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1 ELC®IC
i & F Rt REEIE S OO 1 > TH 2RBE/RESHTEH SN TE D, BAHIRESTOA TV S.
Z D& LT Charles-Lauter-Goren [1] {& 2009 12, @R =g H iR o FEESR 7 Z7 7 %2 HnT
N2 aBEBE R L7z, £72 2020 £12 Castryck-Decru-Smith [2] 1 &2 D 2 XIthik & LT, @R
7 — OV O RIFEER 7 Z 7 2 FW 2Ny ¥ 2 B8 (RFRTIE CDS Ny & 2 B W5 %) %
RBELE. HODBAICBOT, ZOFHANSZ ¢g: A1 — Ag BRD LI CHREZINTWVWS.
RE. ERAROBEEE p=>5 (mod 6) & LT, BRNEMAIRE): > =2°+1%2EX%. ZOL &,
H B PGER 72 (2, 2)-FIFEGHRD RWHEKRY
EO X EO —_— A—lO A_g A_1 L AO
%§+§LT (Z)O : A_1 — AO RIS ZICED B .
K7z, SOREICBIT S CDS Ny ¥ 2 B OEZERHENE X, ROBEEREICIHE SN 5.

POEE (MZeity). FEAL 2 IR C B X O (2, 2)-FFERO BWEARS] ¢, ¢« Ay — Jac(C) TH-T
1) FEER ¢, OR%IZERR D, D
2) GG ¢, FWIh b MR ERICNET 2 THAZ@E S LW
T oD% 12RO &,
REFH S OMEREL OICHERFERE O(p*/?) L RIS o TWieh, AT ZNED B
RRANC LECRE R R HER N T 5.
TR, ZIEA R E Y TIRERBEER O(p'/2) T, X EVTIE O(pY/10) T ¢, ZHERTE .
2 EEHEBOHE

HIDIZ, BERDITEL p 10 LT, X275 X 5 ICHARBDM (e, N1, No) ZiED 5:
Ny + Ny =2°  gcd(Ny,N2) =1, and NiNy > Mp.

BB M >0 p KO VWERTH 2 (FEE®RIAT ). 2ok =, DI THEICR S Ey2¢] D
EREEREL ZERVEDIZ e NS SHZODBEZ LW,

Step 1: XD N1 Ny ® HEHERA! o € End(Ey) % Representinteger 71.3') X 4 [3] ZFHWT
FUYRRKIH TV TTH. e TED, HLERFEBIHER By, By 1T LT

Ey — - B,

flJ/ \X lgl
Eq e Ey

ZRHICT B Ni-FARER f1,91 BELE No-FEGIR fo, g0 BFET 2 (I HIEFEFELEW).
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Step 2: 8B {([N1]P, a(P) | P € Eo[2°]} TH % (2¢,2°)-[FfEER & 1% [4, Theorem 1] 12 & D
B By x Eg O ER Ey X By ANDRR%E52 2. 22T, 2howons 11 HHFTEFELT,
B A_1g,..., A1, Ag ZHESRIFIUL Step 1 IR o € End(Ey) 22 hET. ZO#EE

Po #1 Pe—13 Pe—12

Ay A Aci13 —> Aec_12 —— E1 x E»

725 (2,2)-FIEEHRORVERY 2182 £ THEDIRT (HL, & A, 3RO ERIC O L ZW).
SEDER M X, Z OFREEMSHDPHERINC B ONZ e EZIOND XS IHKET 5.

Step 3: B2 (2,2)-[FIFEAR e_11 : Ae_12 = Ae—13 TH DT o120 DRWVIERKTHDH 2 X572
DBOMWFET B EIRES. ZZT

@ = (e_130 - 001, Y :=1e_110 Pe_120 Pe_130 -0 P71
CEDIUL, TNBIF Ag DD Ae_13 NDBEILZ I E. TNHKRDZHDTH - 7=,

AEHIZEIE T 2 D EHAE e DRE X% Llog,(p) BEICRKET 2HENDH Y, Lo T Ef2¢] ©
EREOKRE I RERICAND 2 LT, Fx OFHEOBMERIE OpY/?) t RS 2 LA TE 3.
X 512 Meet-in-the-middle 1 & A A b CHRRIFHER O(p3/10) ¥ 22z E R O(p?/10) Tfizeh
HOon2 XS5BT A2IHAEETHS. 2T LD, SR EJ/RVE SN,

3 HERER

Z ZCIIEMMADER % p = 212° x 15 — 1 ITRET % (ZHUMERE A 192-bit 2 FRT %
RIRAXA=RTHoT). Tk DFEEFHENRIS 27 4 Magma TEED E, B35 (e, Ny, No) %
> — FEICH LT 128 WFITEITLIZE 25 (e, N1, No) = (86,2%° — 49, 28% 4+ 49) 123 LT

m1 = 40D66E465EFBOF2B16C17A8DED83564D67494E9717ED32EBS58E893B,
meo = CCOD66E465EFBOF2B16C17A8DED83564D67494E9717ED32EBS58ES893B

72 5 EZE %) 10.84 R THA L7z (ZAUTE LTz Step 1-2 O DR LEIEUZ 965,229 FITH - 7).
DX E2°] BWNSWHRK ETER S NS5, A DFRIZHEARHE 7 13 ) X4 L
%%t BERLTHEL.

HEE AR E O TRIREFRILK D7D O TE (JPJ000254) ) 121 2 Batifst [&Z27s
HERUEE Y — B 2D 7= OFIARESEAICRE S 2 WT2ER%E) DR TH 5.

BENH
[1] D.X. CHARLES, K. E. LAUTER AND E. Z. GOREN: Cryptographic hash functions from ex-
pander graphs, J. Cryptology 22(1), 93-113, 20009.
[2] W. CASTRYCK, T. DECRU AND B. SMITH: Hash functions from superspecial genus-2 cur-
ves using Richelot isogenies, J. Math. Cryptol. 14, 268-292, 2020.
[3] D.KoHEL, K. LAUTER, C. PETIT AND J.-P. TIGNOL: On the quaternion {-isogeny path
problem, LMS J. Comput. Math. 17A, 418-432, 2014.

[4] E. KANI: The number of curves of genus two with elliptic differentials, J. Reine Angew.
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1 BiE

Deuring %fJiiZ & D % E2AE M R o R GG T BB OMKEIR D 4 77 L e X6 T 5.
HZONTMRIBIRE ZDEA T 7 MR LT, 204 T 7 eMIET 2 REEREZHET 2 71T
) X L1F ideal-to-isogeny 743V X L EFHIN S .

ARETIE, [1] Ik DRI N 2 ZOTRIEE G & RO B CHERBBRA OB ZRIEDH DA
A% FW7z ideal-to-isogeny 7 L3V X 2 |deal TolsogenylQO *! Z 4% % %. IdealTolsogenylQO 1%
BEFED 1 ZTAEER O AZ WS 703 ) X LI AT, FEMHIRR O BEBUER X L2 2355 0.
X SIHYNTER Z R T 2 Z 2 212 & D, IdealTolsogenylQO IZBEFDO B D L h dEdH L 72 5.

2 RET7ILIVIL

Smooth BEEE my, mo BIUOEH f 2 p = mimaof — 1 DR RZEIITER. EHIZ
my > /p ZBET 5. R ZHRIRDNE T8 p D30 LI Wi “RIEDEERIR, Oy % Bp,oo DIKIE
RTREZEGLDHD, Ey & Fpo LofEK R THCHERIERD O bR DT 2. AR
G5 1 Oy — End(Ey) % 1 DEE L, Op & End(Ey) 2A—#7T 2. UTO7ALTY X ATE, =
NSRRI ANELTHEAONTVWEHDLET 5.

L %2 Oy DEATT7ANTH->T, n(l1) Dmy EEVICERDDOL L, B % ¢, DB 35, Z
DEE, Lt @ WEIFAR 4 : Oy = End(Ey) BFESTS. J 2 O DEATTAEL, 11 12&D
MG 2 FREGEGRE ¢, £ T 5.

21 7LV XLOEE

Ideal TolsogenylQO & E1, It, ¢r1,|Eoimims), J ZANE L, o5 OMBEFAEST 27 13) AT
»%. Generalized KLPT 712 X4 2] ZHWA Z ik b n(J) = ml (k€ O(logp)) £ LT
R, J=Ji--Jy &/ bmg DATTVCHRT S, ZOLE, J X DS 5 LB
WE E 35, O DEATT7NVNLI - Ji1 ERIFERATT7IVTHoT/ VAN my £ HEWICHE
RBDE L 2T 5. AT 7N EAMBIILLTO X 5153 2. RENIIGS 2 FAEGGRERT.

Ey

Iy
I r
I3

1= 2 7 k

if, Ei, Ii, ()017;|E0[m1m2]7 Ji %)\jjé: L, Ii+17(PI¢+1’E0[m1m2]7Ei+1 %§+ﬁj—57lbjl)fb
Shortldeal TolsogenylQO Z#i§ 3 5. ZHhZ#EDIRLHAWVWS Z & T ¢y ORI E, D EIHATE 5.

*1 1QO 1% Imaginary Quadratic Order DBETH 3.
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2.2 Shortldeal TolsogenylQO

Shortldeal TolsogenylQO (I T O FIETHK 1 5.

1) ker s, = r, (Eollii] N Eolma]) 27555,

2) Velu's DAREANVT Eiy1, (¢, 0 01)|Boims) BATHET 3.

3) B € IiJi ¥ a € RTH-T, n(B)/n(L];) i mamy L HWSHETH D, n(a)+n(8)/n(1];) =
me ZilcTbDERDOTS. 22T Ly =&,y (8) &5 5.

4) 0141 Boims) ZRTET 2.

PLisi | Eigilmims) ZATHT 5.

BESOM B Z AR S8 T 01, [ Brs mams) AT T 5.

AT 7N REAFELTO X 5B 5. 22T L= ¢, 005001, THS.

"G

5)
6)

i1

Eqo

N /6 o
v

FIE 3. #T LJ; S TFRINEEZITI 28 To(f)/n(;J;) = /p %2 B 2EBROIT%. 2o
Tmo —n(B)/n(l;J;) B3 R DILD / VLt 74% b D% Cornacchia 713V XL ZHWTRKRD .
FlE 4. U ToFERCLDEEINS.

1
mir.., = m@h c@r, © .

’E‘\Jﬂ@: X D Eo[mlmg] @%E’E%Mﬂﬁ?% T 2 ‘Eo[mz} 7)‘§+§T§ 5.
FIE 5. LT oA Kani OER (3] Z#EHA T2 2 L TitRIN 5.

P 1
EO > Ei+1

Ey —— -
T ZCdeg(a) +deg(pr,,,) =ma TH 2B I END (mo, my)-FEEHREZFHET 2 Z 8T ¢, 2iEF
HT%3%.

BE 3R
[1] Onuki, H., Nakagawa, K.: Ideal-to-isogeny algorithm using 2-dimensional isogenies and
its application to SQIsign, Cryptology ePrint archive 2024 /778, 2024.
[2] De Feo, L., Kohel, D., Leroux, A., Petit, C., Wesolowski, B.: SQISign: Compact post-
quantum signatures from quaternions and isogenies. ASTACRYPT 2020, Part I. LNCS,
vol. 12491 (2020), pp. 64-93.
[3] Kani, E.: The number of curves of genus two with elliptic differentials. Journal fiir die

reine und angewandte Mathematik 485 (1997), 93-122.
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1 BiE

Grobner BEOFHHEBEZ BFICHHEST 2 Z 2 13— BRCEHLWHETH D, B OL2MEMNT 2
KBWTHEHEELREL 2> TWd. Grébner RRDFHERBIAN L R 2ERRDT —XDKEZD
BB LTk, 2oftEEZHI 265 L U TREBRE (solving degree) LS HHEN 2. L
DL, KRGRENIIEFD 3 FH (ERBRCIT 4 F ) BEEL, BRI 272 TRIBEERNICARS 12
SR ENT VD T D B, REHTIRE T, Tho DR ERE EMIDEEZIET
527 BT, RAPBIRP—E T 256072 ¥ OEARNMEE 2R T, RIT, 2024 FHEOMHEE 2HEFHER
R (JANT kv > a ) THI LFE I X 2 KBTI DFHMIC B S 2 KR ITHD Wz, Grobner £
JKDFIHEBDOWHEFHER ZRMNICE X 5. X512, BEOREMEMHT (Friz MQ RIEOREFTHERE
) 1ICBVWTEBL Vs (BE¥H) FERMEREZID B, FRE R T O EE O @b
KEELWETHRRS. /2, TANZEARIFIERITIZRW2SEIERITS 256 L RO HZEH)
27251 LWHIREIDWT, (ERDFIEAMNEDER 2R T % 2 & THERN R E2E s 0
T, 2HZDOWTHRANT B & & bIZ, Froberg THO B 2 HO—{LEIRR L, B OLE2MEMRHTA
DIGHATREMEZ RS, IR TR, LELOMETENED S b EER DD AILT.

2 REEXREL (solving degree) & Grobner EEDFHEE

R, K #2K R = Klzy,...,x0), F = {f1i,...,fm} C R¥L, < % R LOXEKN = HEF
5%, F/, 7OV XLDRERIF K B 2HAEAEORKCTIMMi$T 2. F o < B33
Grobner REDEHHEZFHE S 2 72D OFREED 1 DICRMBXE 2 H b, 3 FEE (FFRITiT 4 )
DEBRDFET 2. 1 OERYL LT, IFHERERIC L D Grobner IEZFHET 271 3) X0 A%
FAT L72FED step degree D i KM % SKIEREL & WX, sdé(F) ERT. ADFETHICRDIHERHD
Hr % step degree ZRIETILE MRS ED D EH, ZD X HITERT % & RMBRET A DFEEFE
WHMIE LI 5720, AR TIEEZ W, 3H 2 - 3 DEFRIC K 2 K\EXEZ Macaulay 175)% FWT
EFEN, 2hehsdD(F), sd"(F) ¥ £E N2 (mut 1¥ mutant OB). 52 -3 DERICK S
KIATENIIRA T 2 743 ) ZLHKGFET F & < IKOAKFEL, sdB™(F) < sd*°(F) 256D 31
S, B U F BERES, ACEYBREERT 2 £ T sd™(F) = sd™(F) = sdA(F) 9 25,
U F O < 1B 2l Grobner KO RAFERE max.GB.deg_ (F) IZFLW. —77, F HJF
BEROEE, 2 s 3 DORMIBUE max.GB.deg_ (F) A Er b, Z0FHliE—Micid# L v, 7%
LS ORETIE, ZHRIF = (f1,..., fm) DPESZHEENTH 2 LIREL, F ORBREE
ERIMEREE D = diog ((F'°P)) THERIT 2 Z 2 03H 25, THHIE—RIIFFEL L RV (22T Frop
13 F OBRKERERSY). EHZ 2024 £HED JANT IZBWT, AfFEEFTsd4(F) < 2D -1 ZRL
7=. &, 2o ERFHEICE-S & F @ Grobner FEEDFHEE IR § 2 5HiiN e 157 :

FE 1 iS5 tbodbd e L, IFERZHEAS F I3ESEHFERNTH 25D 55, DL E,
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1) [1, Theorem 3] & % IEMEEIE 7 L2 Y X 2 A BFELT sd2(F) < 2D — 1, 222 A DFE{TH
WEHREEN S S ZIHROMIENL 2D — 2 BRIV,
2) EBI, ADFHEELF—X—FZRAT L, SFMiENS -

m<n+D)“+1<n+p>2<n+p_1>2<n+zp_z>

D 2 D D-1 2D — 2 '

T wHTHIEOIERTHD, 2 <w <3 &3, £/, L A DFEITHIT 0-reduction
H—EHREELVWERET S L, A DFIREELS —X—I13RXAT LrofHiizh s :

n+D\* [(n+D—-1\?/n+2D -2
™ p ) T\ po1 °oD—2 )

3 IFAIMEXR#EE LK HIERIY DYLER

EH 1 OFHIRIZREOMTH D, ERMCIZ XD 24 M REHEASE ENS. & 2T, {ERDIE
AIFEREE X CEEAME D E R AR ST 2 2 £ C, X ) FANRTMREE . URTIE, < 13X
ftewiEENEF 5. £/, Fh Fh <M ezh2h F, F, < OFX{LE L ([1, Section A.2]),
F'r % F OBRKFEREHIIE 5. ARERIEN = R-INEE M © Hilbert BI$t2 HF ), ¥ £
F% 2 ([1, Definition 2.3.1)  FHXA 77/ I C R O— RIS NI-EBNMERE dyop (1) %X TER
T3 55 dy BEELT, FED d > do 10 LT HF gy (d) = HF g1 (do) B DD L X, 20D &
575 dg DEMEE dieg(I) LEDZ. ZD X 5% do BFELBENVE F, dyeg(I) = 00 LED .
EHE 3 ([1, Proposition 2.3.4])  f1,..., fm € REFRZIEMWEHBN 1 XM LEOZHEAL T2, b
L R/(F™P) »% Artin [T, £0 F'P BIEEEHIEERTHIUL, drog((F)) > drog ((FTP)) —1 5
X O max.GB.deg _n (F") < max{dyeg ((F'P)), dreg ((F"))} 235K D 375.
EZE 4 ([1, Definition 2.3.3])  f1,..., fm € RPETERD L &, F B—RILSNIBESEMFEIE

AIBICH 2 213, F 55 dueg (F))-EHIOE X2 VS, f1, ..., f € R DFRE SRS RVEE, F 5
— AL SN B2EMEERFITH % 21k, Fh B X 2252 EERBITH 2 L &% 0D,
EIE 5 ([1, Section 4.3]) m>n &L, IEFRZENIF = (f1,..., fm) ITRD 2 5.
1) FM 33— S N 7B SR ERB], 3705 dyeg ((FM)-1EHL.
9)  Flop ZREESERIEER] F72bB dyeg((F'°P))-TEHI.
ZIRET 5 (2405 DIELR generic I D LD Z e B FHENS [1, Conjecture 4.3.4].) ZD L X,
m _ ydes(f;)
Do = { deg (| o Zmm2]) 1 > )
Dici(deg(fi) —1)+1  (m=n)

L 5< 2, max{dieg((FP)), drog ((F"))} < Dy D I0. 6o TEIS XD, Fh o) <k 12pF
% Grobner ZJED (k- T F @ < 1ZB$ % Grobner HED) 5HHEEIZ O (m(”gi‘jw)w) L5,

REITBARTNED, S OR SR IS AR OV T, FEN TR 3.
BE X

[1] M. Kudo and K. Yokoyama, The solving degrees for computing Grobner bases of affine
semi-regular polynomial sequences, MEGA2024 (arXiv:2404.03530 or eprint/2024/52).
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