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1 BiE

Kolmogorov R 5 7i#23X (Partial Differential Equation; PDE) &, S X R 7 OH K% H
RS 27-DICHVWLNS. BHFORMERT AL, B OoNLMORBEGNST LHAES TR - &
HaAZ ARy a2t 4 ST TSNS 22 L ORENKS. o2y 2720, AiH
#TlX, Feynman-Kac (FK) ARZHAWZEY 7 ALt ETRU SN -BRRE, A ZEEE
i (Gaussian Process Regression; GPR) 12 & o CEfBE e U TR T 2, FifiEstEIEEIRE
5. BEFETIE, HIREROTHEFEMELZEHETE 2 GPR BREOBEFMZAIEEICL, Xy >a
EHOWEWEY T ANVAGEPFHEIZ P 28R 5. A, BEBOTHESEIEO TR2BETL,
KD BIRDOFEELIH L TRELEY THANVAEDOY ¥ TAY A X2 THT 2 Z L ZaHEICT 5.

2 [IEERRE
AL TH 5 Kolmogorov R %E FELCTERT 5 -

Ov(t, ) + % tr {a(t, z)a(t,z)  Oppv(t, )} + b(t, z) " Opv(t, )
+c(t,z)v(t,x) + h(t,z) =0, (t,z) € [0,T) x RY,
(T, x) = g(x), z € RY,

ZIZT, MR T > 01 LT, te [0, BREERL, v:[0,7] x R - R IZSFEROEL
x93, B a, b, ¢, h 3TBEROZEBIRE, g 3mFMHEEZRTEKTH 2. hooBfuiznz
NTHEOPTHZ RET S, AWETIE, ZASOBEHIOBEKOD v, WIHKEt=01c81F%
fRv0,2) (zeX) ZRDBIEEAEL TS, 727701, X CR 3fEERD 2HBELRT.
3 REFE

%3, PDE OEOHERID A% DY @Y LTEFMET 2 (EREOBHE X = [21,...,2n8]" €
AN LT, vx = [v(0,21),...,v(0,2n)]" DHEED p(vx|X) 1&, IEEMH—HV k 2RV
T, P90, H58kxx € RVN ([kxx]y,; = k(zi,2;)) OIERATETHZ 5. 2FWIL, X b
DRDELEERFT T =& U DS, U = [uy(z1),- .. up(z1), - ur(@n), .. un(zy)] | 2 LTHE
LNTED, Zhreho7r -2, ROMFZREHLTE T3 !

uj(z;) =v(0,2;) + &, ie{l,....,N}, je{l,...,M}, (1)

R, & RENEAMSIE T 0, S8 r(v;) DIERDHICHES HEHTH 5 B r : X — Rsg
BHEODHERT). BEOHERWET 2720, FA—BHE v 0BT ulz,) OFY alx;) =
SM () /M ERCEF =& T = [a(@), ... alzy)] CHLCREAHEFIET 2L, Thb
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FRIERDMTH 2 Zedmah, 2OV Ew oMo 3 FaLTE2605 (1] !

-1
@) = kox (kxx + 55) T, we,

52 () =k(z,z) — kyx (kXX + rxx

M
2R, kxe =kly = k(z1,3),... k(zy, )] LERLE.

DEWE, TR U 0T rxx BTV TANRGBIC X > TERT 3. 3, 7—XU D
ERUMEY LT, U =[G (x1), ..., Gn(21), -, 1 (21), - Uar(zn)] T 2 FRTERT S

-1
> kx., z,xeX.

T
(i) = / (s, X (s 3))e= i X argg | o0X (T, ) I elr X rimar

7272, X(s;2) (s € [0,7]) & X(0) =z 2 HFE L, Wiener @& W, (s) (s € [0,T], j € {1,...,M})
WX o THENZN 2 ROMERM D TR ORE LR T !

dX(s) = b(s,X(s))ds + a(s, X (s))dW,(s), se€[0,T].

E7z, FOWrxx OEREL LT, {G5(20)}jeqr,... ) OTEIECE N M AICHATATH Py x %
vz, FK 2R 5, U U ORFHEERTHD 2, X ohOMRERY. S, UL CH—
BRSEOF— 22T =& U = [u(zy),...,0(zy)] " (a(z;) = ZM Ui (w;) /M) 1%, 7%
MPxx THAERDELHNCHES. 2O enU 2F—&2 U L LTHWS Z L 2F41LT 3.

4 EEI:IHH n%
ik, FEIHMOTHREY Y TAH A4 2L > TRBO I 2L FoEHEER LT !
FE1 (3) S X =[,..., 28] SEHORIE v » 59 Y FLENZETE. F—R U

B (1) Wiz L, FRMEEON %5115 r A% U CTHR/AME 7in = mingex r(z) > 0 FET 2 25 5.
ZOW, FED e>01XHLTH2 N(e) > 0BFEL, FED N > NITHLT,

Pr (/X 2 (z)dv(z) > (1 — e)rminz 7”min—|-)\110\7]\4)\p) =1,

pel
22T, {Mlper @7 =20k OHIE v IZOWTOEFETHD, I CNBZOBFSESERT.
AR MRIEDHECTEHIE S 528, GPR OMELLMNT & 0 HABIRIKED S &R L TR N 5.

BIEE AFEOMGRENTICH 2D, HEKEREGEIERIEM TR O/ NGRS ECERR RS %
W W RLTHERRT 3.

SE X
[1] P. Goldberg, C. Williams and C. Bishop: Regression with Input-dependent Noise: A
Gaussian Process Treatment, in Advances in Neural Information Processing Systems, 10,

MIT Press (1997)

[2] J. Yong and X. Y. Zhou: Stochastic Controls, Springer (1999)

[3] D. Inoue, Y. Ito, T. Kashiwabara, N. Saito and H. Yoshida: An Uncertainty-aware, Mesh-
free Numerical Method for Kolmogorov PDEs, arXiv:2405.05626 (2024)
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1 BiE

2 XItIEA FAEEIC BT % Poisson HFED Dirichlet FE%Z#E 2 5. FMABHIC X D IEA FAEEK
OEFEMCEHR L, NTHEREAZEAT 2 Z T, IEAFREEZIERE TR & N sl
7|3 5. Dirichlet-Neumann 8% (D-N %) XD, EEZENREEZHWT, 2 DOH5HEIH
2BV 2 ESVERE Z B D WIRABRIECCTRE < . AVERER o s R 2 B E UE (MES) &
iR Fourier 242 (FFT) Z#H 3% Z & TRIRANCHES . BUEERZ@E L T, AMERFEOHHME
ZIRT.
2  D-N R EREERMFRH

2 e P R? #EEFHE C LF—HT 5. HHEFH C ITBWT, Q %A RERY L,
ZOHREZT 35, ZDr =, RD Poisson HIERDAEE Dirichlet % & X 5: DIN 2723
u€ HY(Q) 2R &:

—Au=f in u=g¢g on I} u(z) =0(]z|™) as |z = .

T2, fELXN) ¥ ge HYXT) 3O T, f OB supp f:={z€ C: f(z) #0} i3HR
THDHEET 5.

SHEG w=F(z) z=a+iy,w=E+in) 12D, Q% Q:={weC:|w >R} (R>0)
FBBise, EREIRO LS CREELZEENS [1):

AU =|F )| in Q U=g on I':=98Q;  Uw)=0(w/™") as |w|— occ.
T2, Ay = 02/082 + 02 /00, U(w) := u(z2), f(w) = f(2), §w) = g(z) TH 3.

B f oB%RFD XS R ATHBER Iy = {we C:|w| = Ry} (Ry > R) #8AT3 LT,
FEI Q 2 PERER IR Q) L AMBES ORI Qo 1 HEF B, 1= 1,2 10 LT, U ® Q ~OHfIR
U =Ulg, 8%, WOMER Q 0BR Ty 0B 25 S BAERE n B Y, XD DN
% 2] 2185
Step 0. MIMEEME Y LTHRME AQ € HY2(Ty) 252, k:=0 £ BL.

Step 1. /MR Qp 123513 M Dirichlet B %M < :
AwUQ(k) =0 in Qo UQ(k) =2*  on Ty; UQ(k)(w) =0(w|™) as |w| — oco.

Step 2. FRAFEIR Qp 12 BT B NERIEAHE RS & iR < -

~ _ (k) (k) _ _
—AwUl(k) =f in Q; U, = _8U2 on [g; Ul(k) =g on I.
anl 8n2

Step 3. 5z SN EREE o) 2HWT, ATHER [, LicB )2 BR1EY 555 5

A = BT, (1N o T
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Step4. k:=k+1&BX, Step1 NRE5.

T2 1 (TEREENRE 3]) B85 {p;}52 % p; = (R — R¥)/(RY + R¥) (j =0,1,2,....)
TEDD. TOL %, TEREEMREE P =1/(pgp1+1) (k=0,1,2,...) TGz 50, K&
BISHE AP BHO Ulg, N L 7 4 L OB TIGRS % Jim |U— AP Ly = 0.

3 MFS & FFT |C & 2 8%
AHICIE, D-N iE0 Step 1 1281 2 MifEmEE RS, fiifoze U v A® 2 ur ) ok
SIIMATRAEMLUTEILT 3. MFS [4] icEo< b, R U ZXRTEMEh3:

U(w) ~ Uy (w) := Z a;Gi(w),  Vw e Q. (1)

T2z, N DR {GHL & G = poe®™UIN (0 < pg < Ry) THZ B, HEBE (G,
X Gj(w) = O(|lw|™) (Jw| = o0) Zii7zT X512, Gj(w) :=log|w— ;| —log|w| KX hEFXH
%[5, Zor &, FrBEEK (1) 13 Laplace R ¥ FERESTOEM U(w) = O(|w| ™) (Jw] — o)
Ziiifz 3 OT, BAIRC & DEFSM Unlp, = A BEBENCHET § & 512 {a; 1], ZRDIUS L

N
> a;Gj(w) = AMwy),  k=1,2,...,N. (2)
j=1

22, B {wp Y, & wy, = Roe?™ VN tEz e p. AL 1 KRR (2) OREITINGK
[E{T5CH 5 DT, FFT ZHAWTHRINC {oy}), 2KDZZeHTES [6].

Step 2 IZHB T 2 HMEMEICIE, FEEOBYIRBEMEZEH 70U X v, BUERHE AN R
IR

SE X
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main decomposition method, Engineering Analysis with Boundary Elements, 166 (2024),
105805.

[4] Mathon, R. and Johnston, R. L.: The approximate solution of elliptic boundary-value
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1 @LC®IC

HHHEWQ C R Lo, HEKFICE > TIT#IT 32—V =y FOBEELRT 2R LTHIS
NEAINFL—V 2V PYRATAEZ, FOL—T 22 bORBBREVGSICHERNIERICEZ L
7D, BUEETEARNEICR . 22T, ZOHEEREZ 22— =2 Mo REED OEE) 12
XDEML, ZOHEESMEZHET 2 WO FENEZONL. FEE57—25E (MFG) 3%
OREFITHD, ZHIEFEEN M ZFIRT % Fokker-Planck (FP) A2y, A ZiHT %
Hamilton—Jacobi-Bellman (HIB) AR5 2.

2 [RENTE L RE
AETHS MFG ZRDE5%BDTH2% 1T >0,v>0%2EH Q2=100,140Q=(0,T)xQ ¥
T5. u,m EARAEKE LT,

( —Owu—vAu+ H(-,-,Vu) =7 in Q,
o { s
v(t,x) = —VpH(t,.x, Vu) | (t,x) € Q, (MFQ)
om —vAm +div (mv) =0 in Q,
(FP) {m(O, ) =myg in Q,
Yt x) = f(t,2,m(t,x)) (t,z) € Q.

m XEE S, v IXIBESMOGIE AT TH 5. #&in, #IEAZRHE g,mo : Q@ — R & Hamiltonian
H:QxRI =R, MU f: QxR — RIFBAHIE T 5. BEREMAEL LTE, APBRREMELFEX
Neumann HERGEHZIMT. /2, AFETIE, ZOyRVL fE2HEEHEERZ EIZT 5.

MFG i2x13 %, —f{b X744 2 TRt (GCG iK) OICRENT2S Lavigne H12 & D R E T
W3 [1]. YEMXTIEHEEEEZ f:QxDi1(Q) - REEX, 3 C, >0DBFEHELT

|f(t,z,ma) — f(t,z,m1)| < Ci|ma —malle) (6 2) € Q,m1,ma € D1(Q))

ERBIEPMREZINTVS. 22T, D1(Q) 13 Q LOMEREERBO2KTHS. LirL, KiE
FHEICBWTIE f(t,z,m) = m(t,z) DL D%, m KRAFNCKET 2550302 2 eh£L,
ZOXOSBRBETHEHATA2I N TERY. Z2T, AETE, f2f:QxR—-REEZX,

|f(t, 2, ma(x)) — f(t,2,m1(x))] < C1|ma — ma| L~ (q)

ERELT, ZOICRMICOWTE SRR E2RET 5.
7B, (1] CEMEEERZEERLE, &h—livkR MFG Z#->TEh, AH%Ed ZOHLEICED
ICHEER T &= 228, JEHMECTR 2 D&Y 2 7o DI NSRS S 2D .
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3 MFG OmE{tEEL L TORRE —MRIL I NI-E4H T DEE
Hamiltonian H 1%, 2% L:Q xR = R ZHWT, Z® Legendre ZHICE W 52613 :

H(f,l‘,p) = L*(t,x, _p) = Suﬂgd [(_pa Q)Rd - L(t,l‘,q)] ((t,l‘) € Qap € Rd)
$7:, F:[0,T] x D1(Q) —» RBEFELT, ¢ €[0,7] ¥ mu,ms € Dy(Q) 1eH LT
1
Fuﬂng-puﬂng_i/ /ﬁf@gmsmghﬂ+(1—sﬁnﬂxﬁhnﬂx)—wu@ﬂdxds
0 Q

Ziti7z T IRET 2. 2o E, (MFG) Off (m,v) &, w=mv OZBZEHRZEL T

T
J(m,w) ::/ m(t,x)L (tw,lo(t’x)> d:cdt+/g(m)m(T,:c) dx—i—/ F(t,m)dt
Q m(t,z) Q 0
WS B RELRE O L 72 5 (2] -
(m,w) = argmin J(m,w). (P)
(m,w)eER

72720 RIZ, KHHIZWS & Om — vAm +divw = 0,m(0,-) = mo Zifi7zL, w = mv 25
v e L®(Q;RY) BEET 2 & 5 KM (m,w) »HK 3D,

ZDEHIZLTMFG ZRE(LREE L THIRLZZ 2T GCG EMEHTE 5. GCGIETIXa
2 MBI DDA E Z 20BN D 5. T OEIHIEALE, #EHy P52 0N 5EIC
w(t, )
m(t, x)

ZthwwzéﬁWwﬂ<Wu )dmﬁ+4ﬂ@m@wﬂx+év@@m@@¢wt

e BIHEEE [ F(t,m)dt OFIUAL). Z LT, (P) i3 200 subproblem 2% 2 3

1{231111)1}161%6 Z[v](m, w). (P

GCGHEDT7NITY X L% D. T, RE(LHEE (P) OFIAHENIE (Mo, wo) 52 5. —&
2, k ATy THIZB 2HERE (M, wy,) Eons, BEE v = (-, M) ZAVT, (Pl
D (mp, wy) 215%. ZL T, A7 v 7TH A X6 €[0,1] ZiEL,

(Mgt1, Wrt1) = (1 — 0x) (Mg, Wy) + O (Mg, wi)

CHIIER EHT 2. ATETIE, [ DE00RF v 744 X § OROAICOVT R, Lk
DIRED FCHELNEREWET 5. & 510, KEFRC LD € OZYMERANT 2.

BE 3R
[1] P. Lavigne and L. Pfeiffer, Generalized Conditional Gradient and Learning in Potential
Mean Field Games. Appl Math Optim 88, 89 (2023).
[2] J. F. Bonnans, S. Hadikhanloo and L. Pfeiffer, Schauder estimates for a class of potential
mean field games of controls. Appl. Math. Optim., 83:1431-1464 (2021).
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1 BE

FARFEIEIEIC & 2 @ FEMEOMX [1],[2] REDPH LN TV S22, Wihd AREZRELICHR
NTEH., EREZEHEN > TV, ZRETOREHEBEERR A RETETIEHCLR TV,
— IR ARE T EF R OB EREOICR 2 - 72672 o Tunkn,

AFERTIX, BREE Q LOBREMERRZROBGEEEEEZ VbW 2 MEAEMEEE) b 207k
TELGHET 2 v &, MRAEERE THOLNZRIX—RIZLZIR 20HXEEZ S, ZD
BIEDEIIE, AEESIES IS 2 HIREARZ L BE L T\ 3 2 & 2 BEHATAIR V23
e, (THIOEEEPEANICE Z 5N EZOEEMHEICHT 2EERZ bEE5 220K (F
E3) 2RV, ZITIE iDROMHEDZDENEENRE LTV B, SHETHIZ RV #m e
i 3 DR L T OEIFEREICH L THRRICHER 2 & X 5,

2 RIED*(H
QCR?22WOPRERZ I OERER. R% QC R 2l IREABHERE T2, /2. LER
LB T A RUEERE M ERR). L% Q Lo 3 28EERAZR Mo 1EHZE) <.
L=LlgZ2Mi-Td0rT2, ZOrx, ROGEIASATVS,

Rl u(r,y) X Q Lo, u(x,y) id R Lo E 3% ZHEEHAZR —L OEAERE

M+ Lu=0 in Q
@%m\uﬁ+ﬁ¢émt%ﬁ%@%$—ﬁ+ixmg@Eﬁ@%%
Aﬂ+£ﬂ+;Xmgﬂ:0 in R

TEMEN 2, 7L, xp\o FHEBR\Q TOERMBE (HIRMEMZR)

BB DOBERLICIE T 2 X7 ML ERD KD ICERT . RAFHER R FICH (z5,y;) (=
L2, ,N)Zreb, ZOHDRETORK u(zj,y;) DEERTETE NRXRNZ MLk u T b,
DY E, Lu(r,y) 3FH LEAWT Lu ©ELEN2bDL T3, K R EOBK u(z,y) 2
B QO FICHIR T 2 ERR OB, u(z,y) DIEP SR Z X7 bl u il LT, 74 K #HWT

(w);  (zj,y;) € :
Ku). = =1,2,---,N
( u)] { 0 (xj’yj)gg (J ) ’ )
rRIND, B R ETOEFEARHIGT 217FIEHEAMATHITH D . R\Q EAOHIRIERA
FEIM=1—-K eRZINZTNHET B2, DL EDH K, M Z§HEATHOEE
I=K+ M K?=K,M?>=M %ii/=3,
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DX LHERFDD & T N X748 —L — iM D [EH EHE

1
M+ Lu+ —Mu=0
1

DffE, mEEL Q _EICHIR U ZFEICIS S 2

AMKu+ KLKu+ M = KO0+ M

DN Z e AfFE L B,
Nﬁﬁﬂ—L—#M@HﬁN7F»-Eﬁ&?bw@\ﬁﬁ@mﬁ@éhtﬁﬁ@%%mﬂm?
AT DEHME - HERZ b I RRZ 21Xk, 2D X512k 2EA - Blo 7=zEHHEIX
EDESRBDITNIGT 3R EITONT, HHOFEEXRDOHFTHENT 3,

3 il

RoadE 2, 3 ZBEE LTHWS,

R 2 HATHI K, M B3 258 A, B & n KIESTHL 1 % n ROBAATHL K, M 25547
) I=K+MK*=KM*=M) t32t& DUTOMHE%ZILT. A 3175 A o175 %
e

A= MAM+ KAK + MAK + KAM

((KAK+M)™!' = K(KAK+aM) *K+M “"(MAM+K)™ ' = M(MAM+aK) 'M+K
(I + MAK)™' = (I - MAK) c(I+ KAM)™' = (I - KAM)

- (MAM + K)(M + KBK) = (MAM + KBK)

- (MAM + KBK)™' =M(MAM + K)"'M + K(M + KBK)™ 'K

I+ MAK| = I+ KAM| =1

|+ uMAM| =1+ O0(p), I+ puKAK| =1+ 0(p)

- |MAM + KBK| = |MAM + K||M + KBK|

SE3 A% REHTI. A% AOEGME T2 L&, (3E) EED Wik L.

. —1
61;1&5(@4—6)[— A) T u

FEANISHFTZEERY P LI ->T W5,

SE A
[1] Zhou, Guanyu; Saito, Norikazu, Analysis of the fictitious domain method with penalty
for elliptic problems Jpn. J. Ind. Appl. Math. 31 (2014), no. 1, 57-85.
[2] Saito, Norikazu; Zhou, Guanyu, Analysis of the fictitious domain method with an L2
-penalty for elliptic problems Numer. Funct. Anal. Optim. 36 (2015), no. 4, 501-527.
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