Al-4-1

B2 OS] RIRITA B & KUERAT (4

BRAFEEZ D CICRAMERFERZER L R F B RUERTFE

YL IE(E Y, =H EE%?
Ltk &4t RICOS, 2 HAY:

e-mail : horie@ricos.co.jp

1 BE

PIE AT X o TRENT 2 X R OBAERNT I, BEWER E O TEE N OKGHMERERHEIC 35
WTHEZMVEZHEDTWS, E610, BRBGYETFHOBLES 5 b, RIRFOHMED Y 71X A A
fEtr, MEPBEE SN TWD, LALLM S, AR EUERENTFE TR TR ORI R 2300
52N, ERMHEEIC X 2EERLDO DT RZEERY Y —ADBRBREL R > TLEW,
V7 NEA LRFOEE L 125 TnWd, £D7D, BEGNTOMREEMFEEET AL TTHT S22
& o TN D EEIL - R Z 130 SRADPIEERANC R o TETWV D,

BUEr 28 T 2 FIEE L THRA 72D DHE Z 51553, graph neural network (GNN) & #EE
NEMEED A EET AV EZHWT, Xy ¥ aRrfie Vo BEBTITOA K HWHNS T — &4
BEROBERNT T — 2 2B LML ERE Ko TETWS, LHrLAASH, £ D GNN Tl
AR EFE R FATRE & W o 7o M2 i3 & AN 7 — X DIEDRIZ > T LR 5 72, THRIFERD
PLEITIZ B Vo B R 6N 5, VHBHRIZIE. ATNCREERRATREI 21T & SR U2
1z 517 % WS [FAZME (equivariance) EFHIN 2 HED D 225, GNN ZE U & L@ O
FEETNVIRAENZF BN BN ZDRKTH 5, —/5 T, BWAEETNVICRAESEZF 8 5
ERANCETAPEML L. SRR D22 T 220,

FITELEL I, BRICHETEREN 2D GNN TH 2 IsoGCN 2 IEh 2 EF L (1, 2|
L ZNEWE L CEEBRRLIEEMEER AN 22 ¥ T & % physics-embedded neural network
(PENN) [3] #H2E L7,

IsoGCN 72 5 TN PENN IZIEW2 7 Z DRI TTENITHEA T & 2 M7 E 71— L7 -7 TH
20, —HT, WiEHRrERET 2 LTEEL RS, EESIN2MEOREENBRINL TR -
Too Flow AT —NZEHUTH L TORZEEDALTES T, Ldio THRIAHRONARZEHRICES
WTHUDH & E 2 R THMAIOZ B TE R o Z TTRMIETIE, SR L HKHE Nz
BHEETDH 2B T 2 RIZMICZ, AREFEOERLZIER T2 2 & TR
MG LREMEEET L [4 2OV THm T 5. RFETIE. RENZ GNN TH % message
passing neural network [5] & ZZMBEHUL X NREFEEATDH 2 ARAHEIEOHELIEICER TS 2 &
T, BARHEELZHZ THMAE T AR TE 2 Z e 2R (K 1),

SR AZRE. JST X &0 JPMJPR2109, JST AIFMIMIZEZEH 2 JPMIFR215S, A%
BT Z 2R HEERIE JPJ004596. JSPS £HFE 23H04532, 23K24857. 23KK0182 D%
BEZI-bDTH 5,

AAGSEEES 2024 4 2 H#HTRE (2024-09-14/16) Copyright (C) 2024 —&HEHIEA A AIGH R ER



(a) Graph neural network
(message passing neural network)

e
N SR © B E BT
SN \\\ )/ graph neural network
= v

1. (a) GNN ofR&ENZBATH 5 MPNN, (b) ZRHEEHIL W RERR, (c) RENEZHZT GNN oK,

BE

1]

Masanobu Horie, Naoki Morita, Toshiaki Hishinuma, Yu Thara, and Naoto Mitsume. Iso-
metric transformation invariant and equivariant graph convolutional networks. In Inter-
national Conference on Learning Representations, 2021.

YEVLIEAS, AREES, HEE, =HEE. 79722 —90%y b =2V X Yy ¥ axR—2
BB QLA 2. HARGHE T8k, Vol. 2020, No. 1, pp. 20201005-20201005,
2020.

Masanobu Horie and Naoto Mitsume. Physics-embedded neural networks: Graph neural
PDE solvers with mixed boundary conditions. In Alice H. Oh, Alekh Agarwal, Danielle
Belgrave, and Kyunghyun Cho, editors, Advances in Neural Information Processing Sys-
tems, 2022.

Masanobu Horie and Naoto Mitsume. Graph neural PDE solvers with conservation and
similarity-equivariance. In Forty-first International Conference on Machine Learning, 2024.
Justin Gilmer, Samuel S Schoenholz, Patrick F Riley, Oriol Vinyals, and George E Dahl.
Neural message passing for quantum chemistry. In Proceedings of the 34th International
Conference on Machine Learning-Volume 70, pp. 1263-1272. JMLR. org, 2017.

AAIGHEIES 2024 4E 2 #HTRE (2024-09-14/16) Copyright (C) 2024 —&HEHIEA A AIGH R ER



Al-4-2

[WFFE 2 OS] RIAHEiR 5 & BLHARHT (4)

Y4

EXERERERZEZOHMBEREMOERARICEDETA VNS
AR EHITNSARN) YO ER

NN

VB R AL R R

e-mail: ohkubo@hakodate—ct. ac. jp

1 #=E

MR R D iR 22 3RO B O MR R A2 R T TIR B A Mk D R LA TR T HA T
WDYVTIRTARNY TP HEBLT AV RTARN) v I7ERATHY, BRITIEFICRKEL 5.
TG EERILE, MBRERZ YT RTA N IR T A RT AN v I EE D
AT OB AR S OEE Th 0, B O dhiREEREO MR 2 E AR S OME L R L LT
TR BN L Th D, MERERO MR OB ER O BRSBTS Th 53, T
BEORRE#R (B LHENTHER) EORITRIE O AL 1338 A F T O Z B 2% R O
b & R T2 72 5 X 9 I8R5y (Gauss—Legendre OEXEFEY) & L7z ud7e 63, FHEICHEE
B35, FIRBIEOEEIRD x, y BEEIHMEEICERE L, EERIROIRES &R ES
VBN G D . Z OFRBIE A F O TR EEE IR TRI%R O IRBISL LR U & 0 Sk B
) DEASE S ARG C L - CTRUET 5 2 S22 5. Bfilifssy LI TRI%k o1 2258 S i
BEET, I DICEDOEAERBLED G EEA T L TRk & 3ATBI D A3 [F
CT7AYNRTAN) » 7EFEHDL. BEIERMEICIZT A VT XN v 7 ERNBUET
HHN, AENE, BEERAMEIIITOT, EANEE Lz E U TURE LIAEERIRD 2 Kot
F ¥ FIVDOIEETH A h— 7 AEEHFNZ & -7z,
2 2REZEROWSERFR

2 It IHX % Lagrange fiARIC L > THAT L LX) DL HickEND.

N;+2 N,+2 N;+2

Ny +2 _
u(ém)=, ;S'a(f)h(ﬂ)U(é,nj) (1) n(§)=]f[f?§5f h(n)=i[]}§%f%t @)
- o k7
ER@ %, & TR L, BE n( EHROREER, n ) FIH0REES) TORM
NEUTFICERT 5.
= DD MR IHCNTTERN Be I 3D WIESTCATIER
PE N +2 N,+2 , PE Ny+2 N,+2 )
PRI CH AL CR NI B I ICH LA CRA )
62 [ +2 Np+2 , ,
8§au77 m.n - i=1  j=1 Ii (égm)lj (nn)u(é'm)
X@) LV, WoEAFATINITR@) TRanb. =720, (7 ) EC7 )T 1 sy, 2 M
WA THD. _
Ac=1(&)1, (m) Bl-au | 2]-a
An = Ii (é:m)ljr (nn) :azu azu
Bé = Iiﬂ(fm)lj (77”) (4) _¥}= Béu |:6772:|= Bnu
anli(é:m)ljv(nn) [ 8% :|—C J
Cey =1 (&)1 (7,) Locon| @

HARGREE2A2 2024 5 £4 #HHTRE (2024-09-14/16) Copyright (C) 2024 —#+EFAE A B ASS SR 2



3 ErREICEATAWMAERE
u %22 x y LWEE] ¢ OWEREER LT DL, v ORI DRI, RER O ERFE

(AT5) A ICESTUTDOLHIZFERTES.
ou
|:E:| = Atisu (5)
A, 131 RICO Lagrange fifEIROMSIC LV RDDH Z LN TE 5.

4. FBEERFICRELGERLIRT L) v I X ERIKER

OCFEM (I AZ5% i A FREESE 1) TU, B8 PN ORERIAY 7258 i (IELAZ 2 50) (81T D (mioy & JR e
R B RR SR GRS T7) ICEH L 20 TR 6, S BEE DRy OBEE %2 v
5T EICE o TERTE D, JRPTEIE R & ERIEEE R GRS ) [CEHS 5 720 DA R
BAZ A 2 FEAEAS A BRI, iR 2SR C IR A M, EETRIRBIE Tl x, v FEIE 2 1H AL
ZHADICREE CRILT 5. WEEEZ u & T2 L, ARBEEORERHD &V (6) N4k HE
KRS RPFTEEE~D L~ F U v 7 22155 . TRIRBEEIS, BEREA L HAUZ L > THRSEN,
EIREIERD x, vy BEELIRPTEARR £, n 12X > TR TERRESND (7).

] x 0 0 0 a

o& o o &

au x 0 0 0 ou NA+2NA+2

Pl — -1 j-1

on o o 2 2 & X= Z §I 77] dxij
Pu | | &y (X % xoy ou =

ogt |7 ogt og [0?:} (55) 2(55 55} x| (6) NA2NARZ (7)

i o

dullox @y (af  (af (x| |2 y=2 > &',
on’ on’ on’ on on on on oy j=1 =l

qu || o #y[@,ég @Xﬁl F%@+ij ou
Locon | | agon ozon \o&)\an) o \on) \ogay " anac )L

HAZRRTOx, yO1EMSE 2B, MOEHRIZL > TRATREIND. xIZD
W T DHAFEIR.

ag 3 67’] n 852 g 67’]2 n (8)

2
o0°X =C§x
ogon !

NSO, LA~ N v 7 AOFHEICHW LS.

6. RRE#HLORITEABDER ERBE

LR OFR ORISR E~DFITRIE D B 2858 B E I ILLL IR T L IRGeOER R
(10) ZFH L7885 (9) BNMBETH D . Fiyid Gauss—Legendre DR AU K - TEAEFE Sy

e (e o5 (3

dx ) ax ) dy)_ ay_
(déj‘AfX [dn] A (dﬁj A [dnj Ay

F(&),F(n) Z#ERSOEBEMBEFCIZRD LD, 20FECEY &, %Rz
F(E) XV RDITPIREEEDFEAE (x, v) & F(n) X 0V ROTILRBEAEDOFERTE (x, y) 1F, —F L
RS 7, MMRIR O ER TIXME NI A I T 3 M ET—KT D 2 L AR L
7o X, 16MrET—EHLTWD.

Stokes FFERDEMEFFAEFIL, FERIHITT.

AASS BBy 2024 4EFE R4y B TR (2024-09-14/16)  Copyright (C) 2024 —fAkFIvEE A B AS B2

)




Al-4-3

[BFF5 2 OS] R HRH A L ALAARAT (4)

A hypercircle-based a posteriori error estimation of finite
element solutions

Xuefeng LIU', Fumio KIKUCHI?
!Tokyo Woman’s Christian University, 2The University of Tokyo
e-mail : xfliu@cis.twcu.ac.jp, kikuchi@ms.u-tokyo.ac.jp

1 Introduction

Kikuchi and Saito (Hironobu) once proposed a method for a posteriori error estimation of the
finite element approximation to the Poisson equation, by combining the standard P; element
and the Raviart-Thomas mixed one, using the hypercircle method [1]. This method was later
used for a posteriori error estimation of finite element solutions to the Stokes equations and for
verified numerical computations. To maximize the accuracy of functions based on the Raviart-
Thomas element, they used the mixed finite element solution. Additionally, they proposed a
simplified method that post-processes the P; element solution. Such a technique avoids solving
simultaneous linear equations arising from the mixed FE method and can be easily used in
solving practical problems. However, theoretical error estimation of the simplified method was
insufficient, and they provided only numerical examples. Recently, progress has been made in
the error estimation of the latter method, and we will report on the ideas and theoretical results,
and compare the a posteriori error estimate with the actual error. Note that this technique can

be applied to Py elements. This report is a revised version of those previously presented orally.

2 Hypercircle method from Prager—Synge’s theorem

The hypercircle method originates from Prager—Synge’s theorem [4, 5]. This method is also
proposed independently as the 7*T formulation by Kato and Fujita [2, 3].

Let Q be a domain with a proper boundary. Given f € L%(Q), let u € H}() be the weak

solution of the variational equation:
(Vu, Vo) = (f,v) Vv e H}H Q). (1)

For arbitrary v € H}(Q2) and p € H(div; Q) satisfying divp+ f = 0, we have the hypercircle for

the triple {Vu,p, Vu}:
[Vu = p|* + |Vu = Vol = |[Vo - p||*. (2)

Note that the right-hand side is computable for some specific v and p.

3 FEM solution and a posterior: error estimation
Suppose 2 is a polygonal domain with a regular triangulation 7". Let us apply the conforming
P, finite element to construct the finite element space V* C H}(Q) on T", and define the

approximate solution u, € V" of u by

(Vup, Vop) = (f,vn) Yoy, € vh, (3)
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Let fj, be the element-wise average of f on the mesh 7". Let p; be an approximation to Vu

taken from the Raviart-Thomas space W such that
divpn, + fr =01in Q.

Let u" be the auxiliary solution to the Poisson equation (1) with f replaced by f. Then the
triple {Vu", p, Vo, } forms a hypercircle:

V" — pall* + V" = Von||* = [[Vor, — pa . (4)

With an easy-to-obtain estimate of the difference V(u — u”) using the error constant Cy for the

averaging operator, we have the following a posteriori error estimation:
IVu — Vup|| < Coh|lf = full + |Von — prll  (h : mesh size).

Since calculation of the optimal pj requires solving a large linear algebraic system determined
by the mixed FEM using W", one can apply local post-processing of u;, to obtain a good (but
not optimal) p, € W". Here, let us introduce the technique introduced in [1] to construct pj in
conjunction with explicit error estimation. As Vuy - n can be discontinuous across the interior
edges, it is proposed to define the flux on an edge e = K N K’ by taking the average of Vuy, - n

on two elements K and K’. That is, for an interior edge e, py, satisfies

1

ﬁh-n|e:§(Vuh|K-n—|—Vuh|K/-n). (5)

For a boundary edge e such that e C 0K NIQ, py, - n|e = Vup|k - n. Note that divpy + fr, # 0

generally. By introducing fh := —divpyp, we obtain the following explicit a posteriori error
estimate: R

IV (u—un)ll < Coh(l[f = frll + lfn = Full) + [In — Vua]|. (6)

In the case that ||divps + full = |/ — fall = 0(1), ||[Pr — V|| is the dominant term in (6).
Due to limited space, we will present numerical results orally.
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2 MWREIBHENCREROREFTE
Q%R (n=2,3) OERBSMLS L ESHEEFERE L, LFO Poisson /R
—Au=f in €, u=0 on 0L

L2z oggERt

/ Vu-Vvdx = / fvdx, Vv € H} (D) (1)
Q Q
BEZAH. ZIZT fe Q) id5xohzBThH 5.
COREIL, Th & Q OIERIRBEESE e U, DITORRERZEMZHRET 5.
Sp = {vheCO(ﬁ) |Uh’T€P1,VT€771}, Sho := ShﬂHol(Q),
ZIT, P idmEick 1 ROZHEXDEETH 5.
(1) AT 2 HIREEM up € Spo 13, KOHEROME LTRDHNS.
/ Vuy, - Vo, dx = / fop dx, Yoy, € Sho. (2)
Q Q

XC, ARERMR v, OFRETHIHIEHRINIIUTO XS BRFIHICEVITONS [1]. T, up i
Sho WCBIF2 u ODBREELTH 2 ZehHI6RTWS (Céa D) OT, &HiK re T, Lo 1
X Lagrange fififfiiz I[IL L, Zho 2L T Q 2FTEZXLDOE I} 35

|u—uh]H1(Q) < inf |u—wh|H1(Q) < |U—H}lu|H1(Q)
whE€Sho
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HEoh 5.

3 EHAREDHER

RO HERERMOFEFMICBVTIE, FHiEiZ 52 @EICB VT max, 7, C; %, ROAKER
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RIS I N— X, DRI EK B B —E DR TIHAIE, O(h) ORERHb
PRONDIEZRT I LT

BHFOMFICB VTS, EWEROMEISREE DKM THEICE, MENPELRLRVED
RARERMOBETEIE SN TWDS [3, 4] A3, Fix DELFEE, BHFOMRITHARTS HEHE
BAAIL K, BOERD XD — IR E I L THMTH 3.
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