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min max Vfi(ze)Td + %dTBk,id + gi(xp + d) — gi(zp). (2)
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\i >0, Vii(zp)Td+ 5dTBk,id + gi(x, +d) — gi(zp) < t, i=1,..,m, (4)
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1 Introduction

Let us consider the following optimization on the Stiefel Manifold:

i F(X), 1
xermiin o, F(X) (1)

where F' is a smooth real-valued function. The problem is defined on the widely known Stiefel
manifold St(n,p) := {X e R"*P: X" X = I,}, where p < n.
This problem can be solved by the Riemannian gradient descent method that iteratively

updates
Xp41 = Retry, (— negradF(Xy))

for some stepsize ;. This involves computation of Riemannian gradient, grad F'(X%), and the
use of a retraction map, Retr, that ensures the feasibility of the iterates. However, the computa-
tional bottleneck is the computation of the retraction, Retry, , which requires typically O(np?)
operations. In this talk, we aim to introduce a subspace method to solve (1). In the Euclidean
setting, subspace methods consist in introducing, at each iteration, a function Fj consisting of

the function F restricted to a subspace generated by a r x n (with r < n) matrix P,;r :
Vu € R", Fi(u) = F(xy + P/ u),

where {zj}ren is the sequence of iterates. By computing a descent direction for Fj at u = 0,
we compute the next iterates. For references, see [1] or [2] for example.
Given a known point X}, € St(n,p), Let us re-parameterize the next iterate as Xp41 = UX}

for U € O(n), where O(n) denotes the orthogonal group of dimension n, and consider

Xiy1 = argmin F(UXy,).
UeO(n)

We introduce the random subgroup of O(n) parameterized as follows. For any P € O(n),
Y 0
_ pT
Up(Y)=P (0 Inr> P.

Hence, given a matrix P € O(n), we consider the following optimization problem

Xpp1 = argmin Fp(Y) := F(Up(Y)X4),
YeO(r)
over O(r) where 1 > r < n is a parameter. The aim is to approximately minimize Fp(Y) in

terms of Y for every iteration around Xj.

Let P(n) be the set of n xn permutation matrices. The framework is summarized in Algorithm
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Algorithm 1 Random subgroup method
1: Initialize Xy € St(n, p).
2: for k=0,...., K —1do
Randomly sample P, € P(n) and let F(Y) = F(Up, (Y)X})

4:  Compute Riemannian gradient gradﬁpk (I.).
5. Update Y}, = Retr;, (—n gradFp, (I,.)).

6: Set Xk-‘,—l = Upk (Yk)Xk
7

: end for

2 Analysis
Assumption 1. F(X) has bounded gradient and Hessian in the ambient space, i.e., |[VEF(X)| <
Co, ||V2F(X)[U]|| < C1||U|| for any X € St(n,p), U € R"*P,

Theorem 1. Under Assumption 1 and select n = ¢ with L = Co + C1, we obtain that for all
k>1,

4 n(n—1)

ME W\/L P - ). ®

E min |lgrad F'(X

3 Experiments

To test our method, we perform numerical experiments on the following problems:

e The Procrustes problem

min  F(X) = | XA - B|J?
X eSt(n,p)

for some matrix A € RP*P, B € R"*P,

e The PCA problem

min F(X) = —trace(X " AX)
XeSt(n,p)

where A € R"*"™,

e The quadratic assignment problem solves

Xeré}ci&’n) F(X)=trace(AT (X0 X)B(X®X)")
BE 3R
[1] Gower R, Kovalev D, Lieder F, Richtarik P (2019) Rsn: Randomized subspace newton.
Advances in Neural Information Processing Systems 32.
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1 BR RBCFECEGRNERICEITZNRL — FOX
KRBV TIE, FFEDZ 7 AZET A f: R” - RIZOWT, ROBMEHEEZE R 5.

min f(z)

ZAUTHT 2 EARRRTHELE LT, ROEHFRTRINLIHEZE NELZHWAED DD 5.
Tpy1 = T — TV f(2))
BT, THEXRD K ST DEGH B8 TRITT 2P R STV 3.
o(t) = =V f(z(t))

ZOXMBDORE Y LT, RORIRT LI, RAT v 7 kIih$ 2 BEIHE f(x) PR ¢ 13T 5
BERUE f(z(t) L EOBfE f(r.) OED kRt IHT2HMEE DA UL, ZhE2IBRL—F2ER)
F— X —OREPER ATV S (RoOXSZEMBEE f DHEBOBED D TH ).

BT 41 =z — 7V f(2)) | 2(t) = =V f(x(t))
IH L — b o(1) o)

DX ISEBRERIRE LT, XD ROVIGRL — b2 OGN ERVEZ SN TV S.

2 BRI U777/ I7EBICELBZIRL— O ) 77/ 7EBOEME L

RS ERSHT A PCR L — b OFHii Tk LT, V77 JEBER WS OBFEET 5.
&1 (VT7T/788) H2EMIHERCH S ERIIERICH L TED SN E(t) 1Tl
T, E(t) BHMIFEIMT MSHRZN, £(1) Z2Z O@BIFROY 7 7/ 7B FEA.

HBIEE 2 (V7 7/ 7EBZAWEIERL — FDOEE, of Kamijima et al.(2024)[2]) & % i /)
R, R() oDV 777 7B E() PEETIER (2) DPCRL — 251 5.

E)=Ft)+ e (f - £.),F(t) >0 (1)
f—fo=0("") (2)

ZOHEENRT 285G, EANZAE LTER (1) ozl LoD, o® 2z kE
B2E5V 777 7B ER) 282 e HIET TR %. LarL, 2oV 77/ 7B
E(t) BIERFERMIHESNTED, — OB ficL Ty 77 7BfE 52 5 2 L3R
7Eolz. THERZF, Suh et al.(2022)[1] TWX, V777 7B E(t) ZHEMINCERN T 2 /iE %12
RL, ~KEHET 2 (Vf FTL2EEFIRY) WL DD OEE 2 ERIIH U TEBICEH L /.
Kamijima et al.(2024)[2] X2 EFRBEXE, KBS 2 (V2 f 23&ENh2) #Eli¥RICH
COFEDPHEHTE 2 Z e 2ERL, B0y 77 7EEEAWEIGRL — + O %217 - 72.
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L2 L, ZOHTHDLNT S DD—DTH 2K II¥HR i +aVifi+Vf =012V T, Kamijima
et al.(2024)[2] TIXHMMEE f 2 B TH 272513 a=0 & LEHEDOIERL — F O(e M) Dk
WThdreEhl, LrL, ZOEGENI¥YRE ZOICRL — MERAR NECHET 25D TH 3.
V2f OffZEFHFLTVS OHIST 2 RE(LTFELE L TR RIEORICAS Z e ZHFLTWS) 121
b o3, ZhefALRVEERE RRCHET 28 1 ERPREOICRL — b ERTEVS 2
Th2. ZOMBDPDAEARXICEHL, AMETIHESENER  +aV2ife + VS =0 ZHOTRA
B RIRICHIG S 285 1RO L — k O(e ™) & h $ RWIHL — F 215 5 20 iiat L.

3 EHNFERT+aVifi+Vf=0ICRNTRVTT/ 7B
AFFIC BV TIE, Kamijima et al.(2024)[2] OE# 10 LRIV 7 7/ 788% HW2D, a Hif
INEEME 0> 000 a> —7 WHEML, ZACIDIERL — P 2HESE 7.

T 3 (ERAFR+aV2fe+Vi=0DUT T/ 7@ pi@»o LFEETH B8 f i
LT, B

1 , .
ﬂﬂ:§ﬂ+u®wﬂh—x42+wwwﬁAjAKVﬁm—mff%ﬁfo%+@wffﬂ)
WBHEB R &+ aVifi+ V=000 77 7B RoTwT, Fick (1) ok LTV 5.

72720, a ROy EMTFD 4 REhzd X 51CH 3.

VZOMﬁ>—ZHWPf+M@W+GV+Wﬁ—7)SQGV+37+Wﬂ—VSO

] 4 (EHGHER T +aV2fi+Vf=00DIERL—F) wﬁ&#obﬁ@f%%ﬁﬁfﬁﬁb
T, 3 R AT R BRI L — MEMANE € > 0 BFIVT, O(e ) TH 3.
4 Fo
Kﬁ%mﬁmfm,Kmmmmmaummﬂm#6%@Lf@ﬁﬁ?%i+uv%¢+VfTomﬁ
UCHIBIS f 75 p-ithid o LT ChuSRak FikE D s — k O(e ") %
WDh55ZeZmLE ZHUIRERE NEISHES 28 7RICHR, Ny 2THOEAICL 5T
PORL — b2s (RIEFBAREVIGEIFRIC) HESINZ I ZEKRLTWS. Lo T, ZOEk
NHERITMIE T 2 BREETFIRICOVWTD, RKEkEMEL ARLICRL — P OSESWIRHTE 5.
=77, Za—bFYERECHRS EIH LY — F ERIZENDOT, Ny 2ITHZ AR THEE L T—X
BEOMIIND 27 E D TRBVBETH 5. %7z, FENIIEMD DGR Z MR U 7203, iz
MDA T 272, %< DIFENER-> TV 5.
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