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7 209 % Bailey-Borwein-Plouffe (BBP) AR [1] 1%, BiOE Y 2 IXRTEHET S Z k<,
T OREDL Y FEFHETE S ZEH SN TWVS. IR FTIBEEERICHT 2 BBP BAHA W
CODPRBESNTWS. BBP MAKDFHETHROKHZEH T 2 DEIXREFRTH 5035, FDHED
PRAE DA TEROVKMZET 2. ZORER exact division[2] ZH W2 Z & TRIRANIEHAE T
52 EDHIHNTWSED, exact division % 2 EETEHE T 2156, FREIIHHTRITIR SRV,

ARFLTE, BEEERWTHS % 2 i BBP AR OFHEICE T 2FREIC exact division ZHW23
ERRERT 5.

2 BBP BEAR
BBP AR [1] U FoRTREN 2.

=1 4 2 1 1
”_g;u%<8h+1_8k+4_8k+5_8k+6> L)
16 ERTn+ 1 HEHPOMES m DBHTZEIE T2 2E X5, THUT {1677} OFIE & i
ThHsHIeIEETS. 22T, { M zRT. X (1) »oUTOXMELNS.

{167} = {4 {16™S(1)} — 2 {16™S(4)} — {16™S(5)} — {16™5(6)}} (2)
L e 1
S(J)Zkzzomk(gw (3)
mar a1 S i = 16"k
B ", 16" * mod (8k + j) = 16k
-{iperet 2 i)

mod (8k + 7) R (4) ® 1 BEHOKRF DS TICHHN 2 DIE, MERZ T ZFHETE LWL S TH
3. R (4) D1 BHOBRFDST 16" % mod (8k + j) 1&, A FVEEZHWTHRINEHET S Z
ETES. K (4) D2 FBHOBMOSTTIE, 16 DIEEHI ALK ->TWVWE DT, KD OEMIFE)
INBUSTEE DR EMA 7o n Y ED/RIL B2 TIE TRV I LIk 2. RIKEEERE 16 5
WEBT 2221280, n+ 1HFE»LHE 2 7 OB ELNS.

3 REFE

Exact division % 2 #8( TR T 258, BREEFETRIUERSRV. LirL, A4 D 1H
HORMICBWTOHDIEESE + 5 1%, j =4,6 TIIMEEIC 5728, exact division ZE#EH S
LRETERV. 2055, 2i# BBP AKDO RN EFHRIC Montgomery R Z#H T 5751k 3] ZH
W3 ZET, DBOTHEFRICT 220 TES. 1 V—ROHEREE 1 7V — FORKTEI>7zm
7 — R O O/INEER D % FEE/MNERTEE TIT S 73 ) X 4% Algorithm 11277,
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Algorithm 11 V— FO#HREE 1 7 — FORETHE 72 m V— FORD/NIESDEHE
Input: z, N, r, u such that 0 <ax < N, 0 < N < 3, ged(B,N) =1,

r= (" -x)mod N, u=N"1mod g

Output: Q = [(6™ - z)/N]

1: if r = 0 then

2:  return 0

3: qo < (—r-p) mod S

4: for j from 1 tom —1 do

g < [{(B—1) = [(gj-1-N)/BJ} - p] mod 8
return Q = Z?:ol g3

# 1. 7 o 16 i 1010 i HFHHOEITRR ()

ERFIE | RRFIE
Intel Core i3-8121U 2675.36 | 2543.13

Intel Xeon Gold 6230 464.41 378.61

X (1) @ BBP 28 FHWT 7 Z5HE 3 2 BRIC, exact division & HWHERFIE L exact division
ZHWRWIERFIEORITRM Z L L7z, £ 113, Intel Core i3-8121U ¥ Intel Xeon Gold 6230
T ® 163 10" HiEZFHE T 2 DICBERETRBZ R L TWa. BEFRIIORTFIRICHRT
Intel Core i3-8121U THJ 1.05 %, Intel Xeon Gold 6230 THI 1.23 5@ TH 5 Z e B0 5. 1R
FEMERFEID O EETH 2HHA L LTE, RBEFEIBEREGSORD DI exact division
FHWTWS/0ThHseEZHNS. %72, Intel Core i3-8121U TiZ, Intel Xeon Gold 6230 X
D BIWEFIEEIERTFIEOMWREEI/NE Lo TW3. Z4UZ Intel Core i3-8121U MEHFRE S
WET 2P A 7 NVEDRDVIRL o T0EDTH 5.

4 Fo

REWX T, BEERITNS % 23t BBP BIARDOFHEIZE T 2FREIC exact division ZFHW5 75
HBERELL. BRI 2FEZ, 2# BBP HAKXDFHEICBOWTREDEETH 255 Td exact
division Z W2 Z & ZA[EEIC L7z, TEREFHMI DGR, IR BFESMEREM LICEMITH 2 Z & &
L.

HIEE AWFZEIE, JSPS BIFE 22K12045 OB Xk - Tirbh7-.
BEHL

[1] D. Bailey, P. Borwein, and S. Plouffe, “On the rapid computation of various polylogarithmic
constants,” Math. Comput., vol. 66, pp. 903-913, 1997.

[2] T. Jebelean, “An algorithm for exact division,” J. Symb. Comput., vol. 15, pp. 169-180,
1993.

[3] D. Takahashi, “On the use of Montgomery multiplication in the computation of binary

BBP-type formulas for mathematical constants,” Ramanujan J., vol. 59, pp. 211-219,
2022.
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1 #18IC

21272 Python([1] BREICB W TR AIERKE O @EMREGETRE = — X@mWw. 260006 3 EH
BREGERMEEHEREORMIIZIRoN TS, T4 IS O BNCmatmul[4] % Python 5
THEITTES XS, DLL{LE €Y 2 —/UtZ1TV, BNCamPy Sy 7 —Y ZHEL, 12X C/C++
C AR DMREZ Python BREGICHBIATL Z LI L TWa. AEEHTIE 7V —CTEERZSERRE
ERUEF A BR O 5238 L EREFHl OB 2R 7.

2 BNCamPy O#I&

BADPHELLY 7 by 2 7HKZK 1127R3. BNCmatmul % Python BRETHHT 2728
< AFayE—t v MULEGEERE (DD(2 i 106bits BEE), TD(159bits), QD(212bits)) 5
RDD.C(£%$7§;%;), RODD.c(BHHAREE) % LT Python 225U 5 £ 512 L, AVX2 %
7 A RRIE R EA%RE & BNCamPy 22O TEZ2 X 51CLTH 5.

bncampy.py rdd.py

rcdd.py

(matmuI_general_[d,t,q]d.c rddc Y Direct

[cd, ct, cq, d,t,q]dlinear.c redd.c J  method S/W

}:fi']j):ﬂiét}l: mpfr_dtq_sd.c RLl

L gMpy2 L 4 rdd.h bncavx.h

l MPER c_dd_qd.h

1 GNU MP sy WA R

C 86 64 CPU f AVX2> H/W
librdd.so Iibbncmatmul 0.22.s0
librcdd.so libbncmatmul-0.22_avx2.so

1. Python BB} % BNCmatmul ®Y 7 b v = 7 FEJE

Python BRIZIZH T 2 ZERBEREEIAE 7 4 77V £ LTI mpmath[3] 23FHTH D, FHEME
bEWV. 72, MPFR % MPC &\ o MFOERMEERERE/NULZ 4 75V % Python B
WRCHEHTTREIC T 2 gmpy2[2] DAMEN: & @ EEE TRV, /o T, ZhLBEFD Python
N =V HELTHEIZ2EIICLTELIEDREZLWL. 5D AT A MIEETH S, H
WIZa Y N—=FTEBZEZERLTWVWS.

3 LUSBRORYFI—UTAb

TELO EPYC BHE N THE LU ff, HE LU 9OV F3—2 7 A 21T 7.

EPYC : AMD EPYC 9354P 3.75GHz 32 cores, Ubuntu 20.04.6 LTS, Intel Compiler version
2021.10.0, MPLAPACK 2.0.1, GNU MP 6.2.1, MPFR 4.1.0, MPC 1.2.1, Pytho 3.8.10

LA n RTT#EYT —KABERIF Ax = b 2 L. 22T A € R, €™, x € R*, C,
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beR”, C" I FREDISCEZX-bDEFHL TN,

A dy = 107260-D/n v UTERMNAITH] D = diag[d; - - - d,], SLEITH Re, Rim € R™™ AR
L, A:= R..DR'(#1TH), A = ReDR; ' + iR, DR;, (##%47%1) £ LT mpmath % fl
WT DD, TD, QD HEMHYORE T EZITo .

x,b BOEx=01 - n—-1TEXXZ ML), x=1+i)01 -+ n—1T(EEZ L) &
L, mpmath ZHWT b := Ax ZRDTHHL 7.

Ny Fv—2F A MERZE 1I1RT. DD, TD, QD MEzhziucsL, @bz L, AVX2 12

kX 2@E#E(bD D, FFEED mpmath O EFEOGREIFHE &, 155N EEORAMEMRELZL L

TH5.

#* 1. EHTAOFH R & AR
EPYC: n = 1000

Real Complex
Prec. Direct Methods | Comp.Time(s) | Max Relerr | Comp.Time(s) | Max Relerr
DD 1.17 2.8E-02 4.7 9.3E-14
DD(AVX2) 0.34 2.5E-02 1.38 1.2E-13
MP(106bits) 1844.5 2.8E-02 3594.5 5.7E-15
TD 10.2 4.1E-18 51.0 1.8E-30
TD(AVX2) 10.5 6.2E-19 39.1 2.8E-30
MP(159bits) 1877.0 1.8E-18 3801.1 1.3E-30
QD 39.7 4.0E-35 145.1 3.7TE-47
QD(AVX2) 12.6 5.3E-35 46.6 4.2E-46
MP(212bits) 1894.8 5.5E-35 3812.1 7.6E-47

DD ¥5 T3 mpmath OERE (lu_solve) DM ZDRENR WY, TD, QD fFEETIZFK A4 D
F4E Y mpmath 2 IXZIEFA CKEOEMEEZE LN TWS. FREEMICBVWTIE AVX2 12X % &
{tiZ Python B85 FTH 5 LU 2R TH 0.97~3.4 %, HE LU D TH 1.8~3.8 fFICEL TV 3.
W CHEFEIC BT 5 mpmath ¥ OEETIE, LU TR 150~5371 %, 3% LU 2f#TH 262~
6028 ff, A DHEEDIZIVERTH D e Dh 5.

4 SERORE

SHROMEL LTIX, WrT &5, BRMEHEZ Y R— b L7 BNCmatmul Version 0.22 %
VY —2L, ZMHEZ ZTxRLUT Python Zf5RAEEIBEHAERL L FIHRIREL T2 Z e A% ITF o N
3.

BEE ARBTSRPAEINITIZR S 20K 11843 35 X OF 20K11843 OB 2RI L Tiibh .
BE XK

[1] Python Software Foundation.

[2] Case Van Horsen. General multi-precision arithmetic for python 2.64/3+ (gmp, mpir, mpfr, mpc).
https://github.com/aleaxit/gmpy.

[3] Fredrik Johansson, et al. mpmath: a Python library for arbitrary-precision floating-point arithmetic.
http://mpmath.org/.

[4] Tomonori Kouya. BNCmatmul. https://github.com/tkouya/bncmatmul.
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1 @LC®IC

ARIFFETIX. GNU ZEEEES 4 75V (GMP) [1] AT OH 72~y B—F 2 ) — C++ T v
R—, gmpxx mkII.h ZRREL7zOTEZNEZHENT S 2] DRI 5000 1TD T v =i, GMP 2%
R XN TV gopxx.h L EWVWY — AL~V TOHENZEE DD, a— FoaFtte 75 2%
FfowEE EHNE Lz,

gmpxx . h I3EMR~ 7 BT VL — b2 ZH LAY 22V v 2 70l 5 IV I THRRENTE
D, AR TI79 b7+ —LTHEEL., BWAT7 3 —< Y 2ARFEHLTWS, LrL, 22— —1EK
DIVT T LZBITZ2AY A NI T —DERE TNy FONEEX, C++ OEFEERNRERTED—
B CERWZ &, £ LT gnpxx.h BROR[GHEDKE L ¥ OREDISH o7z, gmpxx mkII.h
¥, GMP @ mpf_t, mpq_t, mpz_t ZE#HE 7 7 X LTH U3 20ERMNZ T a—F 28 L.
IS OB Z R L7z,

2 TTL—MEENI-BEEAOEBERNOERE LHATEEIC

gmpxx.h OBHIDOHR L LT, 77— Mea BN OEBERXOEHEE LI TERVE L
SN D o723, gmpxxmkII.h TIEZHDAREL IR o7z [3]o

Bl 21X, gmpxx.h Tl a+b O X 5 REHFE X% std: imin BRED T ¥ 7L — MEEI B D515
£ LT std: :min(a+b, a) O KD WEHEMHTEZ T, std: :min(mpf_class(a+b), a) DX IR
AL TV, ZHUT atb DD gmpxx.h DAFERIATH D, C++ D a > 84 IR HEIN
I mpf_class WETERVWLDTH S, X612, ZOHIRICEET a4 15 —F—HL
THELN2WHDTH 7=,

D K5 7%KIE MPLAPACK [4] THHHEIMHEINTE D, X 7F Y XaX OKIEREMNZ
BTz,

3 BITEIEEHMICOWVWT

gmpxx mkII.h ¥ gmpxx.h IZEWVY — AL~V OEHME 2R 2 & 5 &E L. BEfFED GMP
RNR=ZADTAT T LI ANV R T 7 ANDEEDAT (b)) BRHITBAITARRE oz, 7272, A=Y
Ry 2 27%27 5 AMETIREETERVEIEN “Oh otz TASEHE—FLARVWIEE L, ()
KEEROASIB U, ZUEHEIRIEETOLEZBOBE SR LI ¥ X BERTEDbAT
W3, (i) fEEOBIEFHE, Z4udf 21X, mpf_class £(1.0/3.0, 512) &35 &, fIiTiE 512bit
DIEETD 1/3 DA%, TUoZiEZ GMP OFERIET v 77 LTBIEEZMA b0, BLU
F7ZER L 727 A MIZOWTENSIZEMT 2 LD L,
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4 EBHCBHEAROEE

MPFR 2 5M7 3 2 B D720, 5L 88, AR C DL < #H X h 3 9155 Bk
BoRRi72 T2 U7z o8 FeR IR, atan (IR EMFY, AR T4 7 —E%Z 710
VA LE LTHOW,
5 FRE—FIZOWT

gnpxx mkII.h IZA#E— K, mkIl €E—F (F7 4V ), mkIISR €— FO=fHEEZEHET 3,
define Z#HITS Z ¥ THIHIRETH %, HILE— Fid namespace 7 L. FIFFEEZ ¥ OILRA L,
okt sy a Y THlRREIFEBRE T DAY R— b LRWE— ¥ L, mkll €— NIZAHE—
FiZ namespace E A, #FEEKL L DILERH D, OE— K& Lz, mkIISR £— Fi& mkIl €— K
KELIHEBERIRNET 3. 2FD. 7077 AOBBRICHEERZEE L, BEZEHELZW &
ZAMHRE T2 28T, PELSHERBMOAEVEID Y TZHKL., ftEEEDOM L2225 DTH
%, mkIl, mkIISR €— R N4 F V) Hffax b O,
6 ~NFI—U—fl

AMD Ryzen 3970X (32 cores, 2.2GHz [E/€). F&EE 512bit, 1 fEXITDORZ L mpf_t ONFEZ
SHE L, >y 70 ar7TofERiE. CR7.16 . BRI 10.3 #, BT F 7.64 B, HE
EEE—F 7.09 HTH o7, OpenMP fRTIE. ChR 0.334 ¥, HFHERNIRK 0.332 ), EfE—F
0.319 ¥, BERBEE—F 0317 WRETH 7%, ZASDMERLL, HT v S—EHERAMIR E
BLTRWARZ =< Y RA%RT 2 DR EINT, CPU RKMEEZZEHE L TH mklIISR E— R
D gmpxx.h L LT L TEWAT + —< Y AEFM L7z, IOV TIEYHREERT 3,

7 AFFHE. WIS OS

gmpxx mkII.h |¥https://github.com/nakatamaho/gmpxx_mkIIT 2 55JH BSD 74 > R &
L GEHRBTETH %, 64bit D (x86_64 % arm64) @ Linux & macOS THHRIEETH 5,
8 RE

gmpxx mkII.h IFIEFICA =Y Ry 7 ARED R oTW0WE, ZLTHERIETR ST AH D0
TV 720, HREICERTVS, FIZIEMOZEREE S S X2 K- b2 LRHZTHS
Do AMEINZ2A—-FBRETHDDNT7 =V AR MRy JOREDREZSTHY, 5%
MPLAPACK [4] 72 8IS AALTETDH %,

S AR JSPS BHFE JP23K11133 OB E 321} 7=,
BEk

[1] Gorbjon Granlund and the GMP development team, GNU MP: The GNU Multiple Pre-
cision Arithmetic Library, 2012-2023.

[2] Maho Nakata, Yet another GMP C++ wrapper for High-Precision Calculations, 2024.

[3] Gorbjorn Granlund, C++ Interface Limitations,
https://gmplib.org/manual/C_002b_002b-Interface-Limitations, 2012-2023.

[4] Maho Nakata, MLAPACK: a multi-precision linear algebra package,
https://github.com/nakatamaho/mplapack, 2008-2022.
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1 B=E

HBAKERE f5F5 R 2 FIA R L 72 Double-double(DD) % Quadruple-double(DD) i, qd 74 77 U »
IR HIBHNTWS. C++ class 72 5 NZ fortran module 12 & b ZAfiic & 1ERE % EIAF| HATRET H .
B« SFIIIEFE TR E 2B L EEGE 7 + —~< v MTDOWT, ZDREMRNT » ZEbHiffiico
WTZOEINERZ#ED TE 7 (1], EFLOREE, NEHE 7 L3V XL S 53 E MR (5 /{H
B) 2H#EIL, v 7 s L THRICERITRER C++ 7 7 XA mX Real ZHFE L, ZD0FEIGH % HiE
L CTHIERFPTH 2 [2].

2  Pair »'5 Z DILRERLUEHGEER

EFEE 2 HME L L T2 D Double Word /#&E (DW) 2 ¢y 7 —I{bL7zd DH DD Y3 5.
a = ag + a1 (ulag| > lai|),b = by + b1 (ulbo| > [b1|) D& 512, a,b % 2 FER > OFEIMNIER LM%
HLARETH D, TwoSum, TwoProductFMA EFxHAGHOE CHHHAEAENEH XN . DW @
JNFE DW_add DEEL T — FIZTD L S512725.

1: function [cO0,cl1] = DW_add(a0,al,b0,bl)
2: [s,e] = TwoSum(a0,b0)

3: e =¢e + al + bl

4: [c0,c1] = FastTwoSum(s,e)

4 17 H FastTwoSum A IEFCIRIEICHIG L, ERLZ AL 72 D2 Pair E (PA) OME
PA add IZ4 5. INHIEEE, BE, 7B, FARICHEHAINS (72720, MMBEEEIX EFT O R
TERINDD, ZDMDEHBIIELTIEC & o CTEMEBTENFET 2). Tho ik LT, 3
FERNITHER S % Triple Word(TW), 4 & Quadruple Word(QW) 1229\ T b &H%ICAT S IEHLEE
& L 7= %E L Triple Word(QTW), & Quadruple Word(QQW) 28R T % %. DW ¥ PA IXJHE
BOBIRN DS PAIC 1.5~3 EREEDOEAMMEDDH 228, IEFLE R W DEBEEIC X 2 RBIGEN A 1
I ETIA25RLDH 5. RIS, RERBEE 22T T L EFLZ#EYR &4 IV 7 TIT OB
DdH 5. F7z, Sloppy MIFHFEEEERT D 223, FE % E1F 7 Accurate iR (IEEE K EAMH 4R 72
) b FAMEED SO,

3 mX_Real
mX_Real 1Z, PA, DW, QTW, TW, QQW, QW Z&—Micik> C++ 7 7 A TH 3.

using namespace mX_real;
template < class T, T_mX(T) > T calc_pi() {
auto y = T::zero(), £ = T::one(); int sl = 1, s2 = 2, s3 = 3;
while ( £ != T::zero() ) {
auto z = T::zero(); T::base_T h = 1.0;
for(int i=0; i<9; i++) {
z += (T::one()/s1 + T::two()/s2 + T::one()/s3)*h;

~N O O W N
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8: sl += 4; s2 += 4; s3 += 4; h *= (-0.25);

9: }y+=2z % f; £ *x=h;

10: }

11: return y;

12: }

13: wvoid calc(){

14: std::cout << calc_pi<tX_real::tx_real<double,Algorithm: :Sloppy>>();
15: }

calcpi 37 ¥ 7L — FEIET(<OA) KERMEE D7 — 22 ET Z e B TE, HITLE double %
HEY 3% 3FBETHNENS Sloppy 743 ) %5 TW Z45E L TW5. Algorithm::Quasi
CHRETHRIEIFERMER QTW KU D 5.  dX_real::dx_real, tX_real::tx_real,
gX_real::qx_real B Z N EN 234 FEOEBERTHY, zhzh 2 207> 7L — bj|
B <Type,Algrithm>% % %5, Type IZ double % L < i& float, Algorithm (2 Algorithm: :Quasi(JF
IE#At), Algorithm::Sloppy, Algorithm::Accurate 2Sf§/E Al RE. [A — &K T d LI fE
BEOARBMEHEMToOZ (AHZMEEHSLa—a Y X 527 M) BA[EETH 5. fil 213,
auto x = tX_real::tx_real<double,Algorithm::Quasi>(1.0+sqrt(gX_real::qx_real<>
(1.0)/5)); 1 4 3 (quad-ddouble) fEET 1.04+1/5 OFFIRZED, 3 75 (triple-double) FEHE T
D x IS 2 b0 TH 2. Z DR, HIHILDFHRIX Algorithm: : Accurate(7 7 /L k) THf
B, AVANT 7 XRORFEATER XX Algorithm: : Quasi JBMEZ RS, DI DEH AL Pair JH#
B GEFEHLERE) ¥ LTl bh s (B7 L) X AEHoEMEOEEZE/E 7 LY X
LIZEDLETHREINS).

mXX Real i qd 74 77 VEREAEEZ Y R— b L, C++ OXIRTERBEZHE LTH S
DEFOHBNEHLATE 2. FEVNESE E U THRERLBIHE 72 5 N2, max, min, abs, sqrt DA
FIFFRETH D, Z DMFFEEEIFN Ay = THIETETH 5. HHIK levell, level2 BLAS &5t
- PEREMIET, » 2 fREEMICM T 5. —J7, ITHIEE R CRRED D D, WET — X D)7
W Z (AOSOA 55) BIPEADMNETD 5.

4 Fe&

B RFE NSRBI ORI & D A A AT RE R R AR 2B L, SREERE 2 =BT 5
RIZH%. AT ERICED FP32 & b $EKEZEHE &S CPU % GPU IS N2 T, LS
M7 aty REHLHEBENHIBOBR? O S HETH 5. JEERLIRT VTV X 5O LA
DR, FHREMERI DT & OE L ESE, FHY 7 vy = 707k e @t b 2B HrcED 5.

HEE AWML, XEREE TRIREHEER ISR 2 AN HHER S KT, JSPS BiF#E
(23H03410, 23K28100) OBk %2372 b DTT.
BENM
(1] Bk 5, S8 8%, Pair Arithmetic DHEIR & Z DWW IZOWT, IPST Wf5t#HiE HPC,
2023-HPC-192(19), pp. 1-8, 2023
[2] mX_Real: R-CCS github repositry, https://github.com/RIKEN-RCCS/mX_real (2024 4F
8 H 2 HE#f&7 7 £ R)
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