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1 B2
Max-plus fRELE IIEE Ryax := RU{—0c0} LiZHiE @ ERE @ ZZhLTh
a ® b := max(a,b), a®b:=a+b

TERLIZFETH . ITECOVWTOHNIEIE € := —00 THBH, IMEOWITTIFIFEELRWV. 2
DRERIET 572912, ghost & XIZNZTTOEA RY := {a” | a € R} 2L 7z supertropical fX
ByERINT [1]. 22T, ghost lFWbid MEZFF- 7=t TH D, supertropical RETOD
i &y ERIE @4 &

a+b (a,b € Rypax),

Dy b=1b < |b]), ®g b=
a @ (lal < [b]) a®g (la| + [b))* (a € R¥E /13 b e RY)

a”  (|a] = b)),
TERIND. 727L, a c REMLT |a] =0 =aTHb. £LFHSITND 2 IEZE G
aFb & a=0bF%EZ (Ja| > b 2D aeRY)

a  (la] > b)), {

MEFRSIND. R TIE, max-plus 750D supertropical & ETOREESfEEE X 5. Max-
plus fREIB X U supertropical fXE L TOITHEHE Z @ F OREREDOGE L FARICERTLIZ L
T, 1781 A € R X" OFEREDRIIRDIETERZ LD TES.

U, S0, VT E A,

U’ ®q UFE E,,, (1)

VI®,VEE,.
7z72L, Yidi=1,2,...,min(m,n) i&DWT (i,i) KDD 0 TZDIEDDHATHRTXRTeTH5S
m X nfI7THY, E,,, E, ¥ max-plus REUT BT 2 BAATHIT, 200 DREIZNZEH m K,
nXTH5. F2ABIUE 3 RIFERTZ LD max-plus REIOEBEKRTOELR 2R T.

Max-plus {77 DR RIET R 2] KBWTRESIN TV S D, ZOFEFHBEEAULICEMIL 72

BEREBAL TGEEORBRTOHBERREZIES2HDTHD, KT X M) v 7 RITHIOREES fR%E
¥ 5. £7, max-plus RECEORRRERZHERNZHH L RREOENTED 3] TIRESNT
WBH, FFRERZ ML OFEHEEE IR TV, 2 2 TAMFETIE, HEERNRAIECREE
BRORENY PV EFRL, RHEEDWZRDEZTVITVXLEZRRT 5.

2 HREZB7ILIIVIL
DR CREHEOZD m<n &F53. i, X7 MV udF i K9% [u]; T, 759 AD (i,)) K7
v [A]i,j THRT. & 512, P e R¥xr WX LT

max

Pt =PaeP®?g... Po"
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LIEFRTB. O E, 1Al A e R ORERMEIZRD 7 LI Y XLATEZBNS.

FILIURXL 1 AJi: Max-plus 75 A € R™X"

. ADFRE 01,00,...,0m BEURT ML ug,ug, ... Uy, V1,V2,...,0m

() A® = ABIVk:=11B<.

(i) [A®D],, 4 = max; ;[A®D); 2B (i, qe) BRD, oy = [AFD], . rBL.

(iii) 1781 ((—20%) @ A*=D @ (AC=DYT)+ @ p FIH 21751 ((—20%) @ (AFD)T @ AKk—D)+
D g NNBEZENFI ug, v, £BKL.

(iv) k=mTHIITATY RL%KTT 5. 25 TRINE, AR = AF-D gy @0, @0
LT, X1 AW @ p iTHE ¢ IHOED 2 TNT e KBEHWZ 2. 20k =k+1
Y LC (i) IR 3.

FRROT7NAT) ZLTHELNDZNRT MLy, ug, ... Uy BEL v1,09,...,0,, ZEDEFINTD
ERATANEEohBRN. 22T, MFO7AIT Y RL 2L TINLDRY MLZERLT 5. i
Moo, {1,2,...,03\{q1,92, -, @m} = {@m+1,Gm+2, - -, qn} £F 5.

FPIIdVZXL2 AJ1: 73V XL 1 THELNIERT b ug,ug, ..ty BELR 01,00, .., 0,

Hi71: supertropical fDERTOERATHI U € R BEUXV e R

(i) U :=F,, VO .=F, k:=1¥28<.

(i) U*D @ p, FIHZRZ L uy, TEERZ 52 UR v A, VED o g, 5
HERZ b o, TEEHRZT5E2 VE) L.

(iii) 1f7HIU &V o kFBEEZZhzh

o), = (OO T@UO) T, (sk-10vE)
PR ke (i>kDrE)
v, JOT VO, (i<k-10rE)
T ok, (i>kor )

TERT 5.
(iv) k=mTdUX, Vom+1,m+2,....n5HZ

[V]Qiyj = [((V(m))—r ® V(m))+]Qi7Qj (Z = 1727 R .] =m + 17m + 27 e 7”)

WKEoTED, 7TAVIVALZRTTS. Z5TRHRINZ, k:=k+1& LT (i) IK3%.

FE1 713V 1BLET7LTY AL 2THROND 01,02,...,0, 27U, V ZHWT, 1T
FlAZ (1) OIRICREEDHTZ 3.

SE X
[1] Z. Izhakian, L. Rowen, Supertropical algebra, Adv. Math., 225 (2010), 2222-2286.
[2] B. De Schutter, B. De Moor, The QR decomposition and the singular value decomposition
in the symmetrized max-plus algebra revisited, STAM Review, 44 (2002), 417-454.
[3] J. Hook, Max-plus singular values, Linear Algebra Appl., 456 (2015), 419-442.
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1 BE

R T, FRFT5) A = AT € R 3 2B ERE Az = Az, x # 0 2] S5, 1751 A
WA 2TRTOEREOESE A(A). ZOHMAHEEEZ S(A) C A(A) L KiLT 5, /. EHEHE
pi € S(A) LT 2EENRY bk x; ERELT b, 22Ty AWNT 2T XTOELIEE N HE
LNFGE, RN KERRIENMRRINTVS [1, 2, /-, fEa 2 2 /R L ESEER
BESRERIATVS [3),

L2 L. IOHETE, SRXTOEENOERPBELZ VGG, ZOFEaX M EVWEE
BHb, TIZT, IXRTOEPEENLIRE > TVRWIEEOREAREEZE X 5, FAIE.
i € S(A),v; € A(A\S(A) £ LIzt Z, FRTD i, j WK UT || > |vj| 22D |pi — s > € DI
AT, MAEENOKERBDARETH B 2 BR LIz 4, T T, e IZHEBEINIWED R H T —
THhb, ZOFEOAHL LT, KIEXRIETERIN S FEREE T, (THIEOAMTEEEHNE
RxnhzzreThb,

2 EREERICNT BREARE
FTARTD 4, j I UT ] > ], (1 < < k) 2D |y — pj| > e BIRET 5, F7en

D = diag(p1, ..., pr), X =(z1,...,2), k<n (1)

v L. ZOSEBELEE DO, XO v 33, cor ZORERR7 ALY RLHBUTTHS :

Algorithm 1 Refinement for an approximate eigenpair subset
Input: A € R"*", X® ¢ R™** and D®) ¢ RF*F with k < n
LY, T = CompactWY()A((p))
2. B=AX — XD®)
P=HTB, where H=1, - YTYT

3:
4 gy =a x; for 1 <j<k
5: @IJ’-H) c?(p) +pj;i/q for 1 <j <k
(1_(]])/2, =]
- Dij .o
6: € = AR Sihjsk
ZMJH”, k+1<i<n1<j<k

7. Xt) = X + HE
Output: X @+ DE+D)

Algorithm 1 ® 117H [Y,T] = CompactWY (X) iZ. X x5 % Compact WY £Hi [5, 6] DFF
BEBWT 2, 2Zh. H=1-YTYT v Lz &, HZERITITHY. HT'X HHHEAMITH
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Y25,
3 WBRE#NRE
TARTD 4, j I UT || < lvj| DD IOBEEEZ S, 2D &, AHNERITHIUL,
A7'X =xD7! (2)

THY. |t > v BRD I, T T, MREREICEERES ATIX - XD pEREh
% (Algorithm 1, line 2), ZORIIX LT

AT'X - XD '=AY(X - AXD™Y) (3)

YREBFT B LT, FTHIRZ AR = X — AXD ! s+ BB ICHEI ATV 354,
AR BERBEHETI V., 2D, D5 A O LU SREOERL EBDEE D Z DFEEX
BREETLL, KMEXRTRD SN EREFEDEEMITIETDH 2,

SE 3R

[1] Takeshi Ogita and Kensuke Aishima. Iterative refinement for symmetric eigenvalue de-
composition. Japan Journal of Industrial and Applied Mathematics, Vol. 35, No. 3, pp.
1007-1035, 2018.

[2] Takeshi Ogita and Kensuke Aishima. Iterative refinement for symmetric eigenvalue decom-
position II: clustered eigenvalues. Japan Journal of Industrial and Applied Mathematics,
Vol. 36, No. 2, pp. 435-459, 2019.

(3] WEFGEEL, BIRyeA, FKHEE. FERFMTHI O A E 79 05 2 )R R IE O KFIRE5 3R
BB 2 FE L FHli. HREHRENA T+ —< > Rava—T 1 ¥Z (HPC), Vol. 2020,
No. 15, pp. 1-7, 2020.

[4] Takeshi Terao, Imamura Toshiyuki, and Katsuhisa Ozaki. Iterative refinement for an
eigenpair subset of a real symmetric matrix. JSIAM Letters, Acceptef for publication.

[5] Yusaku Yamamoto. Aggregation of the compact WY representations generated by the
TSQR algorithm. In Conference talk presented at SIAM Applied Linear Algebra, 2012.

[6] Grey Ballard, James Demmel, Laura Grigori, Mathias Jacquelin, Hong Diep Nguyen, and
Edgar Solomonik. Reconstructing householder vectors from tall-skinny QR. In 2014 IEEE
28th International Parallel and Distributed Processing Symposium, pp. 1159-1170. IEEE,
2014.
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AZERHEILEN E block CGEDREBEABDREICE IFBRED
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1 EL®IC
KB HAT 5] 2 RO R DN, — R RN Az = b, A € R™", b € R % KEIEIZ & o THUER
IR Z 2 d, BIZEEMHAICBWTEETH S, OE, EHEOAERD MV ERFDEN — RGN

AX =B, B=by,bs,...,b]eR"S

AR ECRIRT 20070y VREHENEHIWTWS. B, block CG % [1] 1, (R¥4T
5| A BEZENFETHIGEICENTHI2mEREN LT 0y VRINEETH L. 72 KEETIE,
Wkt 2 dE T 5 FEE UT, BB ZHHTL I EPAENTHS.

A B 2 R 2 S T & 2 A RTILEE [2, 3] 1k, NAMEREWFETHSH, TORE
RPHMEIZ DO WTIEREZAHZHE L. £ I TARIZETIX, block CG JEIZ Al A AT % @ H L
7236 DYCRVEN D8 2 BERIIZfRNT S 5. BARIIZIE, REGHIOEHRIZH NS s x s 751D E
BIEDOE NI & 5T, WZWFTLIEA & block CG EDQ TNV TV ALFEBGFET S LICEHT
5. ARMETIE, FREPHRREHANIDWTRATMNZRER M % REFT 2 RIAEA E TV T ) XL 2D
B, ZONEMEZESRT S, KT, AIANEILETIE, KEDICERE2GLHEE T 5600 %
MEFEIZ L > THALS 7 e —F LAV o DD (INEAHKELIER), ZONEKED,
Fig £ 725 block CG #EDO KB UNBRE L IESR) OINKEWEEZEIZENTH S Z & 2 RBT 2 IHE
HART. 72, TONKRERDOZYVEZMERT 5720 DFMEERE RT.

2 TAZEMFILIER Z block CG EDINHKME

A ATALERA & block CG ED 7V X%, Algorithm 1 (27”89, — IR RTLEE TIE,
TEDHIMIRITH M ~ AU, KEHI Z, = M~ Ry, 2531583 5. —7, WEAMRTLETIE, K
G I BIR B ATAEEATH] My, 2T E 50, £ LIEAER AZ, = Ry #4732 KEEICE M

Algorithm 1 Block CG method with variable preconditioning (BI-VPCG).

1: Select an initial guess X, and compute Ry = B — AXj.
2: Solve AZy = Ry roughly, and set Py = Zj.

3: for k=0,1,2,..., until convergence do

£ of = (BTAP) (P} Ry)

5 Xpp1 = Xi + Ppal), Ry = Ry, — APl

6:  Solve AZy11 = Ry roughly.

T By = (Bl AP TN (P AZyy)

8  Pyp1= Zpp1 + PiBY

9

. end for
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IR T 8T Z) WIS 1702 RO BHANS . WIBKE, ThbbHRR AZ, = R, OM
WRFRIZIE, AMNERAE & [ABRIZ block CG iER EDRFH VLN S.

& T, WD block CG %X Z ORI 7L 3 ) AT, FHEROHIRD =D, o, A0 0
HEIEND 5 x s (THABHAMNO B B HACEHRTE. UL, APIETRZOD LS REHIEH
ATHWRWZ 2T 5. TN, IROBANREREZREFT 27-0TH 5.

RlP..1=0, PJAP,_ =0, k=12,....

ZoERMEERWSZ T, Algorithm 1 1Zx U CATRDOHEEZES. 277U, 174 X € R™*% i
U, Fa VA% || X||p, = Vir(XTAX) &ED S, KR TIE A 2 EEENITHE LT W5
72, Fyu /VIIITH] 0V L OFREARN B Th 5 IEEMME, FRME, SIEEZ 7230, £
EHEEE S w2 LTEL.

#WE 1 174 Z;, % Algorithm 1 DN KETHRONIEMRL TEH. ZDLE, LUROREADRK
DALD. 272U, X*:=A"'B»D Z; = AR, £ T 5.

1X* = Xisallea < 125 - Zellzy-

1 &0, NEKEIZBITZFED Fy /IVAIE, ROWNFRETOIRAED Fy / VLD ERE
5. F7z, WiE 1 2HWS L, AR E block CG EIZX U, IROIKERLFSNS.
EHE 2 O, (0< 6, <1)iZxL, Algorithm 1 ONEBKEIZHWT, BT % i 72 TR 2,
NEoONLT 5.

1Zs — Zillpa < Okl Zi | Fs-
ZDEE, WMEKEDIELE X, (Z2D2WT, BRI D D,
X" = Xiqillpy <Okl X — Xillpy-

EHL2 K0, Fu JVAIZBWT, WIBREICS T2 MR RZARGE L, INERED —KEICs
I BBAEDRDRIIINATIIT o NS, nd, MEORKRIK, VPGCR EIZN T 2T [2, Lemma 1,
Theorem 1] IZ£D &, VPCG Eizx3 2 INHEH [3, Theorem 10.2] ®—¥% 71 v 7 BIZHLIR U
ZbDTHD. M - EHOGHPBUHIERIZ OVWTIE, YHOFAERIZTRY.

HEFE AR O—EIIRIE R E M S (SR (C) : 21K11925) DRIk ZE%ZIT TV .

ZE

[1] Y. T. Feng, D. R. J. Owen and D. Perié¢, A block conjugate gradient method applied to
linear systems with multiple right-hand sides, Comput. Methods Appl. Mech. Eng., 127
(1995), 203-215.

[2] K. Abe and S.-L. Zhang, A variable preconditioning using the SOR method for GCR-like
methods, Int. J. Numer. Anal. Model., 2 (2005), 147-161.

[3] P.S. Vassilevski, Multilevel Block Factorization Preconditioners, Springer, New York, 2008.
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THARRICK T BES > I B Krylov B3R ZERIED 7= D HiMLE
IC2oWT

PR A 1, SR S 2, R B 2, R A 2

DALHBE RS > % —, 2 Al AR TR

e-mail : satake@iic.hokudai.ac.jp

1 ELHIC

PIATHT RN, B UESHIEFERZ X o L LBV EICHN S . BEEEdHEIREIC B W
T, FHCRHIRR RSN S 2 BIEHED @ L EE L BRETH 5.

—fRiZ, TG ERRDOBREBATIINBITIITH - ThH, REBATHI L [F5FE DV A X DI HEITHI & 7%
5. L7enoT, KEEZATHITERITH LT Krylov #7022 MEZEH T 2546, KEBERETS
DFIEPRE L 72D, ZLOREEREZET 5. K7 ¥ 78 Krylov B0 22K, REEICHNS
BTN RIR T > 74750 TIERLT 2 2 £ TE X E VICEHEATREREUERIETH 2 (B ZIE [1)).

K7 > 7R Krylov #7722, BXEVICHRETE 2 —/5T, K7 ¥ 27U & > TS
BT 28NN DH 5. Lo T, B X 2REOUEENEETH 5. AWIFLTIX, FRIEATH
FERZH 1 KT A2 LR RBATINCHN 2175 IME (7> Y uihE) ITEHL, 2o
BOEICHED W ATLEFROE L 2175, £/, BH LW O ORTLE 2 BEFER T T 2.

2 {BES > V8 Krylov 3f9ZERE
AFETIE, BEITHHERDO—FTH % Sylvester 7TFETR

AX +XB=C (1)

EZ2%. 22T, Ae R BeR™™ O e RV™ FFEHITHI, X € R IIRFITHITD 5.
T/, BHETNES > 2, oFh, C=CC),CL e RV . Cy e R™ " r <m,n £ 3 5.

Sylvester /723X (1) 1203 2 AL 2K F > 7 BiICGSTAB i@ 713V X 4% Algorithm 1
WY, 7Y XANOFEICE T 2SI oS AR T 2 GEL I [1] 23RE
Nlzw) 23, RIEHICHEFT 28T 2R > 7175 LTREIT 2 Z e TAXE YV CEHETZ 5.
RAEEE DML & HITETHND T > 7 3INT 25, KT > 71751% & IS ¥ 7 RATHITHE L
T BYIDEHRT 2T 22T Y7 2/NEL L, FIBEXEY OWMER<. 72, M1
RO EEZRLTED, R TE, ATUEOFHEFECOVWTHRT 5.

3 TUVILEBEICE DWW CELIE
Sylvester /71230 (1) &, X7 PAKIC & o TEAz 1 KA5HEEK

Fr=c¢, F:=1,2A+B" ®I, c Rmxmn (2)

WKEEHEZONS., 22T, ® &7 > VL (Kronecker ) ##£ L, I, 1% n XEA{TH], ¢, c € R™
BZhzh X,C O MULZRTS. FREITH F 37 Y Y AVETRIN TR KR->TED,
AT Z ORGE R 7 > VLS © IR,

V. 1 XIS 2 — AR ATLEEC, REATYIZ BAATHNTE DU % K 5 REHZAT S i
WA W2 2 & TN REZITS . — A TITAAEROSE, TR T, EXEY
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Algorithm 1 Sylvester 77203 2 HiLE() Z{KZ > 27 BICGSTAB
Input: A € R"*" B e R™* ™. Right-hand side C € R"*™ in low-rank format, R € R"*™ in

low-rank format (e.g., R= (). Truncation operator 7.

Output: Approximate solution X € R"*™.
1 X© =0, RO =, pO = RO pO) = p-1 (P(O)), QO = AP0 4 pO B, p0 = <R’ R©))
2: for £k =0,1,2,... until convergence do
3. alk) = p(k:)/@,Q(k))

4: Sk) = Rk — o(F)Qk) Optionally: S®*) « T (S(k))
5: Sk = M1 (S(k)), Optionally: S « T (S(k)>
6: THW =A5" 4 W p, Optionally: T") « 7 (T*)
7. w®) = (7®) gy j(k) k)

8: X&) = x (k) 4 (k) p(k) 4 y(R) (k) X&) T (X(k+1))
9. RFHD =C— AXK*+D — x(HHD B, Optionally: R*HD « T (RF+1)
10: Check convergence

11: p(k""l) = <R7 R(k+1)>

13: pl+1) = Rk+1) 4 gk) plk) pk+1) T(P(k+1))
14 PO 2 pq1 (P Optionally: P(++1) & T (PU+1)
15: QWA = gpt+l) 4 P+l B, Optionally: Q*+Y « T (QU+D))
16: end for

DBRP D, ZREDHRBATINNG T > Y WEIEE & D X 5 ICHIBI T 2R T 2 0 EZ 03 H 5. £ 2

TAMIETIE, FILEEITS] %
M=M®N (3)

Y BL LT, BEBROREITI F = FM L ICF v Y MEER 522 2 ER2 5. £, (3) D
MEEIC XD, Algorithm 1 D 1, 5, 4{THTTZ Y 7 2¥MEE 2 2 e R ATIEHOFENITE 5.

ATALERATH2S (3) Ot & & 2 BEFFike LT, NKP (Nearest Kronecker Product) Ai/LE [2]
ISR TWS. NKP RBETIE, N =vl, +11A, M = puol,, +mB"T ¢B%, |[F-MeN|p
EENTT B85 X =R vo, 01, pro, 1 B RDZEBICRET 5. RIFETIE, ThdDRTX—%
Y ML o (MY N7 0RtE) HEREL S TBIEEBRZITV, 200 OREE R L 7.
4 FLo

KIBATHN RN 2185 > 78 Krylov Bf 0 Z2EED 72 D ORTLEEFE 2 EH L. 73
U X 5 DFH  BEEBR ORI OV TIE, HHEFICHRE T 5.

HIEE  OREAZEIZ JSPS BHFE JP23K19951 DK Z 213723 DT,
BEHK

[1] D. Kressner and C. Tobler, SIMAX, 32(4)(2011), pp. 1288-1316.
2] A. N. Langville and W. J. Stewart, NLAA, 11(8-9)(2004), pp. 723-752.
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