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1 Inroduction

Recently, it is pointed out that the 2nd order Neural ODE (NODE) expresses the broader
representativeness than the 1st order one [1], and a large number of works following this direction
have been reported. In particular, the first remarkable argument was that the 1st order NODE
on R cannot realize a function of the form f(z) = —x [2]. In this talk, we consider this problem
as a map on an orientable manifold and the problem of maps that can be realized as flows on

manifolds.

2 Notations

Hereafter, d and r denote integers that satisfy d,r > 1. For a manifold M, Diff" (M) denotes
a set of diffeomorphisms of C” class from M to itself. Similarly, Diff((M) denotes a set of C”
diffeomorphisms that are isotopic to the identity on M. A st of vector fields on M is denoted as
X(M). For topological spaces X; (i = 1,2,3) and a continuous map ¢ : X7 x X9 — X3, we define
its adjoint map ad(¢)(x1) : xo — x3 by ad(¢)(x1)(x2) = ¢(x1,x2), where z; € X; (i = 1,2).

3 Flows on Euclidean spaces
Theorem 1. Let T > 0 and suppose that f € Diff(R?) is given. Then, we can take maps
s:RY = R pr: R 5 RY and a vector field X € x(RY), whose corresponding flow is

ér.x : R — R with which we can satisfy pro ¢r x o s = f.

The proof of this theorem will be given in our talk, in which we shall make use of the fact
that in case of Euclidean spaces, Diff (R?) coincides with Diffo(R?) [3]. We note that this gives
the explanation and the minimum dimension of the Euclidean space with which we can realize

the orientation-reversing map.

4 Flows on manifolds

In case of a general manifold, Diffo(M) is a strict subset of Diff(M). Regarding Diffo(M),
however, we can realize its elements as flows if we allow all possible vector fields [4, 5]. We can
restrict the type of the vector fields [5, 6].

Theorem 2. Let M be a compact, smooth, and orientable manifold and /A be a bracket-
generating distribution on M. Then, any f € Diffo(M) can be realized as a flow on M; that is,
by considering a system of time-dependent ordinary differential equations of the form

{ i=Y" it hi(g) inte(0,T),
q‘t:O =L EM,
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where {h;}¥_, C A and u;(i = 1,...,k) are feedback controls that should be taken appropriately,
we are able to attain q(T; &) = f(§).

However, the statement above is limited only to maps in Diffo(A/). We now consider realizing
a wider range of maps on M as a structure group of a fiber bundle under some conditions. For
the sake of simplicity, we hereafter take T' = 1 as the terminal moment of the flow. For a fiber

bundle P, we denote the projection from P to its fiber F as pro : P — F.

Theorem 3. Let M be a d-dimensional closed, connected, smooth orientable manifold that ad-
mits an orientation-reversing diffeomorphism. Moreover, suppose that all orientation-preserving
maps are isotopic, and the same applies to all orientation-reversing maps. Then, we have a fiber

bundle P of dimension d + 1 with base space S* with the following properties.

(i) The fiber of P is M;

(ii) For any f € Diff(M), we can take a function s : M — S*, vector field Xy € x(P)
and a corresponding flow ox, : P — P with which we can define a coordinate function
bo : T HUy) — Uy x M, where {Uy} is a family of open coverings of S*, and an adjoint
map adz();f) depending on s(x) and ox, which satisfy adz(xx"; (praodpodpt) = f.

We will give the proof of this theorem by using mapping torus [7, 8].
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1 FC®IC
Electrical Impedance Tomography (EIT) 3YMADOREICEE %2 5 2 7, PIIRREICFHA LE
TOFHRAMED & NEE SV O E 2 BREMK S 2 JEBRRER L LT T2, EIT i3X0D
WD HEROWMELE LRl T2 2N TE 3 [1]. RZNOUK Q (BRES) oBXIZEE
o=o(x,y), BEDKT V> v V% u=u(z,y) &3 5L RDEM7THTEXDRLD LD,
V-oVu=0in €,
{ u = f on 0f2. (1)

ZZT, n 2R (00) EOBAERNZ e L, IR & 5 7% Dirichlet-Neumann F{§% 52 5.

ou
7, BRBEEZRXDLSITEZ 5.

ZZT, DCQENSREEMOESEL L, RABEHIIOET 5.

L, (z,y) € D

0, (Z i) )

Xp(r,y) = {

Z DK, TDirichlet-Neumann EAf A, 2> 5NEEEY) D Z K TZ 2007 W5 H#EZ#E
7oz, FWViIAAEE Z2—=F 1ty b —2 flAAEOELFE L BEEROMREZEN T 5.
2 BEVAKE

FVIABEDOE RS [2). Q ZHMMAELE L, NEEEYW D C Q, BiinZ bl we St ¥
T3, wh IIRIEREID ICEMICEFE LR PLeT 5. O, w-wt=0%A77F. Vr >0,
e R2ITH LT, ROEHBEKEERT 5.

fw(ﬁ,T) — 67w~w+i'rm~wL. (5)
Z OWE, HHFRIB (support function) Z XX TEHKRT 5.

hp(w) := sup z - w. (6)
zeD

RIZHERBEEL (indicator function) Z RN TEFKT 5.

Lo(r) = / (B — AT o) lo0) (6) ful(e™®, 7). ()
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22T, A IFEBERN 1 OROD Dirichlet-Neumann Eff e 5%, ZOK, +oKER 1L T,

SRR |
I,

hp(w) = lim log | 1,(7)] (8)

T—00 21
vi%. ZhET, ERXEAOTHSUEY OB OBEIEEROMEITHhh TV [3].

3 BEWAAZa—FIRYy T7—2
FHWiABh =2 =51y P 7 =2 OMEZIBRS [4]. HWiAB=2—=F 13y P 7 —=21FAT
7= LUTUTRZHWS.

wj = [cos 0;,sin 0;]"

0, =2r(j—1)/N, j=1,--- N. (9)

T 1.5 <7 <45 2 LAAMEX 05 T2, ZhdRkAeis.
n=1+ézzL~,r (10)
Rz, TNEDANT—R2ZHWT, 71 e XFREDN G605 RD 2 e FE LoOEZFHE T 5.
(n,%iogynﬁ(n)o ceR? I=1,---,7. (11)

COEZAWTEARAA= 2 —F NSy T —2 %25t HT 2 2 e THEE &Y 2 HEEMK T 5.

4 WERER
BUHSEBRDRERILRIER AN T 5.
BEXH
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1 FREREBRILHEE

Q= (a,b) CR (a<b) ZERAN, [ =90 % Q OHR, n: 00 — R RANAZHAES, T %
EOERE T 5. HE u: Qx (0,T) 5 R EHHF—% ¢°: Q 5 R BE5ZSNEMETHD, v >0
IR 35, 222, u e CO[0,T); Wy ™(Q)) ZET 2. KD 1 RIFH-ERIRS L E R E |

gf+V-W@—VA¢:Q (2,1) € Q x (0,T), (1)
Lg%—@rn:m (2.8) €T x (0,7), (1b)
¢ = ¢Oa ($,t) €N x {O}a (1C)

HATTEE Q% (0,T) >R ZRDK, 2EZ 5.
2 ZIZ0Ta-ALILFUBEAYSa (LGMM) &

MIRE (1) OEARPRBERILIIRE 2 ZJEEERRFES 770V a - FLaxy (LG) i 2] ZAv
TIT5. LG, — e, JEMEt, BREBATAONFMER E ORI SN TE D, Bt AL
HREED D DRNBFIEDOOELOH S, LELERES, $inZA L 78NS &5 RIRERR%
BRI T2HE, BEX Yy > a2HW2 LGETE, fREDENS Z 23D 5 (K1 2H1).

LG 2% — 2%, BESIC X 2 LS 2K, ORI OBEROEE SRS 5. a2 ORAN L7
A TF7E, BREEICHES 7 e —F [1] 23U, X v 2 2@ ERIH > THREZIELZLTH
3. Xy vazBETs itk D, BEFHECBVT EREZAZIREL, £/, MR 2 8
TLHAREMED D B

R ¢ € 0, T) IS LT, Th(t) = {IK;(6) V27! #RRIHKED X v & 2, {Pi(t)}r, € Q &Hiko
FEREDEE, {¢s(x, 1)}y, % PLEEBROES L T 2. MESEEO%ES (P} c Q 2352
bNeT 2. a=P) <P <..<Py =bZRETH. ROEHD BRI S N5 HE

dP;

dt@):uuuw¢y+y > Vel i=2,...,N,—1, t€(0,T), (2a)
K(t)>Pi(t)

P (t) =a, PN,, (t) =b, le (Oa T)v (Qb)

Pi(t) = P?, i=1,...,N,, t=0, (2c)

BHTA{PE) € Qi=1,..,Npt € (0,7)} ZRD XK, DfFEFNTR v 2 (Hi) ZBET 3.
RIFFETE, LGEL ERROX v ¥ aBEEOMAEDERT 70TV a - HLAFUBEIX Y
a2 (LGMM) i% [3] 2185 3.

3 IHEmiER

F 4 D LCMM EDOBEEMRN 2470, LUTD 4 oDfERE2/ 7. IR TR, REZAIE At X
Atlu|cyiey < 1/8 DRMEZEATZT LT 2. HE (2) DRIBA A F —IKZHME L LT bRz B
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R (2) OIEAIR Y B (REIE (3]

FE 1 (R YapBEROBRVWEN). {PPeQi=1,...,N,,n=1,...,Nr} 2[# (2) OiEM#E
£$%. ZOLE, PP< PP (i<j, 4,5€{l,...Np},n€{0,...,Np}) BHILT %.

ZIR).

W

IR 2 (HBMEN). LOMMEDRE {¢p N1 c W), 5%, Zor %, n=0,1,...,Np i<xL
T, [ dpde = [, ) dv HHD D,

EIE 3 (KEM). LCMMEDR% (o730, C Uy ¥ 35, 2O E, h v At IHIFLEWV C >0
PHFAEL, RER (oo (22) + VVIVORl2(L2) < Cllop || 23D LD,

EIE 4 (GEEF). M (1) off ¢ 1, ¢ € Z2 N H?(0,T; H*(Q)) N HY(0,T; H3(Q)) % &7z
T3 PHIRLAORXy Y22V T 770D afilick 28 ¢) = 1% € U9 1o+
2 LCMM &% {opIN 55, ZOrE, h & At ITIRIFLEWER C > 0 BEELT,
16n = Glle=(r2) + VVIV(On = D)2 12y < C(AL? + B) ||l z3nmz (m2ynm (=) DSED LD,

4 BERBR

BR L7 LOMM EOMFED 72912, LG %y LCMM 2R L CHE (1) oBEFHE 21T -
2. ROBKMWERBERZHET 2: Q= (-1,1), T = 2, u(z,t) = sin(27z),r = 107°, BLL
¢°(z) = exp[—(1 — cosz)/0.01]. K 1 IZBWT, EER v ¥ 2% AW LG ke LGMM EOREHR
KT 5. BERX v Y2 LG EPIREIT 2% 7563 —77T, LGMM ENEETS 2 SR E I
A TWE BRI,

WA (LG)t=2 (LGMM) t =2

U

10°
1071

- : 3
1072 i |

-3
10 -1 —0.5 0 0.5 1-1 —0.5 0 0.5 1-1 -0.5 0 0.5 1

1. W ¢ = 0 (%), BIEX v > 2 LG t = 2 (), LGMM ¥ t = 2 () OfEE

SENM
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1 Introduction

Random point distributions are widely recognized and practical methods for addressing various
problems. Although these distributions intuitively spread points uniformly, they are generally
different. Consequently, many researchers have investigated the so-called low-discrepancy or
quasi-random sequences, which can be generated by several ideas to achieve uniform point
distribution. These sequences have applications in numerous fields, including Physics, Finance,
numerical integration, etc. The aim of this study is to measure uniformity using some energies

and, conversely, to identify a pattern of point distribution for a given energy.

2 Mathematical background
The Koksma-Hlawka inequality provides an upper bound for the error in numerical integration
using a sequence w = (x, )52 in [0, 1]%, relating it to the star discrepancy D% (w) which measures

the uniformity of the sequence, and the variation V(f) as following

1 N—-1 )
/[0,1}5 f@)dr — ;} flzn)| <V (f)Dy (W),

where N € N and s is the dimension of f(x). By the conditions of this inequality, D% (w) should
be small since V(f) remains constant. This is why we are interested in low-discrepancy se-
quences: the first IV terms of such sequences have low discrepancy. Examples of low-discrepancy
sequences include the van der Corput sequence, the Halton sequence, and the Hammersley se-

quence.

2.1 van der Corput sequences

Let b be a natural number and greater than 1, every non negative number n can write the its

representation in a base b as
ni=Y dib' =do+dib" +dob® + ...,
i=0

where d; € {0,1,2,...,b — 1}. After that, to inverse an non negative number n in an interval

[0,1) by a function

=, d; do di dy
¢b<n> ::Zbi+1 = ﬁ+b72+b73+7
=0

therefore, the van der Corput sequence in base b is ¢p(n),— o = (¢5(0), #s(1), ...).
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2.2 Halton sequences

Let b1, b9, ..., bs be natural numbers and greater than 1, s be a natural number and n be an

non negative number. The representation of n in a base b; as

ni=Y dibi = do+ dib} + dab] +
=0

where d; € {0,1,2,...,b; — 1}. Then, inversing an non negative number n of each base b; in an

interval [0,1) by a function

8

0 d1 do
b2+b3

Hence, the Halton sequence in base by, ...,bs is (¢p, (1), —g, Db, (R) gy --er @b, (1)) OF in the
form of ((¢b1 (O)? Db, (0)7 s O, (0))7 (¢b1 (1)7 ¢b2(1)7 e ¢bs( ))7 )

2.3 Hammersley sequence

Hammersley sequences are similarly to Halton seqnces, but they change the last position of
their bases (¢p, (n),—g, Pbo (M) s - { 1 }olo) where they have s dimensions and N is the first

n=0’

number terms which we are interested in.
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1. The random sequence is shown in 100 black points, the Halton sequence in base 2 and base 3 is shown in
100 blue points, and the Hammersley sequence in base 2 and base n/100 is shown in 100 red points.
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