18 1258 

°369·15 1278 

°37·10-18 1689 

'459-11 1358 

57-10'13 1457 

°78·14-15 1578 

78-16-17 1567 

011-12-14·1712456 

11-12-15·1612469 

14-15'16-1713456 

1248 

1246 

1345 

1348 

1278 

1467 

1569 

1567 

1358 

1368 

1367 

1459 

1469 

1789 

1578 

2789 

2578 

3568 

1245 

1249 

1349 

1346 

1278 

1358 

1569 

1568 

1459 

1469 

1789 

1678 

1479 

1489 

1467 

2789 

2678 

3568 

1248 

1246 

1346 

1349 

1347 

1245 

1379 

1367 

1468 

1469 

1257 

1456 

1589 

1679 

1789 

2679 

2567 

3489 

1349 1689 

2347 2678 

234~ 3578 

2345 4589 

3478 2356 

2569 4789 

2368 3789 

2568 5789 

2468 3457 

20458 3459 

2457 2469 

2357 2489 

2367 2478' 1 

3468 3569 

4678 - 5679 

3467 4569 

3678 5689 

4567 6789 

1347 

2348 

2346 

2349 

3478 

2569 

2457 

2567 

2369 

2359 

3457 

1579 

2589 

3679 

4689 

2456 

3789 

4789 

6789 

3467 

3468 

04569 

D~ 
D: 
D: 
D~ 
D4 

D~ 
D~ 
D~ 
D~ 
D~ 
D: 

3578 

2389 

2379 

5689 

2458 

2468 

1 D~ 
I· D~ 

D~ 
2357 

3458 

4578 

4567 

1345 

2347 

2489 

2346 

2356 

4578 

2389 

2359 

2689 

2368 

4579 

2367 

2458 

3459 

3579 

3478 

3467 

3578 

2368 

3569 

5679 

5789 

1568 

2678 

5689 

4679 

5679 

2379 

5789 

5678 

4589 

3479 

2468 

2478 

2579 

3468 

3678 

3589 

3569 

3679 

D4 

D~ 
D~ 
D~ 

D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 
D~ 

I- D~ 

D~ 
D~ 
D~ 
D~ 



therefore 

DO~18D4, D1vDO+4D~+12D~+D~, D~~3D4+12D7+3D~, D~~3D4+12D7+3D~, 
7 G 6 8 8 7 8 9 866 8 8 D rv2D 1 +6D 2+.10D1 , D1",,10D +6D 2+2D , D2""Dl +3D2+12D1 +2D3 , 

D~~2D4+16D~, D9~18D~ 

In case of *, an H-transformatlon has a conjugate H2-trans-

formation, therefore 

D°r618D4 , D4~DO+4D~+8D~+D~, D~~3D4+6D7+3D~, D~~2D4+8D7+2D~, 
726 6 8 8? 7 8 9 826 6 8 8 

D ~D1+4D2+6D1' Dl~6D +3D2+D , D2~D1+2D2+6Dl+D3' 

D~~2D4+80~, D9r39D~ 
And [DOJs-{DO D4 D6 D6 D7 8 8 8 9 ( ) - , , 1 ' 2 ' ,01 , D 2' D 3 t D }, s= 1 , 2 

Example 5. Let v=10, k=4, b=15, r=6, A=2 ana 

D1: B1 (0123), B2 (0145), R~(0268), B4 (0379), B_(0489), B_(0567), 
~. ~ 0 

B7 (1279), B8 (1368), B9 (1467), B10 (1589), Bll (2345), B12 (2469), 

B13 (257S), B14 (3478), B15 (3569) 

0 2 : B1 (0123), B2 (0145), B3 (0268), B4 (0379), B5 (0489), B6 (0567), 

B7 (1247), BS (1368), B9 (1589), B10 (1679), B11 (2359), B12 (2469), 

B13 (2578), B14 (3456), B15 (3478) 

D3: B1 (0123), B2 (0145), B3 (0268), B4 (0367), B5 (0489), B6 (0579), 

B7 (1247), B8 (1389), B9 (1568), B10 (1679), B11 (2359), B12 (2469), 

B13 (2578), B14 (3456), B15 (3478) 
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H-transtormatlons ot Dl 

12-12-15 

12-13-14 

139·14 

13'10'15 

149·12 

157'14 

158·12 

15'10'11 

167·1S 

168·13 

169·11 

23-10'12 

247'11 

249·1S 

24'10-14 

2S7-13 

258 -IS 

267 ·12 

268·14 

3478 

34-12'14 

34-13'IS 

3579 

35-11-15 

367·10 

36-11-14 

4589 

45'11-13 

468 -10 

46-11'12 

569 -10 

56-12-13 

56-14 -IS 

78-12-14 

78'13'15 

79 '11-15 

7-10,11'14 

89·11'13 

8-10'11'12 

9·10·12'13 

9 ·10 ·14'15 

12·13'14'15 

0124 0135 236q A569 

0125 0134 2378 4578 

0126 0238 13~7 4&78 

0128 0236 1359 5689 

0137 0239 1246 4&79 

0139 0237 1258 5789 

0129 0348 1237 4789 

0138 0249 1236 4689 

0234 0189 4589 1235 

0127 0356 1239 5679 

0136 0257 1238 5678 

0235 0167 4567 1234 

0146 0258 1457 2678 

0245 0168 2368 1345 

0158 0246 1459 2689 

0345 0179 2379 1245 

0147 0359 1456 3679 

0159 0347 1458 3789 

0149 0458 1257 2789 

0148 0459 1356 3689 

0157 0456 1249 2679 

0156 0457 1348 3678 

0368 0279 1379 1268 

0269 0378 2468 3A79 

0278 0369 2568 3579 

0289 0468 1267 1479 

0248 0689 2356 3459 

0267 0568 1289 1579 

0256 0678 2348 3457 

0389 0479 1367 1468 

0349 0789 2357 2458 

0367 0579 1389 1568 

0357 0679 2349 2456 

0589 0467 1567 1489 

0469 0578 2489 2567 

0478 0569 3489 3567 

1269 1378 2479 3468 

1278 1369 2579 3568 

1247 1679 2359 3456 

1259 1789 2347 3458 

1346 1678 2358 2457 

1358 1689 2346 2459 

1469 1578 2467 2589 

1478 1569 3467 3589 

2569 2478 3578 3469 
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H-transiormatlons o£ D2 

12·13'15 

149'13 

158'12 

167·14 

168'13 

16·10'11 

239'12 

247'11 

249'lS 

24'10-14 

0125 0134 2378 4578 

0139 0237 1258 5789 

0138 0249 1236 4689 

0127 0356 1234 4567 

0136 0257 1238 5678 

0235 0167 5679 1239 

0158 0246 1459 2689 

0147 0359 1245 2379 

0159 0347 

0345 0179 

1458 - 3789 

3679 1456 

268-15 0156 04S7 1348 3678 0 3 

34-12'15 0269 0378 2468 3479 0 3 

357·1Q 0248 0689 1267 1479 -I 03 

35-11-14 0289 0468 2356 3459 r 0 3 

4689 0367 0579 1389 1568 0 3 

56-12'13 0469 0578 2489 2567 03 

78-13-14 1278 1346 2457 3568 03 

79-11-15 1478 1259 3589 2347 03 

7-10-11-14 1279 1467 2345 3569 0 1 

8-10-11-13 1369 1678 2358 2579 03 

9-10'14-15 1569 1789 3458 3467 0 3 

H-"transformations of 0 3 

12'13-15 0125 0134 2378 4~78 0 2 

149-13 0136 0237 1258 5678 ~2 

16S-13 

249 -IS 

268 ·15 

357-10 

35-11-14 

4689 

0139 0257 1238 5769 

0156 0347 1458 3c78 

0159 0457 1348 3789 

0689 0248 1479 1267 

0289 0468 2356 3459 

0567 0379 IS89 1368 

7'10-11'14 1 1467 1279 3569 2345 



2 . 
An H-transformation has always a conjugate H -transformation, 

therefore 

Dl~45D2, D2~3D1+18D3, D3~9D2 (5=1,2), and 

15123 ) [D ] ={D , D , D }, (5=1,2 

Example 6. Let v=10, k=5, b=18, r=9, A=4 and 

D: Bl (01234), E2 (01256), B~(01378), B4 (01679), B5 (02478), 

B6 (02579), B7 (03469), Be(03589), B9 (04568), B10 (12368), 

Bll (12589), B12 (l3459),B 13 (14567), D14 (14789), B15 (23457), 

B16 (23679), B17 (24689), B18 (35678) 

D~: B1 (01234), P?(01235), B3 (01478), B4 (01679), B5 (02579), 

B6 (02678), B7 (03469), B8 (03568) , B9 (04589), B10 (12489), 

B11 (12569), B12 (13578), B13 (13689), B14 (14567), B15 (23467), 

B16 (23789), B17 (24568), B18 (34579) 

D~: B1 (01234), B2 (01235), B3 (01478), B4 (01679), B5 (02579), 

B6 (02678), B7 (03469), B8 (03568), B9 (04589), B10 (12469), 

B11 (12589), B12 (13567), B13 (13789), B14 (14568), B15 (23478), 

B16 (23689), B17 (24567), B18 (34579) 

1 D3: B1 (01234), B2 (01235), B3 (01469), B4 (01478), B5 (Q2579), 

B6 (02678), B7 (03568), B8 (03679), B9 (04589), D10 (12568), 

B11 (12789), B12 (13579), B13 (13689), B14 (14567), B15 (23467), 

B16 (23489), B17 (24569), B18 (34578) 

2 D : B1 (01234), B2 (01235), B3 (01467), B4 (01678), B5 (02578), 

B6 (02689), B7 (03489), B8 (03569) , B9 (04579) , B10 (12469), 

B11 (12579), B12 (13568), B13 (13789),B14 (14589), B15 (23478), 

B16 (23679), B17 (24568), B18 (34567) 

D~: B1 (01234), B2 (01235), B3 (01567), B4 (01678), B5 (02469), 

B6 (02589), B7 (03468), B8 (03789), B9 (04579), B10 (12478), 

B11 (12689), B12 (13479), B13 (13569), B14 (14589), B15 (23578), 

B16 (23679), B17 (24567), B18 (34568) 
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D~: B1 (01234), B2 (01235), B3 (01467), B4 (014UO), 8 5 (02579), 

B6 (02689), B7 (03568), B8 (03789). B9 (04S67), 3 10 (12569), 

B11 (12678), B12 (13578), 8 13 (13679), B14 (14589), B15 (23468), 

B16 (23479), B17 (24S78), B18 (34569) 

D5 : B1 (01234), B2 (01235), B3 (01567), B4 (01678), ES (02589), 

B6 (02689), B7 (03468), B8 (03479), B9 (04579), B10 (12 4h 9), 

8 11 (12478), B12 (13569), B13 (13789), 8 14 (14589), B15 (23578), 

B16 (23679), B17 (24567), 8 18 (34568) 

D9: B1 (01234), B2 (01235), B3 (01567), B4 (01678), 

B9 (04569), 

BS (02589) , 

B6 (02789), 

B11(~2479), 

B16 (23679), B17 (24568), B18 (34578) 

B10 (12468) , 

B14 (14579), B15 (23567), 

c 1 1c 1 1c 2 2c 3 3c 3 3c 
E=D , E1=D1 ' E2=D2 ' E =D ,E1:D1 , E2=D2 ' 

1 9 _ 1c 1 
D3 , D are self-complementary, that is D3 ~D3' 

H-tr4nsformatlons of 0 

1~-IO-14 

19-12-17 

25-10-15 

27-13-16 

36-1~-15 

37-12-18 

~8-11- 16 

58-17-18 

69-11-13 

H-tran8formatlons of D~ 

15-11-15 

18 -12- 15 

01236 01~79 12~46 16789 1 ~! 

01345 02468 123~~ 456a~ 1 D! 
1 

01268 02457 1235f 23~7a 1 ri 

01456 02369 12567 34679 1 ~! 

01789 02357 13478 24579 1 o! 
03678 01349 34569 1357b 1 o! 
03679 01589 .3589 12679 I o! 
02489 03578 24678 35689 1 o! 
02589 04567 12579 14568 I o} 

02347 01259 25679 12346 1 o~ 

02346 01358 35678 12347 I_ 0 2 

26-11-16 01256 02378 

01789 

1.359 26789 1 0 

23679 1 E2 

23469 1 E2 

23489 1 E~ 

3~589 1 [2 

13568 I 0 2 

24579 1 0 2 

34578 I lJ~ 

34-15-16 01467 

37-10-15 01489 

47-10-16 01469 

~9-13-18 01689 

58 - 11- 12 02569 

58-17-18 03579 

11-12-17-18 I 12568 

03467 

03679 

04579 

03578 

02568 

13579 

23<78 

12478 

12789 

13679 

12579 

3.(568 
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H-transformations of n! 
15-11- IS 02347 01259 257V9 12348 I o~ 

16'12"15 0234R C:'J~L 3567B 1:'347 I c! 
37-1('-15 0347A 014"9 23469 12478 1 E~ 

37-14-18 01468 U3479 14578 34569 1 E~ 

39-10-17 01489 0457& 12467 24569 1 E~ 

56-12 -13 02567 02789 13579 13678 1 D~ 

58-11-12 02589 03567 12579 13568 1 D~ 

68-11-13 02568 03678 12789 13589 1 0; 
79 -IS -17 I 03489 04569 23467 24578 1 o~ 

10-14-15-18 1 12468 14569 23479 34578 1 o~ 

H-transformations of n; 
34-15-16 01467 01489 23469 23478 1 0 5 

36-13-15 01689 02467 13469 

3S-11-!6 01679 0346S 12489 

~6-13-16 01678 02478 13489 

48-11-15 01789 03467 12478 

57-10-12 I 03579 02568 13568 

57-17-18 02569 03578 24579 

59-10-14 02589 04579 12567 

79-12-14 I 03589 0~S6e 13567 

10-12-17-10 1 12569 1357& 24568 

23678 I- o~ 

237e9 I o~ 

23689 1 o~ 

23679 1 O~ 

12579 1 ES 

34566 1 E~ 

1~568 1 E~ 

14579 1 E~ 

3~~79 
_1 
~l 



U'10'lP 

1"1-4·15 

Za'1~'17 

37'10 '15 

OU'" 01371 

(lU-4' 03-451 

023-47 01-45' 

013511 02355 

01.&.1 0347. 

12 .. 58 "S68e 

37-14-11 034S1 01 .... 

12'&S7 23.&11' 

34511 14567 

U87, 34511 

1357. 138 .. 

12571 13569 

127" 13.579 

23.&87 3.578 

."13'18 0171. 0.&561 

56·12'13 02561 021 •• 

51·11'12 0251' 03561 

'1·11'13 02SS. 0361' 

10·14·lS-1. la.... 14SS. 

H-tranatormat1ona ot D~ 

1.58 012... 01318 0234' 0178' 

15'1,&'11 

a"13 '17 

2"1-4·15 

311·13'15 

38·1-4'17 

."1. '111 

57'10'12 

51-11- 12 

78-10' 11 

01347 012.. lS78' 1234' 

0124' 02346 1345S .588'. 

0135. OZ.57 123S8 4587' 

02357 0145' .51" 123511 

0158' 0251' 13567 23519 

02587 0158. 2.519 1.587 

017.. 03871 1.&58S 3458' 

02.88 0348' 1247' -13471 

0211., 03.71 1246' 131.' 

0347. 03S8' 12468 12789 

1~-1.·1~·17 13589 1.56' 23567 2.578 
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H-tran.t~raat1ona ot D~ 
1368 1 01246 013.&7 023a, 087., 

1-4·11'1.:1 

16·11'105 

18'13-15 

34·15'18 

38·13·15 

3"11'1. 

... ·13·UI 

'&"11-15 

57·10'12 

57·17'1. 

012.8 01l4' 12367 le7.9 

0234' 01268 2G78' 123'&7 

02348 01.:17, 367a. 1234. 

01468 01~1' 23.67 23 •• ' 

01811 024S. 13461 2318. 

01'" 03.&11 124S7 237., 

01&.' CZ4" 13411 23S71 

017.. 03.&11. 124.. 2367. 

0256. 0357. 12571 13511 

02571 03511 2.57, 345 .. 

10·12'17'111 13SS' 1257. '.571 2451' 

14S. 

1.'10 '13 

11'11'11 

17·n·ls 

29'12'17 

29'1-4-15 

35·12-15 

35-1.&-17 

.7·10·11 

·'·U·18 

67'11'13 

11'10'13 

78'10'11 

01347 0121. 011., 02141 

01246 0137. 123.' 1878' 

01246 0238' 12347 2S11' 

01146 023.&11 _12311 3S7.' 

0135. 02457 12356- .587' 

02357 0145. .57" 12351 

015.' 0257. 135S1 235.' 

oa5S1 0151. 2.5S' l.5S7 

01.S1 03.7S 1287' 2l.S' 

0147S 0387' 121178 2347' 

02.~8 03S8' 1271' 1347. 

OZ4a, 0378' 125&9 13.71 

03.S' 03.78 12.68 12.79 

12·1.'15'17 1358' 14589 23567 24571 

H-transformat1ons of 09 

1467 

14-11-13 

16-10-16 

18- 13-16 

23-17-18 

25-14-18 

29 -12 -17 

29-14-15 

35·12-15 

35-14-17 

39·12-18 

47-10--16 

48-11-16 

59-15-18 

67-11-13 

68-10-13 

78-10-11 

01346 01278 06789 C2349 

01247 01368 12~49 1~7e9 

01248 U2379 1:346 ~57~~ 

01348 02347 1~369 3E7~9 

01256 01357 2345b 45678 

01259 02358 13457 457~~ 

01359 02456 12358 45689 

02356 01459 45679 1~357 

02567 01589 23589 13567 

01579 02568 14567 24589 

01569 04567 13578 34589 

01468 03679 12678 23469 

01478 03678 12679 23479 

02569 04589 23578 34567 

02479 03689 12789 13469 

02478 03789 12689 13468 

03468 03479 12469 12478 



An H-transformation has always a conjugate H2-transformation, 

but these designs don't have H3-transformations. Therefore 

s 1 ~ 1 1 s 1 1 2 218 1 1 2 2 
D1"'J9D 1 , E~9E1' D1 rvD+2D 2+E 2+3D +3E , E1 . .-:-E+D 2+2E 2+3D +3£ , 

181 1 103 3 181 1 1 33· 181 1 5 ~ 
D2~4D1+2E1+D3+~D1+E2' E2rv2D1+4E1+D3+2E1+D2' D3rv4D2+4E2+D +E , 

281 1 333 2 s 1 1 333 
D rv3D1+3E1+2D1+2E1+E2' E ~3D1+3E1+2D1+2E1+D2' 
381 2 255 3 s 1 2 255 381 2 5 
D1~2D2+4D +4E +D +E , E1~2E2+4D +4E +D +E , D2~3E2+6E +3D , 

3 8 1 2 5 5 s 1 3 3 3 9 5 8 1 3 3 39 
E2~3D2+6D +3E , D AJD3+4D1+4E1+4D2+D , E rvD3+4D +4E1+4E2+D , 

D9~9D5+9E5 (8=1,2) 

81111 1 2 2 333 3 And [D] ={D, E, D1 , E1 , D2 , E2 , D3 , D , E ; D1 ,E1 , D2 , E2 , 

D5 , E5 , D9 }, (8=1,2) 

Exwnple 7. Let v=b=16, k=r=6, 1=2 and 

D1 : R1 (123456), 8 2 (12789'10), B3 (137.11.12·13), H4 (148.11· 

14'15),D5 (159'12'14'16), 8 6 (16.10'13'15'16), E7 (237·14·15. 

16), B 8 ( 248 . 1 2· . 13 . 16 ) , B 9 ( 259 . 11 . 1 3 . 1 5), }\ 0 ( 26 . 10 . 11 . 1 2 . 1 4) , 

B11 (349-10'11'16), B12 (358'10'12'15), 8 13 (3689'13'14), 

B14 (457.10·13·14), B15 (4679·12.15), B16 (5G78.11.16) 

D2 : B1 (123456), B2 (12789'10), B3 (137.11.12.13), B4 (148'11' 

14'15), D5 (159'12'14'16), B6 (16.10.13.15·16), B7 (237·14·15. 

16), B8 (248'12'13'16), B9 (259.11.13.15), B10 (26.10.11.12-

14), Bll (349·10·11'16), B12 (358.10.13.14), B13 (3689.12.15), 

B14(457.10-12·15), B15 (4679.13.14), B16 (5678.11.16) 

D3: B1 (123456), B2 (12789.10), B3 (137·11.12.13), B4 (148'11. 

14·15), B5(159~12'14'16), B6 (16.10·13·15.16), B7 (237.14·15. 

16), B8 (248·12.13.16), B9 (259.11.13.15), B10 (26·10.11.12. 

14), B11 (349·10·12·15), B12 (358·10·13.14), B13 (3689'.11.16), 

814 (457'10'11.16), B15 (4679.13.14), B16 (5678.12·15) 
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lI_tranaformntinns of D1 

12.11.\6 12349·\0 125678 3456·11'16 

3456·12·15 

3456 ·13 ·14 

24568·16 

24569'15 

12'12'15 

12'13·14 

138'16 

139·15 

13·10·14 

147·16 

14~'13 

14·10·12 

157·15 

ISd·13 

15·10·11 

11';7· 1 4 

168·12 

23'·11 

239·12 

23'10'13 

247·11 

249·14 

2"'10'15 

257·12 

258 ·14 

25'10'16 

267·13 

268·15 

269·1& 

3478 

34·12.14 

34·13'15 

3579 

35'11'14 

35·13·1& 

367'10 

36'11'15 

38'12'18 

4589 

45'11·12 

45·15'18 

468·10 

48·11·13 

.. 6·14'16 

569 '10 

56'12'13 

56'14'15 

78'12'14 

78'13'15 

79·11-14 

79-13-16 

1'10'11'15 

7'10'12 '16 

89· 11'12 

89'15'16 

8·10'11·13 

8·10'14'16 

9 10 12 13 

9'10'14·15 

11·12·15'16 

11·13·14·\6 

12'13·14'15 

12358'\0 

123689 

1234'12'13 

1235·11'\3 

1236·11·12 

1234·14·15 

1245'11·\5 

1246·11·\4 

1235·14·16 

1245·12'16 

1256'12'14 

1256·13·15 

1278·12·13 

1219·11·13 

127.10·11·12 

1278·14'15 

1289·11·15 

124679 

124~7'10 

13567·11 

134';7·12 

13457·13 

14568·\1 

13468·14 

13458·15 

14569·12 

13569'14 

13459·i6 

\456'10'13 

135f}'10'15 

1346.10 ·16 

1319 ·10·11 

1378·10'12 

1..:1789 '13 

lAn9'10'll 

1418 '10'14 

14789'15 

1589'10'12 

1579'10'14 

15789'16 

1689·10·13 

1679'10'15 

1678 ·10 ·16 

148·11·12'13 

147·11·13·14 

141'11'12'15 

159·11·12'13 

157'12'13'14 

151·11·12'16 

2456'10 '14 

23~67'16 

23569 '13 

2356·10·12 

23467'15 

23468·13 

2346'10'11 

23457 ·14 

23458'12 

23459 ·11 

2489'10'16 

2589·10 ·15 

2689 '10·14 

2~7~'IO ·16 

2579-10·13 

2679'10'12 

2378'10'15 

2478'10'13 

2618-10'11 

23189'14 

24789'12 

25189'11 

237·12·13·16 

357'10·12·13 

3679·12 ·13 

237·11·13·15 

347'10'11·13 

3618·11·13 

128'10·11'14 

1279·14·16 

1289·12'16 

129'10'12'14 

127·10'15'1& 

128·10'13·16 

129·10·13'15 

137'11'14'15 

138'11'12'15 

138'11'13·14 

137'12'14·18 

139'11'12·18 

139 ·12'13'14 

137'13'15·16 16'10'11'12'13 237·11·12'14 

13.10.11.13·16 167'12'13'15 

13·10·12.13·15 167'11'13'16 

159:11·14'15 

158·12 ·14 '15 

3479·11'12 

3578'11·12 

248·\1·13·15 

348 ·10 ·11'15 

148·12·14-18 

149·11·14·16 

149·12 ·14 ·15 

148'13'15'\6 

158·11.14'16 4678'11'15 

18-10'11'14'15 248·11'12-14 

14'10'11'15'18 168'13·14'15 

14·10-13'14'15 168·11·15-16 

15'10'12'15'1& 169'13·14'16 

15'10-13'14'16 169'12'15'16 

238·12'15·16 

238'13'14'16 

239'11'15'16 

239·13'14 ·15 

247'13'14 '16 

247-12'15·16 

257-13·14·15 

257'11'15'16 

3489·11·14 

4578·11·14 

3569'12-14 

4579·12·14 

357·10'14·15 

3679 '14 ·15 

347.10·14'18 

.3678 '14 ·16 

23'10·11'14'16.267'12·14'15 3479'15'16 

23'10'12'14'15 267'11·14'16' 3578·15·16 

249'11'13'1& 258'12'13'15 

249·12'13'15 258·11·13·16 

24'10'11'12'16 268.12'13.14 

24'10'12'13'14 268'11'12'16 

25'10·11'12·15 269'11·13'14 

25-10·11·13·14 269'11·12'15 

349'10'12 ·15 

349'10·13·14 

358'10'\3'14 

358'10·11·16 

3689 '11'16 

3689'12'15 
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348·10'12'16 

4678'12'1& 

3489'13-16 

4578·13·16 

3589·\3·15 

4579·\3·15 

4679·11·16 

457·10'11'16 

457·10-12'15 

7U9·IO·I?·I~ 

79·11·12·!3·16111;. 

""'ll.12'IJ·I~IIJ;1 

7·10·1I·1?·1~·14 I ['2 

7P·1I·1··'~·I'jl ;.~ 

69·11·13·I·l·l~ 1 "2 

0.1').11.12'1 4 .151 r·Z 

79·IZ·14·15·lb 1))2 

89·12·13·14·161 ~Z 

~'lO'lt·1i!.\4·tf" 0" 

7·\1)·13·'''·1~·1r; I I'Z 

O.10.12·13·1~·I!; I I', 

9·IO·n·ll·IS·!'; I \)Z 

34·ll·12·13·1~1 ~2 

35'11·\2·13·151 D2 

36.11·12·13·141 D2 

3"·11·14·1~·1~ I liZ 

45-11'13·14·15 O2 

"6·11-\2'14 '15 

35-12'1"'15-16 

45·12-13·14'16 

56'11'12'14'16 

36'13·14·15'16 

46·12'13·15'16 

56 '11'13'15'16 

248'14·15'16 

458·10'14·15 

4689·14·15 

259'14·15·1& 

459 '10 '14 '16 

5689'14 '16 

469 '10'15'16 

568·10'15'16 

259·12·1~ ·16 

359 '10'12'16 

5679·12 ·16 

26-10'12'13'18 

369'10'13 ·16 

567·10·\3·16 

26·10·11·13·15 

368 -10'13·15 

467·10·13·15 

458·10·12'13 

4689-12'13 

459·10-11·13 

5689 '11'13 

469.10-11·12 

568·10·11·12 

359·10 ·11'15 

5679·11'15 

369·10·11·14 

567·10·11'14 



If-trenorOMRllttnns or D2 

12'11·16 12349'10 125678 3456'11'16 789·10·11'16 Dl 

12'12 '15 12358'10 124679 3456 ·13.14 789·10·13·14 D3 

12·13·14 123689 12457·10 3456·12·1S 789.10·12 ·15 I D3 

138·18 1234·12'13 13567 ·11 24568·16 78·11·12·13·16 D3 

147 ·16 1234 '14'15 14568·11 23567·18 78· 11'14·15.18 D3 

15'10'11 1256'12'14 13459 ·16 2346·10·11 9.10·11·12·14·161 D. .. 
169·11 1258·\3'15 1348·10·16 23459 ·11 9·10·11·13·15·161 D3 

238 ·11 1278'12 '13 1379·10'11 2489'10~18 34'11·12·13·16 1 °3 

247·11 1278 '14'15 1489·10·11 .2379·10'18 34·11·14·15·16 °3 

25·10·16 129·10'12·14 15789·18 2678·10·11 58·11·12'14·16 D3 

269 '16 129·10·13·15 1&78·10'16 25789'11 56·11'13·15·18 D3 

3478 137·11·14 ·15 148·11·12'13 237·12·13'18 248·14'15·16 01 

34'12'14 138·11'13'14 147· 11·12 '15 357·10·12'13 458·10·14·15 03 

34'13'15 138 ·11·12·15 147·11·13·14 3679 ·12 ·13 4689 ·14 '15 0 3 

351'9 137·12·14'18 159.1~· 12·13 237·11·13·15 259·14·15·16 D3 

367'10 137·13'15·16 18·10'11·12·13 237· 11'12 '14 26'10'14'15·16 D3 

4589 148'12'14'16 159·11·14·15 248·\1·13·15 259·12·13'16 0 3 

468·10 148·13'15·16 16'10'11'14 ·15 248.11·12 '14 28'10·12·13·16 D3 

569·10 159'13'15'18 16'10'12·14·16 259·\1·12'14 26·10·11·13'15 °1 

50'12'IJ 1~·1O·13·14·18 169·12'15'16 3589'\2'14 368 '10·13 '15 IIJ 

56·14 '15 15'10'12·15'18 169·13'14'18 4579'12 '14 467·10·\3 '15 D3 

78'12'14 238·13'14'16 247'12 '15·16 357·10'14 '15 458·10·12 ·13 v~ 

78'13 '15 238'12'15·16 247'13'14'18 3679·14·15 4689 ·12 '13 °3 
9·10·12·13 25'10·11'13'14 289·11·12'15 3589·13·15 368·10·12'14 OJ 

9·10'14'15 25'10·11·12'15 269·11'13'14 4579·13·15 467·10·12'14 °3 

11'12'15'16 349·10'13'14 358·10·11'16 4679·11·16 5678·13'\4 OJ 

11'13·\4·16 349 ·10,12 ·15 3689·11 ,16 457·10' 11 ·16 5678·12 ·\5 °3 

12'13·14'15 358·10·\2·15 3689·13 '14 457·10'13'14 4679·12,15 °1 

H-trenerormattons or 03 

12'11,16 12349'10 125678 3458·12'15 789'10'12'15 D2 

12'12·\5 12358·10 124679 3456·13 ·14 789·\0·13·14 DZ 

12 '13·14 123689 12457'10 3456·11'16 789'10·11'16 °2 

3478 137'11'14'15 148'11'12'13' 237'12·13'16 248·14'\5'16 V2 

3579 137'12·14·16 1S9·11·12·13 237'11'13'15 ~59·14·15·16 D2 

367'10 137'13·15·16 16 '10 '11'12'13 237'11'12'14 26'10·14·15·16 Ilz 

4589 148·12·14·16 159 '11'14 ·15 248·11'13'15 259'12·13·16 Ilz 

468'10 148·13'15 '16 16'10·11·14'15 248'11'12'14 26·\o·I?·13·16 Ilz 
569·10 159·13·15'16 16'10·\2'1 .. ·16 259·11'12'14 26'10'11'13·15 112 

11·12·15'16 349'10·\3'14 358 '10·12'15 4679'\2'111 11678·13·14 °2 
11' 13·14 '16 349·10·11'18 3689·12·15 4117'10'12'15 5678·11·16 °2 

12·13·14·15 358'10'11'16 3689·13·14 457'10'13·14 .. 679·11·16 D2 

66 



therefore 

2 2 
Dlro60D2' D2~4Dl+24D3' 

and [D1 ]2={D1 , .D2 , D3 } 

Ill: r'I(12J45~71. B2(1236~·1O·11), 83(12)'12'1:"1"151 

8.(14S89·12'13), B5 (145'10'11'14'15) 56(16769'14'15), 

e7(1~1'10'11'12'13) B8 (2468'10'12'1'), 8 9 (2478'11'13'15), 

8 10(2569'11'IZ'15), 8 11 (2579'10'13'14), BI2 (3.69·11·1:·14), 

8 1.(3479·10·IZ·15), 8 14 (3569'10'13'15), 815 (357&'11'12'14) 

DZ' 8 1 (1234567), 8z(12389·10.11), 83(123'12'13'14'15), 

8 4 (14s89'IZ'13), 8 5 (145'10'11'14'15), 8 6 (167S.10·12·14), 

8 7 11679, 11·13 '15), 8S (24689 ·14 '15), 89 (Z46' 10 ·11·12 '13), 

BI0 (2578'11'13'14), 8 11 (2579'10'12.15), BI2 (3478.10'13·15), 

BI3 (3479'11'12'14), BI4 (3568'11'12'15), BI5 (3569'10'13'1') 

03: B1 (1234567). 82 (1Z389'10'11), 8 3 (123'12'13-14'15), 

8.(14589'12'13), 85(145.10.11'14'15), B6 (16789.14'15). 

H-tr.narormatlona of 01 

1247 1234589 12367'10·11 

12~6 12345 '10'11 1236789 

1346 12345·12'13 12367 ·14 ,15 

1357 12345'14'15 12367 ·12 ·13 

2345 12389·11·13 123·10·11'14·15 

2367 12389 ·14'15 123'10-11'12'13 

4567 14589 '14 ·15 145·10·11·12·13 

89 ·10·11 2468'11·12 '15 2478·10·13'14 

89·12·13 2468 ·11·13 ·14 2478-10,12'15 

89·14'15 2468·10·13,15 2478'11'12·14 

8·10'12'14 2469' 11 ' 12 ·14 2568 ·10 '12 ·15 

8 '10·13 ·15 2469,10·12'15 2568 ' 11 • 12 '14 

8'11·12'15 2469'10-13'14 2578·10'12'14 

8·11·13·14 2478-10,13·14 2569·10'12'14 

9 ·10·12 ·15 2469·11·13'15 2578 '11·12 ·15 

9'10·13'14 2479 ·11·12 ·15 2568 ·11.13 ·15 

9·11'12'14 2479·11·13·14 2578·10·13-15 

9'11·13'15 2479·10·13·15 2578·11·\3'14 

10·11'12'13 2569·11·13 '14 2579 ·10 ·12 ·15 

10'11·14'15 2569·10·13'15 2579 '11·12 ·14 

12· 13 ·14 '15 3469 -10,13 '15 3479·11·12·14 
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B7 (167.10·11·12·13), 38 (2468'10'12'1'), 8 g (Z469'11'13'15), 

BIC(2576'11'12'1~), B11 (Z579·10.13·1')' BI2 (3478.11·13'14), 

BI3 (3479.10·12.15), Bl.(3568·10·13·15)~ BI5 (3569.11'12.14) 

D.: Bl(1234~6), 8 Z(12389'10'11), B3 (123'12'13'1 4 '15), 

84(1~589'12'13), 8~(1'5'IU'11'14'15), 96 (16789.14.15), 

B7 (167 '10'11'12'13), Ba (2469 ·10 ·12 '14), B9 ( 246~ '11·13 ,15), 

810 (2578 ·11·12 ·15), Bll (2579·10 ·13 '14), BIZ ( 3'76 ·10 '13 '15), 

81~(3'79.11·12'14), 8 14 (3568'11'13'1 4 ), HI5(3569'ID'12.1~) 

DS: 8 1 (123456), 5 2 (12389.10.111, !3(123·12.13.1 4 .15), 

~4(1'58£'12·13). B5(145'10'11'1"I~), B6 (1678S.14·15). 

B7(lt-:7.lCl·11·1~'13). bg(24bH.IP.12.1.t.), J'g{2.,tj~.ll.1~'~~)' 

B1C (2S7B.10.13.1!l), bl1(2~19'11'1~'1")t !i12{347t<'11·1t:'1~). 

BI3 (347!' ·10·1: .. 14). ~14( ~5j8'1! ·1;; .1 4 ). ~'1= (~56~ ·1e: ,1, -IS) 

14567·12'13 189'10·11'12'13 I °3 

14567·14·15 189·10·1\·14·15 I °3 

14~6789 189,12·13·1.·15 I 03 

14567·10,11 1·10·11,12·13,14.15 I °3 

14599 ·10, 11 145,12·13·14·15 °3 

14589·12·13 145·10·11'14·15 °3 

1&789 ·12 ·13 187·10·11'14·15 °3 

2569·10·12'14 2579·11·13·15 D3 

3469·10·12·14 3479·11·13·1~ °3 

356B ·10 ·12 ·14 3578-11·13'15 °3 

3468·10·13'14 3569·11'13 '15 °3 

3478'10'12'14 3579 ·11·12 '1~ D3 

3468 ·11'12 '14 3579·11'13'14 V3 

3468 ·10·12 '15 3579'10-13'15 D3 

3478·11'13·14 3569·11'12'14 °3 

3478'10·13'15 3569 ·10 ·12 '15 °3 

3468·11·13 ·15 3569·10·13'14 °3 

3.78 ·11·12 ·15 3579·10·12·14 °3 

3469 ·11·12 ·15 3479'10·13·14 °3 

3568·11·12·15 3578·10·13'14 D3 

3568·11'13·14 3578 '10 ·12 ·15 °3 



/I-tran.ro ..... Uon. or 02 

2345 12389·12·13 123·10·l1·14·l5 14589·10·11 145·12·13·14·15 03 

167·12·13'14·15 03 

246·12·1~·14·15 03 

257·12·13·14·15 03 

347·12·1~·14·1~ "3 

356·12·10'14·15 03 

167·10·11·14·15 DJ 

246·10·11'14·15 "3 

257·10·11·14'15 03 

347·10·11'14·15 OJ 

356·10·11'14'15 D3 

2367 

2389 

23·10'11 

23·12'13 

23·14'15 

4567 

4589 

45·10·11 

45'12'13 

45·14·15 

6789 

67'10·11 

67·12·13 

67·14 ·15 

89 ·10·11 

89·12'13 

89'14'15 

10·11·12·13 

10·11·14'15 

12·13·14·15 

1238·10·12·14 1239·11'13·15 16789·10·11 

12389·14·15 123·10'11'12·13 24689·10'11 

1238.11·13·14 1239·10·12·15 25789·10·11 

1238·10·13'15 1239·11·12·14 34789·10·11 

1238'11·12·15 1239·10·13·14 35689·10·11 

1458·10.12.14 1459·11·13·15 16709·12'13 

14589'14·15 145'10·11·12·13 24689·12·13 

1458·11'13·14 1459·10·12·15 25789·12·13 

1458·10.13·15 1459'11'12·14 34789·12'13 

1458·11'12·15 1459·10·13'14 35689·12·13 

16789·14·15 167.10'11;12'13 2468·10·12·14 2469·11·13·15 

1678·11·13·14 1619·10·12·15 2578·10·12·14 2579·11'13'15 V3 

1678·10·13'15 1679·11·12·14 3478·10·12·14 3479·11·13·15 D3 

1678·11·12'15 1679·10·13'14 3568·10·12·14 3569·11·13·15 D3 

2468·11·13'14 2469·10'12'15 25789·14·15 257·10'11'12'13 03 

2468·10·13·15 2469·11'12·14 34789·14'15 347·10·11·12·13 03 

2468·11.12·15 2469·10·13·14 35689·14·15 356·10·11'12·13 03 

2578·10·13'15 2579·11·12·14 3478'11'13·14 3479·10·12'15 03 

2578·11.12·15 2579·10·13'14 3568·11·13'14 3569·10·12·15 03 

3478.11·12'15 3479·10·13·14' 3568'10·13·15 3569·11·12·14 03 

H-transrormations or D3 

1247 1234589 12367 ·10·11 14567 ·12 ·13 

14567 ·14 ·15 1256 

1346 

1357 

2345 

2367 

2389 

23·10·11 

23'12·13 

23·14·15 

4561 

4589 

45 ·10 ,11. 

45·12·13 

45·14·15 

6789 

81·10·11 

61'12·13 

67·14'15 

89·10·11 

89·12·13 

89·14·15 

8·10·12·14 

8·10·13·15 

8·11·12·15 

8·11·13'14 

9 ·10·12 ·15 

9 ·10'13·14 

9·11·12'14 

9·11·13·15 

10·11·12·13 

10·11·14'15 

12·13'14·15 

12345 ·10·11 

12345 '12 '13 

12345 ·14 '15 

1236789 

12367·14 ·15 

12367·12'13 

1456789 

14567·10'11 

12389·12'13 123·10·11·14·15 14589·10·11 

12389·14'15 123·10·11·12·13 14589·12·13 

1238·10·12·1~ 1239·11·13'15 24689·10·11 

1238·11'12'15 1239·10·13·14 25789·10·11 

1238·11·13·14 1239'10·12'15 34189·10·11 

1238·10'13'15 1239·11'12'14 35689·10·11 

14589·14'15 145·10'11'12·13 16789·12·13 

1458·10·12'14 1459·11'13·15 24689·12·13 

1450 ·11·12 ·15 

1458·11·13'14 

1458'10·13·15 

1678·10·12·14 

1618·11'12·15 

1618·11·13·14 

1678·10·13 ·15 

2468 ·11·12 ·15 

2468'11'13·14 

2468·10·13·15 

2418·11; 12 ·14 

2418·10·12·15 

2478·10·13·14 

2419 ·10 ·12 ·14 

2418·11'13·15 

2419·11·12·15 

2479·11·13·14 

2419·10'13'15 

2578·11·13·14 

2578·10·13·15 

3478'10·13'15 

1459·10·13·14 25189·12·13 

1459·10·12·15 34189·12·13 

1459'11:12·14 35689·12·13 

1679·11'13'15 24689·14·15 

1619·10·13·14 25189·14'15 

1679·10'12·15 34189,14:15 

1619·11·12'14 35689·14'15 

2469'10·13'14 2518·10·12.14 

2469·10·12·15 3418·10·12·14 

2469·11'12·14 3568.10.12.14 

2568·10·12·15' 3468·10·13·14 

2568·11'12·14 3469·10·12·14 

2569·10'12·14 3468·11.12·14 

2568·10'13·14 3468·10·12·15 

2569·11'12·15 3469·11·13·14 

2568.11·13·15 3469·10'13.15 

2569·10'13·15 3468'11·13.15 

2569·11·13·14 3469.11.12.15 

2579·10·12·15 3478·11·12.15 

2579·11·12·14 3568.11.12.15 

3479·11·12·14 3568.11.13.14 
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189·10'11·12·13 01 

189·10·11·14·15 01 

189·12·13·14·15 °1 

1·IO~I·12·13·14·15 I 01 

145·12·13·14·15 04 

145·10·11·14'15 D4 

246'12'13·14·15 02 

257·12·13·14·15 02 

341·12·13·14·15 02 

356·12·13·14·15 02 

167·10·11·14·15 04 

246·10·11·14·15 02 

251·10·11·14·15 

341·10·11·14'15 

356'10'11·14 ·15 

246·10 ·11·12·13 

257·10·11·12'13 

341'10·11'12·13 

356·10·11·12·13 

2519·11·13·15 

3479·11·13·15 

3569 ·11· 13 ·15 

3578·11·13·i5 

3579·11·12·15 

3579·11·13·14 

3579·10·13·15 

3578 ·11·12 ·14 

3578·10·12·15 

3578 ·10 ·13 ·14 

3579'10·12·14 

3479·10·13·14 

3569·10·12·15 



H-transformations or D4 

1247 1234589 12367'10·11 14567 ·12 ·13 109·10·11·12·1~ 

1256 

1346 

1357 

168·15 

169·14 

16'10·13 

16·11·12 

178·14 

179 ·15 

17·11·13 

2345 

2367 

2389 

23·10·11 

23·12·13 

23·14'15 

248·14 

249·15 

24'10·12 

24·11·13 

258 ·15 

259 ·14 

25·10·13 

25·11·12 

348·15 

349 ·14 

34·10·13 

34·11'12 

358 ·14 

359 ·15 

35'10'12 

35·11·13 

4567 

4589 

45·10·11 

45·12·13 

45'14'15 

6709 

67·10·11 

67'12·13 

67·14·15 

89 '10'11 

89'12'13 

89·14 '15 

8·10·12'14 

8·10·13·15 

8·11·12·15 

8'11'13·14 

9'10'12'15 

9'10'13 ·14 

9·11·12·14 

9·U·13·15 

10·11·12·13 

10·11'14'15 

12·13'14·15 

12345·10·11 

12345·12·13 

12345'14·15 

124678 ·14 

124679·15 

125678'15 

125679·14 

12467·10·12 

12467 ·11·13 

12567·11·12 

12567·10·13 

12389·12 ·13 

12389·14 '15 

1238·10·12'14 

1236709 

12367·14·15 

12367·12'13 

135679·15 

135678 ·14 

134679 ·14 

134678'15 

13567·11·13 

13567'10 '13 

13467 ·10 '13 

13467·11'12 

14567 ·14 ·15 

1456789 

14567 ·10·11 

23456'10'12 

23456 ·11·13 

23457·11'12 

23457 ·10·13 

234568 ·14 

234569·15 

234578 ·15 

234579·14 

123.10·11.14·15 14589·10·11 

123·10·11·12·13 14589·12·13 

1239.11.13·15 24689·10·11 

189·12·13'14·15 

1·10·11·]2.13.14.151 I1 J 

689·10·12·14·15 OJ 

689·11'13·14·15 

7e9·11·12·14·1~ 

789·10·13·14·15 

68·10·11·12·13·14 

69·10·11·12'13·15 

78·10·11·12·13·15 

79·10·11·12·13·14 

145·12·13·14·15 

145·10·11·14·15 

246·12·13 ·14 ·15 

1238.11.12.15 1239·10·13·14 25189·10·11 251·12·13·14·15 

1238.10.13.15 1239·11·12·14 34789'10'11 341·12·13·14'15 

1238·11·13·14 1239·10·12.15 35689·10·11 356·12·13·14·15 

12489·10'12 13589'11'13 2368·10·11·14 4568·12·13'14 

12489·11·13 13589·10·12 2369·10·11·15 4569·12·13·15 

12589·11'12 13489·10·13 2318·10·11·15 4578·12·13'15 

12589·10·13 13489·11·12 2379·10'11·14 4579'12·13.14 

1248·10·11·14 1359.10.11.15 23689·10·12 456·10·12·14·15 

1249·10·11·15 1358'10·11·14. 23689·11·13 456·11·13·14.15 

1250·10·11·15 1349·10·11·14 23789·11·12 457·11·12·14·15 

1259·10·11'14 1348·10·11·15 23789·10·13 457·10·13·14·15 

1248·12·13·14 1359'12·13·15 236'10·12·14·15 45689·10·12 

1249·12·13·15 1358·12·13·14 236·11·13·14·15 4~689·11·13 

1258·12·13·15 1349·12·13'14 231·11·12·14·15 45789·11·12 

1259·12·13'14 1348·12·13'15 237·10·13·14·1545789·10·13 

124'10·12'14'15 135·11·13'14'15 2368·12'13'14 4568·10·11·14 

124·11·13'14'15 135'10·12'14'15 2369·12·13'15 4~69·10·ll·15 

125'11·12·14'15 134'10·13·14'15 2378'12'13'15 4570'10'11'15 

125·10·13·14'15 134·11-'12·14·15 2379'12'13'1~ 4579'10'11'14 

1~589 ·14·15 167·10·11'14'15 

1458·10·12·14 1459·11·13·15 24689·12'13 246·10·11·14·1~ 

1458·11·12·15 1~59·10·13·14 25789·12·13 257.10·11'14'15 

1458·10·13·15 1459·11·12'14 34789·12·13 347·10·11·14'15 

1~58·11·13·14 1459'10'12'15 35689·12·13 356·10·11.14·15 

1678'10·12·14 1619'11'13·15 24689'14'15 246·10·11·12.13 

1678'11'12·15 1679·10·13·14 25789·14'15 251.10.11.12.13 

1678·10·13·15 1679'11·12'14 34789·14·15 341·10.11.12.13 

1678·11·13·14 1679·10'12·15 35689·14'15 356·10.11·12.13 

2468·11·12.15 2469·10·13'14 2578·10'12'14 2579·11'13.15 

2468·10·13'15 2469'11·12·14 3478'10'12·14 3479.11.13'15 

2468'11'13'1~ 2469·10'12'15 3568·10'12·14 3569.11.13.15 

2478'10'12·15 2568·11·12·14 3468·10·13'14 3578.11.13.15 

2478·11·12·14 2568'10'12·15 3469·10'12'14 3579·11·12·15 

2478·10'13'14 2569·10'12'14 3468·10·12·15 3579.10.13.15 

2419·10·12·14 2568'10·13'14 3468·11·12·14 3579.11.13.14 

2418'11'13'15 2569·11'12'15 3469·10'13'15 3578.10.12.15 

2419'11·12·15 2568·11'13·15 3469·11·13·14 3578.11.12.14 

2419·10·13'15 2569·11'13'14 3468·11'13.15 3578.10.13'14 

2479·11·13'14 2569·10·13·15 3469·11·12'15 3579.10.12.14 

2578·10·13'15 2579·11:12'14 3478·11'12·15 3479.10.13.14 

2578·11·13·14 2579'10'12·15 3568·11·12.15 3569.10.13.14 

3418'11'13'14 3479'10'12'15 3568'10'13'15 3569.11.12.14 
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H_tranaroneatlona or D5 

1247 1234589 12367·10·11 

1236789 

123579 ·11 

123578 ·10 

123569·10 

123568 ·11 

12367·14·15 

12367·12·13 

12357·13'15 

12357.12 ·14 

12356 ·13 ·14 

12356·12·15 

134579'13 

134578'12 

134569·12 

134568 ·13 

13457·11·15 

13457·10·14 

13456 ·11·14 

13456·10·15 

14567·12·13 

14567·14'15 

24567.12 ·14 

24567·13·15 

34567.12 ,'15 

34567·13·14 

1456789 

14567·10·11 

245678·10 

245679·11 

345678·11 

345679·10 

23467 ·10 ·14 

23467·11·15 

23567.10·15 

23567.11·14 

234676·12 

234679·13 

235678 ·13 

235679 ·12 

23456·10·12 

23456·11·13 

23457 ·10 ·13 

23457·11·12 

234568·14 

234569 ·15 

234578·15 

234579·14 

189·10·11·12·13 

189·10·11·14.15 

289·10·11·12·14 

289'10·11·13.15 

389·10·11·12·15 

389·10'11·13·14 

189·12·13'14·15 

125& 

128·11 

129·10 

12·12·15 

12·13·14 

134& 

1357 

138·10 

139·11 

13·12·14 

13·13·15 

148'13 

149·12 

14·10·15 

14·11·14 

158 ·12 

159·13 

15·10·14 
15·11·15 

1158·15 

169'14 

115 ·10·13 

18·11·12 

178 ·14 

179 ·15 

17·10·12 

17·11·13 

2345 

2367 

2389 

23·10·11 

23·12·13 

23'14'15 

248 ·14 

249·1S 

24·10·12 

24·11·13 

258·15 

259'14 

25'10·13 

25'11·12 

268'12 

269·13 

28·10·14 

26·11·15 

278 ·13 

279·12 

27010 ·15 

27·11·14 

348'15 

349·14 

34·10·13 

34·11·12 

358'14 

359·15 

35·10·a 

35·11·13 

368·13 

12345·10·11 

123468·10 

123469·11 

123478 ·11 

123479'10 

1234S·12 ·13 

12345·14·15 

12346·12 ·14 

12346'13 ·15 

12347.12 ·15 

12347 ·13 ·14 

124S68·12 

124569 ·13 

124578·13 

124579 ·12 

124S6·10·14 

I 12456·11·15 

112457·10·15 

I 12457·11·14 

124678 ·14 

124679·15 

125678·15 

125679'14 

12467·10·12 

12467·11'13 

12567'10'13 

12567·11·12 

12389 '12 ·13 

12389·14'15 

135679 '15 

135678·14 

134679·14 

134678·15 

13567·11·13 

13567·10·12 

13467 '11·12 

13467 ·10 ·13 

123.10'11'14·15 14589·10·11 

123·10·11·12·13 14589·12·13 

28·10·12·13·14·15 

29.11:12.13.14'15 

38·11·12·13·14·15 

39·10·12·13·14·15 

409.10.12.13 ·14 

489·11·12·13'15 

589.10·12 ·13·15 

589·11·12·13·14 

48·10·11·12·14·15 

49·10'11·13·14'15 

58·10·11·13'14·15 

59·10·11·12·14·1~ 

689·10·12·14·\5 

689·11·13'14·\5 

789·10·13·14·15 

769 ·11·12·11·15 

68·10'11·12·13'14 

69'10·11'12·13·15 

78'10'11'12·13·15 

79 '10·11'12 ·13 ·14 

145'12·13·14·15 

145'10·11'14'15 

1238.10.12.14 1239·11'13·15 24689·10·11 246'12·13·14·15 

1238.10.13.15 1239·11·12·14 25789·10·11 257·12·13'14'15 

1238'11.12.15 1239·10'13·14 34789·10·11 347·12·13·14·15 

1238.11.13.14 1239.10·12·15 35689·10·11 356·12·13·14·15 

12489.10.12 13589.1~.13 2368·10'11'14 4568·12·13·14 

12489.11.13 13589·10·12 2369·10'11'15 4569·12·13·15 

12589.10.13 13489·11·12 2378·10·11·15 4578·12·13·15 

12589.11.12 1~489·ID·13 2379·10·11'14 4579·12'13·14 

1248'10.11.14 1359.10·11·15 23689.10·12 456·10·12'14·15 

1249'10.11·15 1358·10·11·i4 23689·11'13 456·11·13·14·\5 

1258·10.11.15 1349·10·11,14 23789·10·13 457·10·13·14·\5 

1259.10·11.14 1348·10·11·15 23789·11·12 457·11·12.14·15 

12689.10.14 13789·11·15 2348·10'11·12 4678·12.14·15 

12689'11'15 13789'10'14 2349.10·11·13 4679·13·14·t5 

12789.10'15 13689·11.14 2358·10·11·13 5678·13'14·15 

12789.11.14 13689·10·15 2359·10·11·12 5679·12·14·15 

1268.10·11·12 1379·10·11'13 23489·10·14 467·10·12·13·\4 

1269'10.11.13 1378·10·11·12 23489·11'15 467.11·12·\3·15 

1278.10.11.13 1369·10·11·12 23589·10·\5 567·10·12·\3·\5 

1279.10.1\.12 1368·10·11'13 23589·11·14 567·11·12·\3'14 

1248.12·13'14 1359.12·13'15 236.10·12.14·15 45689·10·12 

1249·12.13.15 1358·12'13·14 236'·11·13·14·1545689·11·13 

1258.12·13·15 1349.12·13·14 237.10'13·14·15 45789·10·13 

1259·12.13·14 1348'12·13'15 237·11·12·14·1545189'11'12 

124.10'12.14'15135'11.13'14·15 2368.12·13·14 4568·10·11·14 

124.11.13'14.15 135'10'12·14·15 2369·12·13·15 4569·10·11·15 

125.10.13'14'15 134·11'12'14·15 2318'12·13.15 4578'10'11'15 

125.11.12·14.15 134·10·13·14·15 2379·12'13·14 4579·10·11·14 

1268.12.14·15 i379·13·14.15 234·10·12·13·14 46789·10·14 
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369·12 

36·10·15 

36·11·14 

378 ·12 

379·13 

37·10·14 

4567 

4589 

45·10'11 

45·12·13 

45·14 ·15 

468 ·10 

469·11 

46·12'14 

46'13'15 

478 '11 

479-10 

47·12'15 

41·13-14 

568 ·11 

569 ·10 

56·12'15 

56·13-14 

578 ·10 

579·11 

57·12·14 

57·13·15 

6789 

67·10·\1 

67·12-13 

67·14·15 

89·10'11 

89·12·13 

89·14·15 

8 ·10 ·12 ·14 

8·10·13 ·15 

8·11·12·15 

8'11'13·14 

9·10·12·15 

9·10·13·14 

9·11·12 ·14 

9·11'13·15 

10-11'12'13 

10·11·14 ·15 

12·13·14-15 

1269.13·14·15 1378·12'14·15 234·11·12·13·1546789·11·15 

1278.13.14-15 1369.12·14·15 235'10·12·13·15 56789·10·15 

1279.12.14.15 1368·13'14·15 235·11'12·13·14 56789·11·14 

126.10.12.13.14 137·11·12·13·15 2348·12·14·15 4678·10·11·12 

126.11.12.13.15137.10.12.13.14 2349·13·14·15 4679·10·11·13 

127.10.12.13.15 136'11·12·13'14 2358·13·14·15 5678·10·11·13 

127.11.12·13·14 136'10·12.13'15 2359·12·14·15 5679·10'11'12 

14589·14·15 145'10·11·12·13 16789·12·13 167·10'11'14·15 

1458.10.12.14 1459·11'13·15 24689'12'13 246'10'11·14·15 

1458.10.13·15 1459·11·12·14 25789·12·13 257·10·11'14·15 

1458.11.12.15 1459'10·13·14 34769·12·13 347·10·11·14·1~ 

1458'11.13.14 1459·10·12·15 35689·12'13 356·10·11·1~·15 

14669.12.14 15789·13'15 2458'10'12·13 2678·10·14·15 

14689.13.15 15789·12'14 2459·11'12·13 2679·11.14·15 

14789.12.15 15689·13·14 3458·11·12·13 3678·11·14'15 

14789.13.14 IS669·12·is 3459·10'12·13 3019·10·14·15 

1468.10.12.13 1579'11·12·13 24589·12·14 267'10'11·12·14 

1469·11·12·13 

1478·11·12·13 

1479 ·10·12 ·13 

1468·10·14·15 

1469·11·14·15 

1518·10·12·13 

1569·10·12·13 

1568 ·11·12 ·13-

1579 ·11·14 ·15 

1578·10·14·15 

24589·13·15 

34589·12·15 

34589·13·14 

267·10·11·13·15 

367·10'11'12·15 

367·10·11·13·14 

245·10·11·12·14 26789·12.14 

245·10·11·13·15 26789·13·15 

1478·11·14·15 1569·10·14·15 345·10·11·12·15 36789·12·15 

1479·10·14·15 1568·11·14·15 345·10·11·13·1436789·13·14 

146·10'11·12'14 157.10·11·13·i5 2458·10·14·15 2678·10·12·13 

146·10'11·13'15157'10·11'12'14 2459.11·14-15 2679·11'12·13 

147·10·11·12·15 156·10·11'13·14 3458·11'14'15 3678·11·12·13 

147·10·11·13·14 156·10·11·12·15 3459·10·14·15 3679·\0·12·13 

1678·10·12·14 1679'11·13·15 24689·14·15 246·10·11·12·13 

1678·10·13'15 1879·11·12·14 25789·14·15 257·10·11·12·13 

1678·11·12·15 1679·10'13·14 34789·14·15 347·10·11·12·13 

1670·11·13·14 1679'10'12·15 35689·14'15 356·10·11·12·1~ 

2468·10·13·15 2469'11'12·14 2578'10'12-14 2579·11·13'15 

2460·11·12·15 2469·10'13·14 3478·10·12·14 3479·11·13·1~ 

2468'11·13'14 2469·10·12·15 3568·10·12·14 3569·11·13·15 

2478'10'12'15 2568·10:13·14 3468·11'12'14 3~78·11·13·15 

2478·10·13·14 2568·10·12·15 3469·10·12·14 3579·10·13·15 

2478·11·12·14 2~69·10.12.14 3468·10·12-15 3579·11·12·15 

2479.10·12·14 2568·11·12.14 3468·10·13·14 3~79·\I·13·14 

2418·11·13·15 2569·10·13.15 3469.11·12·15 3578·10·12·15 

2479·10·13'15 2568'11·13·15 3469·11·13·14 3578.10'13.14 

2479·11'12·15 2569'11·13·14 3468·11'13.15 3578.11.12.14 

2479.11'13'14 2569·11·12·15 3469·10·13·15 3579.10.12.14 

2578·11·12·15 2579·10·13·14 3478'10'13.15 3479.11.12.14 

2578·11'13·14 2579·10·12-15 3568'10'13·15 3569.11'12.14 

3478·11'13'14 3479·10·12·15 3568·11·12·15 3569.10.13.14 
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therefore 

D1r62 1D 3 , D2r621D 3 , D3~12Dl+12D2+9D4' D4~54D3+3D5' D5~105D4 
" . , c. 

and lD1J=={l)1' D2 , D3 , D4 , D5 } 
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