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1 HAFEROEESE

W HEROAESME L 1X, MO HERDSRKERCE DRI 2 Z L 2BKRT 5. 5160 MH
BROA S EOHEDOIZEIE 19 ALK D Poincaré DRI ET#l 225, ik, LrlfEms R (Al
HROEBEFHE) ORI X4 F I 7 ZOBRICONT, WO DERLDH o7 (B2 [1]
RFDOSEEESRE X)), AWE TR, FHE Lo RERD BT, [1] ZHRELTELNE
FERTREDMED 551 [2] IOV TR B,

WO RLERE N LORY UG X D522 NEREEZD !

t=X(x), x=€N. (1)

E& 1 ([3]) X (1) »° Bogoyavlenskij DEBKT (¢,n — q)-"AIF&7 (H 2 VWIEHICRIFED) TH D
X, PELRHES L= D B DA ¢ ORZ P Y (= X), Ya,..., Y, BX,
dFy, ..., dF,_, DHEBRES =M%, X7 MG Y, (Il D n—q HOE—FT Fy, ..., Fh—y
DRETZIEWVD. FHZ, TRTOY,, F; 2R e X (1) 3B aRES 2 v S,
ERLIE, NIV PRI LTELA SN TS Liouville A O —ffbici->THD,
Liouville AJf&43%R12DW T D Liouville-Arnold OEH & [A#kiZ, Bogoyavlenskij AIfE7772 X2 kL
% X 3N &0 d T =7 X LOBERNZRNEZED 2 ZEHBHHNTNS [4].

2 AfNANZ=IT3 1 BHER

AHEITIZ, AN NERT 2 1 BHERIH LT (1] 2B L THRLONAR 2] ZdiNs. £7,
s 12%20 % 1 HHEREZEZ 5 !

&= JVH(z)+eg(z,vt), z € R?, (2)
EAffifC,
b= JVH() +eg(e.6), d=v, (0.6) B xS. 3)
IZT, H:R2ZSRBIUg:R2 xS - RZEFBHIITHY, JES>TLrT 4 v 2175
0 1
=(5)

TH3. e=00EX(2) ITHLTRD (M1)-(M3) ZRET 5.
(M1) I T ORIHGED 1 97 X — X% {2*(t) }ae(0,1) DFET .
(M2) z%(t) 1¥ a € (aq, o) WL THENTIITH 5.

(M3) % a, € (0,1) ITHLT, I (a,) # 0B LD.
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a = /Mg BOTHESM T = 21 (1 ;e NIZHEWCE) BRTT 2008 L, HEEEHE
RXL=JAT7EBERATED S !

27l /v
MYm(7) = /O VH(2(t)) - g(a® (t), vt + 7)dt.

DEFHE A V= a R X o T, MU™(7) BEMIZE S RO &, X (2) B +HH/h&Eke > 01k
L 2nl /v-AfE RO Z e IO TWE Z e IHEEE &L 5. 5, EFARERD XS ED S :

R={a€(0,1); H2HVICHRLEE [,mc™L, T = 2xl/mv}.

T2 £4 ROUDEA R BFEELT, ROFMEDSBIIT 2L T2 1 (i) au 1& R BT 25
HMTHY, (i) EED /™ c RITHLT, MY (r)id r B L TESENETIEIRL. 2ok %,
K (3) 1%, H RO RY FIGH € 12 B RHTHNRTE U 7= BT AR S Tld k.

Rz, g(z,vt) =g(x) OBE (BENRET) 225, 20, ac(0,1) XALT,

me):[; VH(z(t) - g(a®(t))dt LB,

T3 gla,t) =glz) DL E, L M(a) D o = o, DEFETEENBETIZVDOASE, X (2)
&, R RAE NS FUEH & 10 b WIS IRTE LT SR AR S Tl .

Z4 g(x,t) =g(x) o R? Edivg(z) >0 (F/id div glz) < 0) 251X, X (2) 1, F—HED
AR T S AEGDY e 12 B FETHNCHRATE U 72 ERET R AT Tla R,

R4 &b, BBEZILZRT Vv LR
1 "
H(z) = 51’% +V(z1), g(z)= (_(;2> , V:R—> R BB
BAGE (M1)-(M3) Ziii7z3 & %, R4 OERTIEAEDTTH L. i, FFHBERICBVTKRE/A
T2 =y ZHEPIRWIEET BRI FEMTHIEARETICRD 52 2 2EBRT 5.

BEE ARWIRIIRITE (FRRERS:22H01138) O EZ 372D TH 3.
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1 1A>kO8o>3>

ARHIBIEL DR 7 DR B D E D EHRIC D IKE T 2 BEMAD HIER (delay differential
equation; DDE) @ & 5 7@Kk DEER DR HIE, ZDMROIRZFNTHE XA F I 7 A% ED
BT L WHEN 2 BAR ORI R E e L TIRAZRIINIR SR e iZH 5. 2O ickh, #ik
RefE DEAERIE (WERRY - V)R 72) REEBDIERRITTH 2 L ERRITTTH 2 02 h 0 b 5
3, BRUFT DD 5BEBZERICE T 2 HRERE L U THIEZOTH AR ZED 5.

DDE (%, 1960 #A#]D D J. Hale I X 2 BN BEEM 35 2R (retarded functional differential
equation; RFDE) & U TZ O ERD G 2 o 0 TURE, g7z Tigo @ IEY] o Ba% 2
MICB T 2REFERE) £ LTORGICES WM R - MRXITT ) E RS IR L .
—/T, ROMEZ DD DT HEPEY BRI ORHFEREZEZEZ LS TR RVEWNS
1%, RFDE DX XM X 2 EAH L. ZOREEEX D 1 DOHIEFXRHRE REDE 1203
2 EBZACERNRICH 5. RFDE BRIZEKREKDE D 2 BIEBEEZEEICESWTERLEh 2 b
DD, EBENELAREZBR LS 3 2 e BRMHEG KOV A» SITABLTLES.

FEEOWEHE X IR T 2RI I EXERAANEDOD ONDH 5. EBEELAR L EHBERT 2
D%, Chow and Mallet-Paret [1] DFFFETH 5. ZOWRTIE, EIEBEE DL T O ERE %
PP TEEB OB AR LT\, Lo L, ZOZEMIE RFDE Offod @ IREY] R 7R
CELCARZETIERL, COBKRTIRAATIERV. 2 0HOHEMEE, pe[l,o00) Ichtss MP v
W BEZER 2 W5 2 v 5 Delfour and Manitius [2] OFFFETH 2 (BEE S 2 SCHkiEZ O 5 | H SRk
rHEINTV). 200 OMSITEREEARICBI 2RNHEXZFHEL XIS 20 S DTIERWL
A, G OFEAERA 3 £V S AR CIZEIES B 3. 3 0H O Diekmann [3] ASHEHE
LT % BTV /5% (sun-star f#HT) TH 2. ZOHEE, =0 205 HHLRAGERX%Z RFDE
YL TEZ, kD RFDE # ZOHALABERICH T 2EBHEEZ 2 055D THS. ZDX
Uy M M>® 2w BRI BT BT E D BN WS 2 ich B, D% LT
AR ER B DR OIREHMED R D LB NE VWS T XY v M 23D 5.

ARFETIE, [4] 8BV TEAXNZBIROMRE REDE 1203 2 R 2 W, RiciiNiz
A RFDE 1203 2 EBZNERNKXONEX ZEHT 5. ZO#MEZELT, r> 0 2EK
L, K2REARIEIC LTS, £/, EOEEH n>1120LT, C = C([-r,0],K") T [-r,0] »
5 K NOEHEBERDO LT K _LofiiZEic, R/ VA ||| & A#/z Banach 22 %2R 5.
EBRMBERR L: C — K™ 2 EEREE f: [0,00) — K" 12 F 2 IEF XA RFDE

#(t) = Lay + f(t) (> 0), (1.1)

BEUZOFRHER
#(t) = Lz, (t>0) (1.2)
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BEZD. ZIZT, HHAARHMBIE z: [-r,00) 5> K® &t >0 LT, o ld 2 (0) =2x(t+6) T
ERINDERERERT. 2% 2 Dt 1B 2BEYIA (history segment) & FEXR.

2 IR
4] w82 T#R) BEROBX, © e L] ([-r, 0), K") T 2 ROBEAMETH o7z ¢

</0t xsds> (0) = /Ota:(s—i-a)ds 0 € [-r,0]).

ZOMEHTIE, LD XD RED ZBERS (retarded integral) EFEX. 6 € [—r, 0] ITH LT
f (s +0)ds = [, o z(s)ds TH2ZDT, fOdeSEC“CZﬁ%
(1.2) DWIHIS #F T0=¢p € C DTTDR x: [-r,00) — K" &, FEHHEX

xwzmm+AL%w (t>0)

Zii7es. 4 BT 2 (1.2) 32 (#@g BEREA07 4 771, LoARRIcB T 28y
f Lz ,ds % BifE 7 ’EﬁHL\KLfO 2 ds KD FEZ B8 Thotz. ZOEZED T, {IHHERRE
KB T 2 REIROEE MP NHRENS .

MP = MP([—r,0],K") == {¢ € LP(]—r,0,K") : ¢ 12 0 TEHZH TV}

MPIZiE, “9ELALTRTD 0 € [—r,0) KK LT ¢(0) = 1(0) 2 ¢(0) = (0)” £ 1> [F{EBIHR
EEABILHTES. £T, TORMMRE & 2FEE M2, (6]l = || (1], [6©O)])]] 1
XBEED I NVA -y CBIL T Banach 22 e 72 5.

FE21 peloo) T3, ZOLE, TED ¢ MPIINLT, WIHIZEtFE 20 =9 DTTD (1.1)
DRIR (-5 ¢, f) DIEBEYIF X

xh@MZT%M+ATW—$Mﬂ@® (t>0) (2.1)

Ziiszd. 22T, (TP(1);so T (1.2) DWMS MP EITERT 2 Co-FREZRT. K7z,
Xof(s): [-r,0] = K" %, 0D& % f(s), ZADHNDETIEO 725 X5 REMERT.

SERHD IR, BEERES B X CBEE T 3 B AIA AN Banach 25 MP D Riemann fE71I2F L
ZrxRRLILET, 4 TEsNE (1.1) OORTAEZERT 22 212hb. ERENMERK (2.1)
ZHW, BARNZRIEGRE DDE 128 F 2 FH R OO ZREROELEREICOWTHHEAN L2,

BIEE  AEFRIE JSPS BHFZ JP23K12994 12 X 230E%R R T2 DTT.

B2
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1 Abstract

The dynamics of underwater vehicles is formulated by the Euler—Poincaré reduction for La-
grangians which include advected parameters, in addition to rotational and translational mo-
tions. Based on reduced discrete Lagrangians, discrete Fuler—Poincaré equations are further

derived that yield efficient numerical methods.

2 The discrete Euler—Poincaré equations with advected parameters
Consider mechanical systems on a configuration space @@ X G with ) a manifold and G a
Lie group. The invariance of a Lagrangian under the group G acting on @@ x G allows one to
perform a reduction leading to the Euler—Poincaré equations [1]. Let 7 : g — G be a group
difference map such that 7(0) = e and 77(£) = 7(—£) (locally), where g is the corresponding
Lie algebra [2]. Consider an increasing sequence {(gx, gx)} oo € QN1 x GNT1. Assuming the

invariance of a Lagrangian with advected parameters, the reduced discrete functional reads

N—-1 N—-1
> g, vk, Gy an)h =Y L, (1)
k=0 k=0

where h is a step size, nk = g; '@k, vk = = (7 (h&k) nk1 — nk), & = £71(g; ' gr+1) € g and
the advected parameter is given by ar = gk_lao in a vector space V*. Subject to fixed endpoint
conditions dgg = dgny = 0 and dgy = dgny = 0, in the following we will show the discrete
Euler—Poincaré equations. A continuous version is available in, for instance, [3].

Assume the discrete Lagrangian L¢ : (Q x G) x (Q x G) x V* — R is (left) G-invariant, and
then the (left) reduced discrete Lagrangian £7 : Q x Q x g x V* — R is given by Eq. (1). From

the variations

1 1 1
Ong = W — M, OV = =3 T (h€e )i + 5 7(hék ) w1 — 3 0ni, @)
06k = —dryg, () + drpe, (1), dax = —nkar,
where wy, = g;léqk €T, Q,m = g,;légk € g,and d7—! : gxg — gis the inverse right-trivialized
tangent of 7 [2], the (left) discrete Euler—Poincaré equations with the advected parameter ag

are given by

9k = gr—17(hék—1), ap = T(=h&k—1)ak—_1,

* 9pd * Ol ord ord ol
—1 k -1 k—1 - k 9% _ k _
<d7h5k> I}, (dT—hskfl) 9% 1 h’iaak ©ay hank o ny, h—ayk o =0, 3)
ord AM_y Ol
h—% * Tkl TR
ank + [,T(hgk_l) al/k_l 8Vk 07
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where the adjoint operator (dT_l)* is defined by the pairing

a1 ord ~Joud - ; 1 )
(Thﬁk) o5 ™) T \og The, (k) ) 5 for 1, = g, dgi € 9, (4)
the diamond operator ¢ : V x V* — g* is a bilinear operator defined by

ord ord ord
<77kak7 k> 1=—<k<>akﬂ7k> ,for £ eV, ayeV*andn, €9, (5)
9 VExV day, g*Xg 0

g ag

and the operator L* : G X @ — @ is defined by the pairing

agk_l * agk—l _1
<aVk_]_ , T (hé-kfl) wk}> = <£T(h£k1)ayk_1’ ’UJk> y for Wy = gy, 6qk c quQ (6)

3 The formulation of underwater vehicle dynamics
The reduced Lagrangian for underwater vehicle dynamics is defined in the configuration space
R3 <R3 x50(3) x V* with V* = R?. This can be rewritten in the form ¢¢ : R xR3xR3x V* — R:
0 (Mg Vi, W, a) = %@/k, Vg) + %Wk, Jwg) + (mg — P|V|g)n;ak — p|Vg(r, ak), (7)
where nj, € R? is the reduced position, v, € R3 is the reduced velocity, aj = gk_lez is the advected
parameter for e, = (0,0,1)", and m,J,g,p,|V|,r are constants. The isomorphism between
(R3, x) and (s0(3),[,]) is applied here. In more details, an angular velocity wy, corresponds to

a 3-dimensional skew-symmetric matrix in s0(3) as follows:

0 —wd W
Ro>w=(w!w?w)’ —»ws= w3 0 —w! | €50(3). (8)
—w? Wl 0

When the Cayley map 7 (w*) = (I — %wx)_l (I + 3w™) is chosen, the discrete Euler-Poincaré
equations (3) for the underwater vehicle dynamics read

h h? h
Jwy, + 5 (wk X ka) + Z (Hwkuz Jwi + wg X (wk X ka)) = Jwp_1 — 5 (wk_l X ka—l)

2

+ T (Hwk,le Jwi—1 + wk—1 X (Wk—1 X ka,l)) — p|V]gr x ar +m (vp X vx),

h(mg—p|V|g)ar — T (hwkx_l) mvg_1 —my = 0.
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1 BE
JEFxm ) 2y VROBERILICEE L T, B 77 0P a2 - 7 U R—IVFEIC X > TERLE R
RO R EREIC O/ o TRIEMICRE L 72 5 Z e RRCHISATVS [1, 2. —7, ZOK

EREIRERIETH A0 LI TS o TWRW. KFFETIE, 750V a - X5 UR—
e R MV Y —FUFEHZHEILT 22210k oTC, BtRULEINZ5 75092« T4 79 7F%RD
VAT LSERREE, ZhADPENS 770V 2 - BRI UR—VHBRA L EMTH L L 2RT.

2 EHRROSTZoTa - BAITUR=) RV —FXUEHEIE

Q% n RILDBNZHIKE T2, L. TQ-RE25 75070 3de, 977092 K7
YR—L - Y NYY—FUFEHED, TQOT*Q Lo (q(t), v(t), p(t)) A3, NEEK

T
&(q,0,p) = / {L(a(t), v(®)) + (p(t). 4(t) — v(t))} dt
DEFERRTHB =, T7bb, X LF— E(q,v,p) := (p,v) — L(q,v) ZEALT,

5 / {Or-a(a(t), p(t) (1), B(1)) — Eq(t), v(t), p(t))} dt = 0 (1)
DPALT 2%, (qt),v(t),pt) 1EF7 7T Ta - BFoR—)b - KY b)Y —F U HER
p= S d=velola). B- G €85

DR E 72 5. HL, 297 dq(t) 1%, M¥mEE 0¢(0) = dq(T) =0 Db &, #H iq(t) € Ag(q(t))
iz T L OIS, £z, Org € AN THQ) BRIEAY FALT*Q LOF#EI X TH 2. Lido
E, 77970 Va 747y 7ROEHHERLRoTV5.
3 BSOS a - ATR=) - RYIIV—FVRE
HECER U o - @ X Q = TQ; (qk, vi) = (vk, 0y, = (v —qi)/h) ZHWVT, (1) DTQOT*Q
LOMER S 75V a2 s BT UR=L R P —F UHEBZEELL, (Q x Q)& T*Q Lok
WMoY BTUR=)L s RYPIY—FUFEHEEZEZTALD. MRtz AL ¥ —%
Ea(qr, vie; pr+1) = b ((qk+1, Prt1), (@ks V%)) gy — La(ar, vi)

= h{pr41,0; ) — La(qr, vi)

LIERT DL, X [tg, the1] CTHEEULINIAERHBEDIIUTO X552 5 2 TE 5.

(2)

/t O o), p() (). (1) — E(g(t), v(t), p(t))} dt

th41
= / [L(q,v) + (p,d —v)]dt = Lq(qx,vi)+ h (Prt1, Qet1 — Vi) -
ty
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T 1. LR 4-o0FRIE, FHliTh3.
(i) () B3 BEREIE (g4, va,pa) € Ca((Q x Q) & T*Q) &, 1ERMETE R

N-1
084(qa, va,pa) =6 Y {h OF o (@ Pk Ght 1, Pht1) — Ed(‘]kavkapk-l—l)} =0
k=0

DIFHTHB. HL, EE, WHEE 6qo = dqn =0 Db &, IR dq, € Aglar) &
OB (qr,v) € AL C QX Q ZiMiT XIS BDE T 5.
(ii) (—) (L\\ﬁ . %ﬁﬁﬁ%% (qd,'l}d,pd) S Cd(<Q X Q) 37 T*Q) &i, ﬁzjﬂ%%'g{%

N—-1
56d(qdavd7pd) - 5 Z {h@g"tQ(qupk7qk+lapk+l) - Ed(Qkakakarl)} =0
k=0

D RTH 5. HL, ZENE, WHEE 6o = dgy =0 Db &, EHHH dv, € Ag(vg) &
UHEUAR (qr, ) € AL CQ x Q Rl T XSICMBbDL T 2.

(i) BEBCEUIE (qq,va,pa) € Ca((Q x Q) @ T*Q) 1, IFRD () B\ Z 77> Y a - BT VU R—
Ve R b)Y —F U AR ERLT.

OL oL
(+) A Pt = = (@ vk)s P+ () € (Dg(ar))®s vk = qrat, (qu,v) € AL
vy, gy,
. oL oL R _
(=) Bl pp = _J(QMUIf)a Pr+1 — J(Qk»vk) € (Aq(vk))°, vk = qr+1, (qr,vk) € Aé .
gk, Ouy,

(iv) BHHR qq € Ca(Q) W FRDBERIN S 75 > P 2 « BT U R—)VFERZ W T.

DyLa(qk—1,4qx) + D1La(ar, ar+1) € D3 (ar),  (ar, ars1) € AG

4 #E

AWZETIE, IERn )/ Iy ZRMRZRZT 2 HERICOWT, 2750V a T4 7y 7ReEL,
TV RTUR=)L - R MUY —FVFEHICET 2 £ BEE AR EEE, Z2h0cH
O BT 7T P2 - BT R=)L - R MY —F U HREAZEN L. X5, Zhoh
B 790 Y2 - X7y R=VABREEMTH L 2 2R Lz (1, 2.

[l

BIEE AWFLIE, RIFEESRIIZE (C)(22K03443, 24K06852), JST CREST(JPMJCR1914), Hfi
HHOR AR E BVEITST (2024C-102), BHERAKAERESOREZITI TV S.
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