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1 BiE

IRETIFFRDARY S AR BWT, (THEHEICEDS CERE— F0fE (DMD) OiRRTFE
T» % ResidualDMD (ResDMD) (F3#fg AR 7 b2/ Z D, AL TIEZ. ResDMD 2261550
% AR MVRHEZ U - EEA RIS L. A=V EAZHWT I AR ¥ 7275 FiEz
RET 2, BHEZECESOHEN I RARANDICHZE L., EHERENF ORI B I 2 4AF
BEOHMERZ RS,

2 DMD ICHEITZERARY MLORE

BT — R (DMD)[1] &, FEE S 27 418 A Xh b Koopman fEHZR%E 7 — X 2 53
TELFETHY, BERARDEFCTISHNILD > TWb, Koopman fEFIE K X, BEARFR D IRAEZE
MBI B IERRE S R T L x441 = F(x,,) 10 Ly BIIATRERIEL g 12X LT [Kg](x) = (9 o F)(x)
EEFEEN D, DMD i, Koopman fEHRZIELIL ZATHIDE A #5155 N FEAE A; L [E
AR o; ZHWT, BAESZXRD X5 TR T 5 .

oo

9(xn) = [K"g](x0) = > _ ;N0 (x0) (1)
j=1
L2 L. Koopman fEHZILEKERART MLEFFORRENEDH D, DMD I & % E— FREIA 57
THb, HlZIE, FERFRICBVWTIE, BAMAREOEAREKE —RLEEREK D $F X —&{bx
NEEEEHWTHM T XSRS ¢

) = K"glix) = Y oW pato) + [ e (x0)d0 2)
A€o, (K) -

ZZT, 0p(K) X K DEBEDES. ¢y E—BRALEGREKTS 2,

3 ResDMD REFE

ResDMD[2] 1. DMD O#HAZILR L, #Hiig AR LD HAIREREEA R Y b [3] 25
BI2FETHL, EHMEIHICT 2EROEREN L ZDEERT M gL, LY ARY
VLD BEEIND ARY P DEZE [res(N, 9))? AT DO L S WEFKEINS ©

(Kg, Kg) — Mg, Kg) — MKy, g) + |M*{g,9)
(9,9)

ResDMD 137 — &5 6D lE LT, KK WXIBT 217528715836 2 & T AldzitEA]

REIC LTV 5, BR7E [res(\, g))? DD E € KD /NI RDZEIIBREERE e HFARY ML B,

BEARY FLOBERETH S (N, g) E TN ZHEEGH, WEGEK L HIh 2,

[res(A, 9))* = 3)
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AL TIRE T 2 FIEODIZ. ResDMD % 515 & 2 HilE 4 BRI o IR 72 B U % @ v
AL, ZRUTEDSNWT I I RX Y U7 %4T5 28T, #fiARY MVEFFOX A F 37 A0 5557
T 22 TH 2, ZDRDIZ. UTRO=20FFEZHAGDOE TV !

1) A= vEA [4] @ FEA BB O IERE LI 2 305 5. BEEAEEK g & g PHD
B, UTo—BAbEHEMEIC X 2 EGHE a; 255605 !

( 0 (9&)9(]’)) ) v = ay ( g(j)og(j) ) 0 ) v (4)
9(9G) 0 R

2) ARZ bINT FARY VT (5] L A=A OGS NIFALETH A & XEATH D &b
LEWCIERLr 5757537 L=1—-D'A 2iHE L. TOREERY LW TERRITZER
NOHDABEITS, TOT7 T —FIZED. T—XOIEMEMERREFL DD, /A4 XITH LT
{727 2 2% > IHAREL 72 5,

3) 7 7Y 4 C-means % [6] : HHEARY bLOEFITHNT 2720, HDIAATZRIITZEMICZE
WCTY 7 b SRR VT RHEAT %,

DLEICE > T, AR MLVOREEEZHWS 2 THMER XA FI 7 22— ROEEL LTHR
MralRe 72 FiEZ R LT,

4 RERCWEE

AFFETIE. ResDMD ZHWHEHREBD 7 5 X &2V ¥ 7P, @i AR Lz 08> X
T LADBNTICAMNTH 2 2 2T 720, 2 ODFUEERZIT o7, 1 KILIREIFET L EREN/
VEBETAEHOEERICBWT, TR ZNBMEE N TORESIRE L —RACRIHBSR ORFE IR
L7z IHo DRI, IREFEDERLIERE S 27 2 0R 22 %2 ECEBRHREEROZ
ZREL TV, SRS —ANEER AW ERITT — XA\ DAL EE— R E A B 2 a5
X7 Ia—F2ME LT,
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1 #BiE

T = A VEZBWT, @YRAI -2 VBB OERZIEZETH 2. AFRTE, BEFELOEZ,
Toeplitz {TH|ALDOBICE D EMT 22T, ThETHECHOONTELZHAD — %1 -
product 57— %)L + separable 71— D 3 D% —f(tT 25 It ZRET 2. BBFELORIAHET
HBH, Toeplitz ATHIFR L DORIIIERIETH 2729, BEBOERICIh > 7-MHEEHAEENS. Zh
WD, BBTREINE T —XROZEBICIn o TR BV ZIZ 2 T DSA[AEL 72 5.

2 1FL®HIC

71— FOVIREER A E B 2R ELRNZY —LO—DTHD (1], Vv IEE, FT0H,
PR- IR R =2 U REICHAINTWS., h—F VR, EEED -k o THEINS
BHAKZE L~V FZERE (RKHS) & FEHEN 2 BEIRZERIC X - TR o 5. (EHERRIEEE S —
FOVIFEBME L 7 3EREIETDH D, A0 7 —ERRZFEE T 2DITE L TWaEH, X7 MUHE, B
BiE, F3MFHREOHINCHT 27— 2 VEHHERINATNS (2, 3]. TDHEDH—F I,
TFRFREE 72 3BEBEO IEEMEREBTH D, BE# T 2K ZERIENR 7 P AEOBA S — 3V B ARV
FZER (vwRKHS) 7/ 3EAED —F L ber~or s C* it RKHM) k7425, I—3 VR8T
BZREBFED—OF, [EEMEH —FNVDERTH%. KT vvRKHS ® RKHM iIZH W\, @Yk
BEEUIE X 7= (3 EHZRME A — 1 L OREEUIEEL W,

AEFFETIE, JEAHER B XU C* BRO 7 T S LT & 7z spectral trancation [4] IZHED
<, LW I ROBBIEIEEMED — 2V ERET 5. KT 55 —/Z, trancation 3 5 24
(trancated ZE[]) DXRITCITHIET 2 HARE n TRIX—ZfiFonTBhH, BHEOHMAI L H— %
v (ZIHEK T —F v - product 51— F )L « separable 7 —%)V) Z—fk{t.3 5. BIE% trancated 22
RIUCHE T2 Z 2T, n X n ® Toeplitz {TH %15 5. 2 DOBEBNE Z 6N BOMEIE, F/RTOD
Hc 270, HRTOBBRELIRZ 2 Z e TERY, —J, BIEE Toeplitz 75 TEMIT %
T, MOIEHEE,S, Zho OBBOLERITIn o FBRIEER R 2 Z e AREE 5. K7,
RET 2 H— 3D n PR KIGED L ICONTHFED A —F VPR T 5 2 ¢ 217

3 BIRMEIEEEHN—=ILL spectral truncation
T1Xnthb—722L, A=C(T) & BK.

EE1 AMBE: X x X — ADROEM 273, [EEEA -3 NS,

e ETED z,ye X, z€ TIIMLT k(x,y) = k(y, z)(2),

o [TEDnEN, ;€ A,z €X, 2z TITHLT, Y1, cfk(zi, x5)ci(2) > 0.

JEZ, e TITHLT, ¢j(z)=e7* &BL. &, M, %, v € AT 3 L3(T) LO#HFHEE
HEE 5. 2720, (IZBEHEMTHS. P, &, n XICZEMH Span{er, ..., e, } NOHFE L L, M,
%, PoM,P, CX DT 2. 2oL %, P,M,P, DEBITH| R,(z) € C™™™ D (4,1) K, M
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T ESICET 3.

R ()0 = (ej, Mo€r) oy = /T:c(t)e_i(j_l)tdt.

R, () D (4, 1) Bmd j — 1l DAMKFT 5720, R,(x) & Toeplitz THITH 5.
751 A € Cn zH LT, S(A) € ()%,&x)(y—unzﬂo&ﬁmlﬂzﬁﬁﬁa
72 L, Aj 3 AD () RATHSE. S, &, RKEUTHI R, () &, TLOPIEL 2 TR &ENI 2R

4 Toeplitz TZAW=H—RILDIERK
RIEICER Lz Ry, Sp ZHWVT, UTFO XS CH =2V EMKT 5.

C%, BEHEEEES — I T D, 72, kij(r,y) ICED, Bz ki j(x(2),y(2) 28T
r=1[21,.. 24,y =[y1,- - ,ya) EAT L 2 € TIHNLT, LUFDXSCELT 3.

B (5, ) = (Zaz () (yz>),

Kotz y) = 5, (HR iy y ()" HRnu%z,j(m,y))),

Jj=1 Jj=1

BE2 geN,o; 20,0, €A i=1,25=1,...,¢icNLT, k;; :CxC > Ctk:AMxA? -

kP9 (2, ) = K(Sn(Ra (@), Sn(Rn()))Sn ( [ Rute) I1 Rn“”))'

Bl ZZ, kpova(z,y) O¥GE, BEEFELOR (2)%y! ERTHD, KR OB 5H, R, *
F\WWT Toeplitz 174 R, (z;) & Ry (yi) %%)ﬁi?’% 222k, (Ru(z)*)IR, (y;) \FIERTHLFE
5. ZHUTED, BRI EH—FND 2 € TIZB B LYz, y)(2) X, z:(2) R yi(2) BT
T, 24w &b z(w) R yi(w) THKFET 5.
EF 2 TERLIA—FUIH LT, UNOEEAD LD,
EIE3 kPO ¥y fserd 13, AHIEEMEA -2V THB. /2, 1,y € A z € TxL
T, kY2, y)(2) — kPO, y)(2), KROVI(z,y)(2) — KPOVI(z,y)(2), KRV I(z,y)(2) —
RPN (2, ) (2) B L. F27E L, RPN, y)(2) = Ty ai(@i(2)i(2))7, kP9 (z,y)(2) =
Iy kg (@(2),y(2) ko, (2(2), y(2)), kP(x,y) = k(z,y) [T}, (a})%al.
kprodid iz onTiE, A UEBIET 2 Z e TIEEMHEA —FIWICT 2 Z e DA[RETH 5.
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1 BiE

JERRE N R ZRREAFRETH % Koopman fEHERZE L THITT 2 7 7o — 513, iA1=
#, BT TOISHEINTWS, HREFETTHICENTSH, HEE T VOO % IERR
¥R A, Koopman fEFHZEZHWTHOHN, IMESTA2MAELR LN, KFEHTIXZD LS X
HELETEFCBI20HZ. EEOORIEDMED LKA R HHNT 5,

2 Koopman {EEZ%

R™ FOBEIYR [ R™ - R™ &2 5. @Y REAKZMN ¢ LoBlHIEE g : R™ - R 215
Aot E, Kg=go fZililed &5 LHUEMELZ Koopman fEHE L VWS, ZOEFHERIZE
WK g 2B L THERE 1 ATy TH#EDLZAD IS TES. DFED, te Nz, e R 2L
T, Kg(x) = g(f(x)) = g(xi41). FHRE, BED g GIINLTKg € § Zii7THDOLT
5. ZIZT, KABRARZ PLDAED D, EHE N € C EEREK ¢, : R™ — C & iZnfEah,
g=>vigi,v; =g, ¢;) LEMINZ T 2L, FREORKIDBHEL g(x:) = >, Mvigi(xo) &
HEL, ZOFHNONRIRZHEHVWE N Lo THHETEIENTES.

Koopman fEH B BMEMNICEHNE—- PR32 7103V A LI1C&-> Tl
Blahz. 2hix, BlUEKOME g = (91,---,90),9i € G & xo,...,z, THEL,
K = argming coxn Yoig |Ag(®:) — g(zi1)|3 2 30TH 2. K & K i2iE, £ED
g=cllg ccCrizoVT, KgrclKg 2 W HGRNEH 3.

3 REFE

HREFEZ=a2 -0y PT =7 DNRFX—=2%52 o - BRI L TRt (FE e
MEEN2) $5Z221I&DIT5. —a—Fxy bU7—=2F T RemIns LEOBEK f :
Ré-1 5 R4 (I =1,...,L), 722U dy...,dp €N, ZERLTHONLBE f = frofr_10---0f1
ThH3. FEOMBIIEZY 213 fi(hy) = Wihy + bW, € Ri-1Xdi b c RE by € RU-1 D X 5 BE
BThH2. ZNOEDRTXA—X 0= (Wi, by,..., W, b)) Z—INCE, T—& DIKFELMS
D HEMBEE L(0; D) Zi/ME$ 2 K512, BRINCEHT 2. Rt TORIX—%% 0, £EL
TR TIUL, 8T X — REAE FHEICE 5T, 01 = 0, — 1,VeL(0:: D) (7272 L 1, W&HI ¢ T
DHFBFR) R Vo B TEHINS.

D&, BREFEEIZEHMEREAHONERERWET I enTES. BAMD ¥R
Wt UC Koopman fEfZERE AWML LTI, NI X—XEHELEEBEO=—2—F 1%y
N DOAREIRZEMT 25D (1] =2 —F 0%y VT =7 OEHZ ZEITHILT 5 Koopman
EHZOERZE VLA ZFHLTERT 230 2] BFTFoh s, —7F, REAAOERICHLT
Koopman fFHZRZAMHT 2 &, WK NEOKMAEREZ THIT 2 Z L AAREICR D, Ak N ikz
Ik (3], &2 WITFERAINCTER T 285 X — X0 Z DEBEZHEE (4] LHIELDH 5.
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4 NAN—=INFRA—ZRBIEADIGH

HFCRE FEDFERD XS F R =R DFEEEXIT 5 X RIET R —=RIFINA 8= F X =&
YIRS, LURTEANA =T X =% % ¢ b RT. RBRXEEYEEHAVS ETE, 2o
NR=RTR—RBREILT BRENDH S, ZIZTIE, RFIRX—RD¥EIHVET—&Z D L3R~
27 —2D ZHBEL, ¥EKTHAT (> 1) To D 12MT 2 BN L(Or(¢); D) 2N T
X912, "ANR—NRTRXA—RBHAEFE NECE > TRELTE2IEEZS. ODFD, NAf—=
IR — X OEFNIHBAB Vo L(07(h); D) 12X 3.

D X577z, TR, ZREBARZHV
A= 8F X — XIS BRIREEUE E
ERMELTO0 R D, HEEE T RERT

o
»
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[oeecn]
0.85

80 90 100

\@

o
>

o
=

Learning rate
5

Test accuracy

w:?Q mﬁzﬁl ST, StEHaX MR KRELIRD, i
! ” Out:Dr iter.::ions * 100 ! ; Out::‘ iter::ions * " < L\. % : VG’ ﬁﬁ 7; T (<< T) X 5: 7 70?\ﬁ®

1. FMNIST O%BIc BT, ~f 5—x5 x— xR VeL(0:(h);D') 25 Ve L(0r(h); D)
BT o RROIERE £ P EE LA BERLTVEEERZT S0 —F AR

NTws. 2o TR %7 70 —F3EEREZTH L 500, KRIEHLBELE L OTERE XD
Y B b ZIToTLES 23D 3.

FHEOREDHIE 5] Tid, Koopman fEHZEZ HWT, FRAT (local) ¥ & KK (global) &
MFHED TWwe WD ) 21795 glocal HEEARRE L TW 2. BRI R AR 72 i &) B D 5
(Vo L(601(¢):D)),...,...,VeL(0:(¢);D'] ZHEL, DMD IZ & - T Koopman fEfIZRZHEL,
VoL(0r(¢); D) 2 TR LE#ELICHWS. local, global, 38X UHERED glocal I & o T A
R=RT X =2t % LEREK 4 1R LTz, FOPRROHBER S 2, REELEHIR MR
KB BAEE WS Z 72K global % X BRELTWR I 0h 5.

5 FroHrs5i

RERTIIRBE LB DM, RS 2 %% %R% Koopman fEFRIERZML TS 2k
DHERANC S ICHANC DR TH 5 Z & 2N LTz, FHCHRETE O RET MO 1 RIS R i
L TH 2B —RINT, SREBZOHELEZER LLTELHLT 2 NBELIRS.

BE R

[1] T. Konishi and Y. Kawahara, “Stable invariant models via Koopman spectra.” Neural
Networks, 165, 393—403, 2023.

[2] Y. Hashimoto et al., “Koopman-based generalization bound: New aspect for full-rank
weights.”, In Proc. of ICLR 2024, 2024.

[3] A. S. Dogra and R. T. William. “Optimizing neural networks via Koopman operator
theory.” Advances in NeurIPS 2020, 2020.

[4] W. T. Redman et al., “An operator theoretic view on pruning deep neural networks.” In
Proc of ICLR 2022, 2022.

[5] R. Hataya and Y. Kawahara, “Glocal Hypergradient Estimation with Koopman Opera-
tor.” arXiv, 2024.
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1 A

ARTIE, BR T — &5 & RATENT I OTEBIC X 2 LI L % “BIRIOTER 3 % Fik
[ ICDWTHIAT 2 GEEH TSI FRICIRE T 225, AR TIE—BOEGN T 2 TiREBNZ) .

E=C!BIUF:=C v LEBXVF Lo@BEoNEErZzhZN () BEE () T3,
QYR NRMEREE K CE ZFEET 5. 22T, E DMAIESLIE, 0F DFMERETH - T, [EED
a| <1 DaceCITMLTaKCK e R2EE LTREMN IO S (0 IZE DBEXRI ML THS) .
Bl ZIE, 0 ZHD e THHKBIUOZEMBRITa 87 MV RIBHESTH S KITL-oTHEINS
ELDINLERDESIZERT S !

|z|g :=inf{r >0:z/r e K}. (1)

BIZE, K={z€E:|zllpg <r} 2¥Er OFIRTH 258, |zlk = ||zl|g/r £72%.z€ K TH B Z 2
2k <1 THEIEPRETTTHE I LITEET 2.

f:K—F 2@fE5He L, 2hid K OBEFE LIcERS N IERIEBRSFEEL, £ Ol
fFe—HT22BH®T2. f(KYCLERZaY 7 RMEALCF 2EET 3. Op(K)
BLUY Op(L) ZZNZN K BLU L LomBEKOZERE §5. A5 IEY)RMHEZ 5
L, BT ZEM e LTRSS, T2, BTEHR fK—>LCF 35 TRLEMIZN 2 EREE
% f*: Op(L) = Op(K); hes hof ZiA8 T 5. L7 o T, RN ILEE L o @i i 5145
for=(f"):0(K) = Op(L) 213%. ThZERLHEL LR, 22T, () & ff OXHNEHRTHD,
Op(KY BEU Op(L) 1372020 Op(K) B LU Op (L) ORAAHE AN A2 & 5 5.

o= (a,....,00) €EZLy BEUP pe K ITNMLT, 8% € Op(K) % p B2 o B, T7bb,
8% (h) == (05" ---05¢h)(p) LEFET 2. a=(0,...,0) DIFA, §) DD DI §, LKA T 2. m € Zxo
WX LT, Op(K) OBRBRRITER T 2EMZRD & S5 ITEFRT 5 !

D p,m 1= span <{5;‘ o= (Oci)flzl € Zéo, ar+---+oy < m}) .

7,k = dim(Dp) = ("1 LT B AEED m > 01K LT £u(Dpm) C Dy m ALDILDZ 2T
BT 5. & 51T, Unz0Dpm BEE Ups0D p(p) m PRI B ENZN Op(K) BET Op(L) 12BWT
WETHH L AW TE 5. 2 2T, ARITTR Y PAVZEEB ORI EEE fil ., Dpm — D f(p)m
% Op(K) 26 Op(L) ~OfM L L f. O@YIZRAERXTTHIGH & A2 T2 LT, ThzHRO
FoAPOHETEILEERD.

2 FEIE

LUR TR, D729, p=0p 22 f(0g) = 0 OBEDAEEZ 5. {al}r, =74 BEM%
RDOESWEHETZ a0t 3 i=1,...,d DBEC i ZEHOEERZ VA THD, i< jiusid
la?| < |aW)| 725, FRRICLT {2, =75, Kb AKOFESNELG X 5. £/, i€ Zog ITH
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LT,

ald) B
‘ vi(w) := i —
B!

YEFRT S, T, ZERBEGEEAVTOAS ZICERT 5 2% =114, 7, BE, al =], o!
THY, a=(o,...,00) €2y BE L 2= (21,...24) €C' £ F 5. n€Lx0,z€E, B, weF I
HLT,CH% BERC @ (B) K7 FARRD &5 ICEHRT S

00 (2) = (51 @ot4p 2D 4,2 @)) - Van(9) 1= (v (09,920, vp e () )

Z=(d',... ) eEN BXUW=(w',... w") e FN IZH LT, U,z € CV BEU V9 € CV7 %
RDESITERT S .
u,(z') vu(wh)
Un,Z = , VmW =
un(ZN)
FEKBIUOW=f)%Zi=1,....NERETS. T2, m<nTHREEmBIEnIcHLT,
Connz €T % Vi (U )T € Cm ORES (k) OEIBIMTAIE LTEET 5

(U = (Cm ) )

V()

* *x

2T, () BIBLEITI R R E. 2 DFFH] oy BHEET 2 FIHIZ, 2] KBWTE =F OBAICHE
RIN2bDTHD, Jet Extended Dynamic Moded Decomposition ¥ FEZAL 3.

P EE r:=(r,...,rg) ERLGITH LT, AR(p/sr) :={x e R : |x; — pl| <r;} LEFKT 3.
FE1L mcZs9 235 u%KNRY EORVAFERHEYL LT, KNRY L0 Lebesgue HIFE IR
L CHAERTH 2 2T 5. p: KNRY - Rsg & u D Radon-Nykodim W v §%. {Z}2, CK &
U Zyi= (2, 2N) € KN YiEH#T 5. C, BBE (58)7, BXT (0" wMFT 5 filo,,, -
Dogn = Dopm DRIUTHNE T 5. LT Z2RET S !
(i) Gy :=N"'YN 8 BN 2o DL & u THIGRT 3,
(ii) p' €R%, v = (r1,...,r4) €RL) DBHFEL, Ap(p'ir) C K 22D ess.infy, () (p) >0 TH 2.

T2, EBEDNnEZoo LT, m<nRHIEROFFRDKD D ¢

lim sup HCm — ém,n,z,v S 127 |K)nHL2(y) ) €)
N—soo Fr
22T, ti=maxiy g (1+[pll/ri) THY, || |p EATHND 7 BR=ZT 2V LTH 3.

BE 3R

[1] Isao Ishikawa. Finite-dimensional approximations of push-forwards on locally analytic functionals
and truncation of least-squares polynomials. arXiv:2404.10769, 2024.

[2] Isao Ishikawa, Yuka Hashimoto, Masahiro Ikeda, and Yoshinobu Kawahara. Koopman operators

with intrinsic observables in rigged reproducing kernel Hilbert spaces, 2024.
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