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1 Volterra 1§F
1 RICIERIE T Z LICH D BT OB a; = a;(t) (i € Z) DATT 1 B HEB AR

fli = a; (ai+1 — ai_l) (Z € Z) (1)

% Volterra #% 74 L < 1 Lotka-Volterra R E v [1], R L, ;= La; £ T2, Ei2,
o, = ) BE DX agp—1 = yp £ B &, two-field form EMIEN X %E2E2 (k€ Z) :

T =Tk (Yet1 — Yk) s Uk = Yk (Tk — Tp—1) (2)

V =REay,a9,...,ar) % L RIGHITTHESHE L T2 (a1,a0,...,ar ZJRFTERSR) . (1) F
BSEAT (a; = apq) & L <& () BABES SN (ap = ap = 0) 23 L 7 Volterra #&5- (2) 134122
MV _EOSE2NE 7% Hamilton 2 TH 2 2 EDAIS LTV 2 [1, 2] Afclx, (D) & HREMt
(a0 = @, ap41 = B, o, B € R\{0}) %FL 7 Volterra 11 (2) ZM 2% V = RY o Hamilton £
ELTHZ, ERIETFIA XL DT /NI0EECBENHR LRI LE2RT, I56I1C, C
DEHICLTRON S BRI RO TICARERN L BIYEBEE T VDO EDTH S SIR ET L E
ZOWRETVDEENS 2 L Z2RT,

2 Poisson BiE
(1) RIS RSt & 720% () BHBESR G2 3 L 72 Volterra 151 (2) 1. 2N XooiHZEM vV = R2N
F oM Hamilton #2745, $4hb b, KDWY % Poisson Hii&z & [2] :

Types Poisson brackets Hamiltonians
N
Quadratic {zr yeks = ikyk’ Hy(z,y) = Z(a:k + yk)
{Zks Yrs1}ts = —TrYrt1 P
{7k Y s = Tryk(Tr + yi),
N
Cubic (e, yrsa ks = —okgea (0 + g, 1 Z log z1, + log yx)
{2k, Thr1}y = —TuYr41Th41, 24
{ykayk—i—l};z, = " YkTkYk+1

WE, () EBHEREE2R L 2562 E 25, DL &, Volterra #%1 (2) 13 5t Poisson H§id
DVBFNb b, L, RO Hyy Z2EAT 5 & Volterra &+ (2) 13 Poisoon &l { | }2
DHETHy Z2NINEF=7212bD V =R2N | Hamilton £ &% 5 :

N

N N
Hoy(w,y) = > (i +yx) —a Y logay — B logys
k=1 k=1

k=1

N k
3%0:\V&iyyfyyw~y7ﬁ2ﬁ§z:zzdf’“’“dw BT 2 v LY T 4 v SRR
h—1t—1 TKYe

bdH 5,

AAIG B2 2024 4RI fE2 #H PRI (2024-09-14/16) Copyright (C) 2024 —kERIM: A F AR B2



—J. HEMPEERIC. Tabb V=RN1DLEZZDOMRHTlEHRV, L2L, a=8tw
IEORBIEDD ET, (2)1& V LD Poisson it (V = R*N"1 { [}5, Hop) b2, 512, C
DEH. NIV =TV Hoyp 1ZR DB G, Go (H()l =G — Ong) & Poisson H[#tTH 5 :

N

Gi(z,y) =D (wn+yr) —aZlogmk, Go(,y) Zlogyk

k=1 k=1
L7ed3>C, () EBERGEMD D Z DB RERE L v & Z, HERILD Volterra &+ (2) 134 7%
&Y o0 FEREZ b2 Hamilton 2 TH 5,

3 %ﬁﬂ?ﬁﬁt@%rﬁﬂf?»
Hamilton 56 & L TOELD S () @B ASAM 23 L 72 Volterra #&1- (2) 13 RDGEI5E2N]
A THD T DTN

Boundaries Poisson structures Conserved quantities
1) Any a,f (Rz,{ , }Q,Hgl) Hyy
2) a=p (R3,{ , }2,H01) G1,G2
1) D6, Volterra t&1 (2) &, EYUGELBHE T LDV LD TH %, SIR model with vaccination
LEMITH B ¢

t1=z1(B—y1), =y (x1-0q)
CDRIBE Y e BRI X D5 1l Abel HBEAANEE L, S 610, IRHESFRESN & Al 72 582
FHBERXE R 2, RERDED 2 AL Lambert th#t TdH 2 728, Lambert O W E# % H >
T, WIHMERMEOBE RN G 2 60 [3, 4], £/, £, B=0D84E, (2)ESIRETILER
%, DRI Y 2 ZBHET 2 XD Bernoulli /7230 (Riccati 1) &40, BILTE % [3],
2) D&, (2) 13 3R DT R TH D, REFR G =logl ZH\WT 2 Xl T& 5 ¢

. . ¢
ylzyl(l’l—a% T1=T1| — — W1
U1

CORBRFE G, b0 2 RILGELWET R TH 20, BYYSEHFE T L L OBRIZVWEDLE A
HH S DTl 7z v,

BiEE  AUZEIIRIIE GREER S  20K03692) DK %EZIT b DTH B,
SEHR

[1] Bogoyavlenskii, O.I., Integrable Lotka-Volterra Systems, Regul. Chaotic Dyn., Vol. 13
(2008), 543-556.

[2] Suris, Y.B., The Problem of Integrable Discretization: Hamiltonian Approach, Progress
in Mathematics Vol. 219, Basel: Birkh&user, 2003.

[3] Nobe, A., Exact solutions to SIR epidemic models via integrable discretization, J. Math.
Phys., Vol. 65 (2024), 072702.

[4] Nobe, A., The Volterra lattice, Abel’ s equation of the first kind, and the SIR epidemic
models, arXiv:2402.11888 (2024).
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(W72 OS] JSHIATRES (1)

AT=IL7V) =2y b= LD SIR ETILICE T B REGPER & KRG
EH O

KAE EE L N ES 2 RIS 2

L s RSB AR R SERE, 2 TR KA
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1 @LC®IC

BIYEOTAITZ TR - I3 2701213, BEIERD X H =X LOMEPRETH %, BEHLRIC
B3 2 HARLIEEL, BEYEOTITICB T 2BEEHTH 5, BIEDERITPEERER L LIT X
B REPEROZACEHN 2 Z e h, BEHERKR H =X L OHfRICE > THETH 5,
BEYIEDIIFEE 2l T 2 REMRET LD 108, SIREFIL[1] THS, ZDETIIIEG
B RBLHE OEMBER D — R e RRifRe LTED, BREHROEARNRLZ FWEERET 20
WKL TW2, XDBHENREHRHROSZ FOEEET 2720121, BYHE & RERE O
DAY —% SIR ET MY ANS ZeBEZ o b, o —HE, /—FEA, &
Ry Licky bV =2 ZHOTRETE 2, EHFUITBT 22Dy MY =2 IERBEG DN
ANV, ZOBHIERAT =L TV =2y T =27 LIRS 2],

KBTI, R7—A7YV =2y b7 =7 LOEHHROI I 2L —2a 2L o T, BYPYEDIR
P RTERR BEEROBERE BT %,

2 Rg=)7)—2y 7= SIR €T/

Foy b =2, HEHER I — R, #ReRIELOMHRINE, v b7 —27 B
T2/ —FOE/)—FEN TR, /—FiboH2E08k 2/ —FOXRBLE WS, /—FHK
N D3y b7 —22B0WT, Xk D/ —FB N lH 2%, plk) = N /N 2XEDHE WS,
2=V TV =%y T —=ZEZ KB GED pk) x kY DEI%Fy NI —2TH b, plk) x k)
i, REDD /) —F2VNSWKE e bH, —HD /) = FHRAREZFLVE 2 DI KT,

Iy h7 =27 LD SIR EFVEERT D, 5/ — NIZEYIEICERL 5 2 REGURRE S, &%
BRI EGRE L, BELZ L EMTICHF S LARVEERER owshrt e 3, KESD/ —F
i, KBTI/ —ReETORPoTVEHERERT I L, ZORERIITORNoTIRET
D/ — FECHAIT 2, KBTI D/ — FIE—EDTERTRER ICER T 2, ZE D/ —FDS b,
RES, I, RO/ — FOEIEGEZREN Sy, [, Ry £ T 5. KETHT 2 B8R EHVWE ,
o DR HEIFEREIE

%%éz—A&ﬁ@, %%:A&$@—Bh” %%3:ﬁ& (1)
WHES (3o MIFEESE, BEMEER, © 13 EI-72%D ) — RPRE T TH2HETH 5,
3 YZal—YarvhiE

WL ODPD/NEEBR A r =7 ) =3y v =2 ETSIRET VRS I 2L —>a v, R
W3PS B EREROBNCERT %, A7 —A 7V —%v b —2DEBIIEa Y 7 4 7T [4]
EHEALZ, 7 — FE N % 100,200,400 & L, KEDHEOEE v %22 L7z SIRYI 2l —> 3
VTR, 2HITERLIREBEBOL— V> T/ — FOREREH L, UIHBREL LTAY
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120 T T T 1000 200

transmission rate transmission rate

(a) (b)
1. (a) N =200 2B 3 A, Imax, > 32—z YEBOS, (b) M 253 % mode(Imax) DHER

N =2 DOFNSIRATEE DD/ — REe 1 OFRL, BER N 2ERE 272, 72720, NZEER
WX BLDEE T2, FIHIRE LK TIRBICB T 3 EEE T ZhEh 1, 02 L, HIRE»S
BRTIREFTEZ 1BOSIaL—aryeART,

4 #ER

YIal—yarvItDBERREEBORKMEE [y £ T 50 Lo GRITORBEERT, /2,
Imax > 10 KBWT, BEREZL D Ly ORIMMEE mode(Ipax) £ T %o mode(lpay) V&, ¥ 32
L—2a vy Z AR R D [hax PHEAIZERL, v MY =7 BENIRITICE 2 5 ZE ORI
WEY 2, M1 (a) 1%, N Tnax, YIalb—arylonhzsRLESER 0y N TH 2,
Lo W FERE S L ICHIENZ SO0 o7, K1 (b) 13 XA 2K 3 % mode(Inax) DHEBEZR
L, EB X OB TS 5, mode(Lnay) [ FEGR D RE LB L 7=,

5 o
AR DIEIR & 72 5 PFE R DRI T 2 B 2N 72012, A7 =TV =%y b7 —
JEDSIR ¥ alb—aryi2Blholz, ZORRE, FUTBRICET 2 RABRFLORMAED,
BEROMBUCHHNT 2 2 e v oTz TR, AT =7V =3y bV —2 OEEIMEREHRIC
RIETHHERMLTOR e EZON%, FHROFBEL LT, AT -7V =%y b7 =7 DXED
MO v B A X758 DT, BPEFENT 2 HEEFROEBORERENEZ SN2,
BE
[1] W. O. Kermack and A. G. McKendrick, “A contribution to the mathematical theory of
epidemics”, Proc. Roy. Soc. London A 115 (1927) 700.
[2] A.-L. Barabasi and R. Albert, “Emergence of Scaling in Random Networks”, Science 286
(1999) 509.
[3] Y. Moreno, R. Pastor-Satorras, and A. Vespignani, “Epidemic outbreaks in complex
heterogeneous networks”, Euro. Phys. B 26 (2002) 521.
[4] M. E. J. Newman, S. H. Strogatz, and D. J. Watts, “Random graphs with arbitrary degree
distributions and their applications”, Phys. Rev. E 64 (2001) 026118.
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ZRSENILABEGREXORSME 2 R DOREIL E EFE
YERETF 1, ALFTHE— 2, KHEZRILA 3, Bao-Feng Feng?!
U RRBH RS E B TR, 2 RRBHE K T A0, 3 A K225, Y University of

Texas Rio Grande Valley
e-mail : ayako0903@Qakane.waseda.jp

1 #E

HOBESHEME T A X — 2 21, QURICENMDZES 2 i MR BB RS < h 2 IR
HHEHERDESRF—LTHEH, ZHUIE ANV ZHERL CORRMYE - 21D 2 %o
VU ARERORBES R RE T 2EEULIC X > TE SN, HEEABEI T2 F — 2 0BERT
BADEMHIZ, Feng-Maruno-Ohta 12 & » TR LR FENA T Ok 4 2 AU U CHERE S T
0 L RBEREHTTITONTER (1, 2. LLrLRYS, TNETHELNLAF— A TIHAEIGER
M B —MRAVRIERSM T CORMERH RGN RN T D o 7. AFHEETIE, ZRTMEBIER OV
2778 [3] O — AR B RSN TICH T % HOESBEEF X ¥ — L OME L BER, BohX
F— 2z O BUER ERERICOWTIE T 5.

2 ZHSEERNILIGREADOTES B
ZRSMBIERL L 2 F R

1 1
Uizt = Ui + 5 ( Z C]ku]ukuz,w) 9 ( Z C]kuj,a:uk,m) up, =12,---n,
xT

1<j,k<n 1<j,k<n

D—RIVZIFFRSEA T TOHEEBEEF A X — 24

T = u?) = 6 - ), + ),

dCL‘k 1 i i
ﬁ = —5 Z ciju,g)u,(j),
1<i,j<n
SHESOR K25 72 1y, = 2ka— (log fu)r, Ok = Tpar —ap, ¢ =T LREREREN WY = T

WX o TROMEIER oG 60 5.
1 A . A A .
aDT(g](gzj.l ' fk - g](ql) : fk+1) = g](:j_lfk +gls;z)fk+1 1= 1727 e, N,
D fr - fr = Z cz-jg,?)g;?)-

1<4,5<n
¥, ZOMMEERII T 4+ 7 VR
fo =Pf(ar, -+ aan, b1, ban)es g\ = Pf(do, Biyay, -+ ,aan, b, sbon)k, i=1,2,--- ,n
bbb, X747 VOBEZBIMUTTERILNS.

[ ] Cuy
Pf(ar, ;) = o L0 k)l (k),  Pf(ai, b)) =615, PE(bibj)e = —5 5 (bi € By, bj € B,),
Pi +Dj Pi —Pj
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1 b, € B,
P(diyai)i = 0 (), PEd*a)p = ¢\ (k+1),  Pi(b; By :{ 0 b ¢B,
j M

k
1 i -1 .
Pf(dg,d*) =1,  Pt(d_y,d"), = —a, %m®ﬁwﬁ<ﬁ”p>emT%w
— api

3 BCESBIRFIFT—LOBEHEADER
I EBRAE T TOE M ARBIN T2 % — 4 (1) HAVESRMEER L2 RO
AHEORIERT. PG 2 RAMBIER A2 HRRD 2 AR T+ V) b AR

2
1 2 1 piPj ..
u:g?7 ’U:g?7 Uz:sz‘i'ET, bij: ﬁ ) 27]:1a27374'
4 i '
f =1+ a1a3b13€771+773 + a2a3b236772+773 + a1a4b14e771+774 + a2a4b24€772+774
) 613623614624 6771+772+773+774

+ ayasazas(pr — p2)*(ps — pa
p1p2p3p4

a102a3(p1 = )P eMm+nz+ns 010204(p1 — P2)°Pi emtmatng
(p1 + p3)?(p2 + p3)? (p1 + pa)?(p2 + pa)?

g1 = a1e™ + agze™ +

a20304(p3 — Pa)’P natnotns | 010304 (P3 — p1)°pi n1+13+14
2 2 ¢ + 2 2 € ’
(p2 + p3)*(p2 + pa) (p1 +p3)?(p1 + pa)

2527, RRREEUERZ, 77 7D TORIEETRODMZ T, K 1,2 1 3EMAEREFTO 2 K
TEEFASVATERD 2 X T - V) F YOMBEHOBEGERERZRT. YU b x il
MNLUTEDHNIET., T X =KX p =095,p=1.0,p3 =11, ps =1.2,a; = 1,a0 = 2,a3 =
10,ay =20 2 L7z, YU bPUDBEFUGEL THRERLSFHETE, VU bRl SHTL 2
bbb

g2 = age® + age’ +

1: 2 RAOBIER L Z RO u 0) 2 7b;<7 V U F AHEﬁEHﬂ

T M2 2 BB LR AERD v D 2 AR+ Y )+ AR
SE W
[1] Feng B F, Maruno K and Ohta Y, Pacific J. Math. for Industry 6, 8. (2014), 1-14.
[2] Feng B F, Maruno K and Ohta Y, J. Math. Phys. 56. (2015), 043502.
3]

3] Matsuno Y, J. Math. Phys. 57. (2016), 111507.
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(W72 OS] JSHIATRES (1)

BEY U VAR CEBENVILT T HER | R ARER, Lax
pair, X7 &

FAT 72 1, PR A L, AL 2

U RARH KRR SR T SR SOOI, 2 AR BT

e-mail : matsuoka8@akane.waseda.jp

1 BiE

AR, — D OMNZEBNE & W0 & RIS S LB IEM 7 TR DR TR & B SRR A
fibhTws. JEHALOBETIE, KEMHZIILD LT 2HRARBROETFVGERL LTHL
LNTW3 [1]. —/AT, BFEMNRBIATIE, Grammaticos 5% Quispel H2HEER L /BIE VL
v = )RR F I IR ) 7B IE W o T IR O FFEATEFE AT DT WS [2,3]. EETIE, EY 2
7 A Z2fi] D Masur-Veech volumes OFFEICBWTEENSRY LY = [ HFEADICHTE %2 Z 2 H/RS
N7z [4].

silt, YU M TERXORBED BRI THEEY ) P TTEREENSD N VY b U EnE
HaEhi [5. ThoDBEIEY VY by HERGEEAAZ X 22 0125528 T, BFOVY M)
BRICmEINS. A#ETIE, BEY Y P HERO Lax pair R T 040 BDRIFEDFIE, ZL
TEIE ALY 2 TR OMRZH LI, BIEY Y + Y HEXDO AT OWTRT.

2 BV bAERD Lax pair DR
BIEY V) b+ Y AREADORHEIEAER DNy 7L > REHZE U T Lax pair Z#KT 5. Z 2T,
BEIET b - a7 7R (5]

Difrip(t+7) faci(t =7) + fagp(t +7) fromi(t = 7) = fag148(t +7) fna(t —7) =0, (1)

i log Un-i-ﬂ (t + T)
dt un_l(t — T)

EHENCHAT 3. KX (1), (2) Ekzhzh, BT - VLT 7 HEROMERE AR & IEE
FHEXTHE. X (1) ORy 70y REIIRORNTH 5. 72720, A\, Ao BEEEE, g.(t) 1ZRX
(1) DF72fRTH 5.
)‘lfn(t)gnJrl(t) + thn(t) : 9n+1(t) - fn+1(t)gn(t) = 07 (3)
A2 fra148(t +7)gn(t = 7) + fu(t = T)gn4148(E +7) = fac1(t = T)gni24p(t +7) = 0. (4)
R (3), 4)BVT, Br=0TR I - TALTIHERONy 70y REHIZ—KT 3. 22
T, gn(t) = fu(®)n(t) EBE, u,(t), Th(t) BRD XS ITERT %:
frt118(t +27) fa—2a(t) d fn(t)
n(t) = ) T(t) = —
B T [T IR A TRy At )
ok, X (3), (4) KhELEa b - U417 T FERD Lax pair

= Unt148(t +7) = Unyp(t +7) —un_1(t = 7) + un—2(t — 7) (2)

T (E)hn(8) + S (t) 1) = M (1) = 0, o)
Aoty (t = 7) + Yny145(E +T) = Ung1(t — T)Yng24 5t +7) =0 (6)

z213%. X (5), (6)1x B, =0T V1T Z7/5HEAD Lax pair IZ—EF 3.
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3 EIEV L AERDFREE

BIER b - T AT 7 HEREGNC, BIEY Y O AERXORFEEMK S 5. ZHHE n 12kt
LT, NEEEREE2HTY, R (5), 6)1F, @) = @Wolt), 1(t), ... pn_1(t)T, 1751 M(t),
L(t) ZHVTRD LS ICET 5:

S+ MOGE) = Mile), LB+ 2r) = M), (7

T, E(t), N*(t) %
E(t):l+/0 de(t—l—a:)—i—/O dy/o dzM(t+ )Mt +y)+---, (8)
(1) = B()La(r) o)

LEFET DL, R (7) OmEMF,
%NﬂﬂzNWMMwﬂM@NW) (10)
¥, Hy(t)=Te(N* (%), k=1,2,... BER +H - T 41T 7 HERORGERE 5.

4 EENVILT zAEROBRF
X wHLTB=0LL, 2FAMVX > a v ERTLEBILEAV LY = 11 FEROBHREL R
DiF(t+71) -Gt —7) —ye ' Flt—7)G(t+7)+ AR)F(t+7)G(t — 1) =0, (11)
DiF(t—7) -Gt +7)+11e“' F(t +7)G(t —7) — AQ)F(t —7)G(t+7) =0 (12)

218%. 22T, v(t)=G@)/F@t) 32k, X (11), (12) K DEBIEA> LY = 1T HFER

SO(E) = e (12(0)* = 10T(0), (6) = ot + 7). w(0) = vlt —7) (13)

185, —AT, R (13) 13, BIED L - LT 5 AR (2) ZIEERIEL 7

d Un(t+7) VUnt1(t+7) ; Un(t+7)
g T et T T et Pl T 14
dat °® Up—1(t —7) Tn1€ Un—1(t — ) Tn€ Vn—o(t —T) (14)

W2V X7 a BT 2ic&oT, WREABREREBHEITIELZ N TE 3.

5 &

ARFHETIE, BEr b - VAT 7 HERZENS, BIEY Y b HFERO Lax pair E R FEZ
M L7z, 012, BIEn b D - T3 b7 I ABERC2FHAHY X 7> a v 23 8T, Bl UL
v I AREAPERL, BIEY ) b AREREBIEAA VLY 2 FERXOBERICOVWTHL T L .

SE X

1] Erneux T 2009 Applied Delay differential equations (New York: Springer)

2] Grammaticos B, Ramani A and Moreira I C 1993 Physica A 196 574-90

3] Quispel G R W, Capel HW and Sahadevan R 1992 Phys. Lett. A 170 379-83

4] Gibbons J, Stokes A and Veselov A P 2024 J. Geom. Phys. 202 105225.
]
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[
[5] Nakata K and Maruno K 2022 J. Phys. A: Math. Theor. 55 335201.
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