E2-1-1

[IE£E OS] FreeFEM DB & FI (1)

BERIFERRFMG /S REBHEZOREILFE L FEEITHY
JLIN—

gk g 12

VMR SRR L Y & —, 2 KRS A A= AT 4 Ty R

e-mail : Atsushi.Suzuki.aj@a.riken.jp, Atsushi.Suzuki@cmc.cas.osaka-u.ac.jp

1 HE
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1 Introduction

The viscoelastic model for the polymeric fluids appears in various non-Newtonian flow simula-
tions [1], for example, molten plastics, biological fluids, and engine oil with ploymeric additives.
This work is to design a linear Hybridizable Discontinuous Galerkin (HDG) scheme for the
nonstationary diffusive Peterlin viscoelastic system with a tiny diffusion coefficient € for the
conformation tensor.

Let ©Q be a smooth, bounded domain in R? with boundary I'. The unknown (u,p,C) :
Qx10,T]
The 2D diffusion type Peterlin viscoelastic model is (P):

— R?xRx [Rfyxn% represents the velocity, pressure and conformation tensor respectively.

w+V-(u®u)—vAu+Vp=f+ V. [(trC)C] in Qx(0,7), (la)

V-ou=0, in Qx(0,7), (1b)

Ci+V-(C®u)—eAC — (Vu)C — C(Vu)' =trCl — (trC)*C in Qx(0,7), (lc)
oC

u = O, 87 =0 on I'x (O,T), (ld)

u(-,0)=u’, C(-,0)=C" in Q, (le)

where f € L?(Q) is the given force, and (u’, C?) is the initial value. v, € are viscosity and tiny

diffusion coefficients, respectively, and [ is the identity matrix of R¥*¢. Here,

(u ®v)i; = uvj, (C ®u)iji = Cijuy,

and we see that V- (u®@u) = (v - V)u+ (V- v)u=(u-V)u if V.u =0.

There are many discrete schemes have been proposed for numerical simulations of (P). How-
ever, the error estimates of some existing researches of stabilized Lagrange-Galerkin FEM [2, 3]
often depend on the reciprocal of €. As € — 0, The parabolic equation (1c) becomes hyperbolic
and the system may have non-smooth solutions. We observe that [4] used hybridized discontinu-
ous Galerkin (HDG) method for the convection-diffusion equation, where the H! error estimate
depends on O(e'/2). The numerical experiments show that the HDG method is stable and has
an optimal convergence order even when ¢ = 1075, Our motivation is to use the HDG method

to design a stable discrete scheme for (1) and to obtain the error estimates independent of e~1.
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2 The linearn HDG Scheme

For spatial discretization, we refer to the HDG method for the stationary Navier-Stokes equa-
tions in [5], where the scheme is mass and momentum conserving, energy stable, and pressure-
robust. Later it indicates that HDG method can effectively approximate the problems dominated
by convective terms u - Vu and u - VC' when the diffusion coefficients v and € are arbitrarily
small. For time discretization, we use the linear semi-implicit scheme.

The proposed HDG scheme is obtained by using the continuity of the flux and adding the

following terms on the edge of each element.

e symmetry term

/V(ﬂ—u)®n:Vvdsand/ e(C—-C)®n:VD ds.
oK oK

e penalty term

/m(u—ﬁ)®n:(v—ﬁ)®ndsand/ ﬁ(C—é)@n:(D—f?)@nds.
or hi oK N

e convection balance term

Yt a) (v — o) ds Lmu—ﬁ v—0)ds
| s aw=o) s [ @ aw =) i

K 2

/8 ™oy é)D - D) ds+/

K 2 K 2

vl o _éyp- D) ds.

Some numerical experiments are designed to verify the theoretical error estimate results and con-
vergence rates. Moreover, we performe comparative simulations with the Lagrange Galerkin(LG)
method in [3] to show the stability of HDG scheme. we find FreeFEM has difficulty dealing with
HDG scheme. How to define the function space and add the boundary integral term to the

solution function is the main problem at present.
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1 #=

UTAE, Multi Fidelity #taBE L7 7 u—FNEHE2EDS-OH D, Z 2T, [Eftk
Navier-Stokes HFFEslZ H U \7=5% 5t & High- F1dellty et ETBH. —J, JEMENE Euler iR
KUK LT B O FE R R B E 2 AT o T2 BRI DN A 5 72 BB E 7 L 2 VW ikdt &
Low-Fidelity &gl & 9% 2 & T (B IZEMNE Euler FRRZFENTW WD), KRG
B a X NEEMLODOFSREmEBRIEOND EEZ HDH. T2 TTIE, Low- Fidelity
Rt EIT OB AL LTR@)IZFER L TWA F. De Vuyst DNEER L TWAHEFE
T EBERTS.

Da

1Du Dap
Dt —L4iv.u=0o, a, = log(p) + Va, =0, +yV-u=0,a, =log(p) (1)

Dt

UHEFET LV TIE, T —F AETHBUELRATRETH VD, HICTBIREIZ DWW TIIERIET
A DS AR 2R R AE 2 VWD 2 & C, FHE a2 M2 RIEICHIHI 2 2 L3 rRes 2%,

2 HEFTEHEE : Sod Shock Tube Problem

FTHIDIC, RhDOT Y DA RAxE5x 10748 LT, a,,u,a, DHEEREHE LT P1-P1-P1
(Fig. 1), P1-P2-P1 (Fig.2), P2-P2-P2 (Fig.3) ™D 3 r—ADtHEAZIT-o7-. KX OBEN
t = 0.21281F D iR, $@ﬁ§i}&fﬁﬁ’q¥@7"m774w& 72> TW5. Fig. 1, Fig. 2, Fig.3 ™
RS, P2-P2-P2 N b EEBIRIC TN T 0 7 7 ANV E R DN LMNE ot
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(a) Velocity. (b) Density.
Fig.1. a,u,a, for P1-P1-P1.
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(c) Velocity. (d) Density.
Fig.2. a,u,a, for P1-P2-P1.
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(e) Velocity.
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[1] De Vuyst, HAL Id :

Fig.3. a,u,a, for P2-P2-P2.

AWFZ21% JSPS BHIFE: 23K03659 OBIRK &5 1 7= & D T

cel-00842234, ver. 1.

(f) Density.
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1 IEC®HIC

FRe Y —EEE T, FIBECERERESHVONZGENEZ L, fiffiia~y F T A RIS
W U CTHREREZFATTE S FreeFEM 2MER|TH 5. FreeFEM (3 X v & 2 AN, H#EIGX v
SaDWREDH B s, PRuY—REICBVWTH BRI ASHVWLRTVWS [1, 2, 3].

AFRTIE, LUk y MEICEDL bRy —RiliteE 2, ARERIEDH I FreeFEM %
FHLAZRS. Ly MEE, MEODTHESRFIORA D 7 —BBTH 5Lty bR
(x) THRIT 2. HEMHEBHADOD 55 x T o) > 07251 x IHRINEICMNEBEL, ¢o(x) =045
ERER, o(x) <0 RLEMEONETHE T3, LUty MEEIE, PReY—EEEERIE
HE T3 RICERAGEREHET 2D RET 2. 22T, Lty D & FEEOMEIE
BRYID HUCHERERICN 32 FEM O X v > 224K L, ZDX vy 2123 LT FEM THEEMR
W2 fE DB HEICDOWT, FreeFEM OB % 7R3 .

2 LRIty MEICE S FreeFEM OfERFIE

2 RITOFHERIEIC B 3 a sy 754 7 v AxMbz2 BIVIBIE L 5 FRu o —HiE{biiE
Z#EZ, LROD FreeFEM++ OFEZFAR LR 27V T b7 7 A VEER L TR L7

@ Fortran L—F >~

o PIHIRRETTHIRDEFK L gmsh 7 7 A AANRIE, LLty FEIOREH D X v & 2
i (NEFT mmg Za—1) HEASMORE

(2 Fortran L—F ¥
o LULEy MEKD I SMERERD X v > 2 E K (WEFC mmg 2 a—)1)
o GIFSEMZBIMLA Yy > 27 7 4 VEAEK
(® FreeFEM TUTOFIHIC X 2515
o Xy a7 7 ANDEAEAS, Xy ¥ aEE
o AIRERZEMOEST (Lt y PR, ZfitZzh o7 R bEED
o SHERXZHWT, #IEMEE Lbty FBEIBUT DWW T O RIGEREE % € 7%
o Z L FEFFZENM ZARERILTIHRAEL, HIBEEEISDERL TWhiudik T
o MRUY—EHEKEFEL, LUy VEBODHEIEL, @RS
@ Fortran ®FEIT770 75 4 (Z T T ThO_to_Th.out) % FreeFEM++ QDX 27V 7'+ 7 >
AL (2 ZTld topo.edp) 2 HFEITTHHE71E, LD &k 5 IZEldb T 3.

/] Vbt y bEEE phi % mmg 1ZTE LT iR oMt & X v > 2 DAERK
savesol("phi.sol",ThO,o0ldphi,order=1);
exec("./ThO_to_Th.out");

Th = readmesh("Th.msh");

Loty MO 0 FEHZYID L TD X v > 248X, Fortran D25 mmg a2~ K7
A LTEITLTUTo 2. BEREE LULt v bR KSIERUT R % E < 729 O E
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problem elasticity2(ul,u2,vl,v2)
= int2d(Th) (muO* (2*dx (ul) *dx (v1) +2*dy (u2) *dy (v2)
+ dy(ul) *dx (v2)+dx (u2) *dy (v1) +dy (ul) *dy (v1) +dx (u2) *dx (v2) )
+ lambdaO* (dx (ul)+dy (u2))*(dx(v1)+dy(v2)))
- int1d(Th,3) (f1xv1+£f2*v2) + on(1,ul=0,u2=0);
problem RDE2(phi,vphi)
= int2d(ThO) (phi*vphi+dt*tao*Kappa* (dx (phi)*dx (vphi)+dy (phi)*dy(vphi)))
- int2d(ThO) (oldphi*vphi)-int2d(Th) (dt*Kappa*senscoef2*sens2*vphi)
+ on(3,phi=1);

\_

J

BEREZ BN T MRy —EER 2R L, RIMEEOTERXZBNTL oty bBERR DI %

BT 289D FreeFEMA++ OZXA2Z U FMILIFD LS5 12L7=.

elasticity2; // WTERTEZ i <
func sens = -(-1./(1.0+nu)*((4.*mu0*(dx(ul) "2 +dy(u2)"2
+2.x(dx(u2)/2.+dy(u1)/2)"2)) // FERu Y —EEHH

+(2.0*mu0-(1.-3.%nu)/2./(1.-nu) * (2. *mu0+2. *1lambda0) ) * (dx (ul) +dy (u2)) ~2)) ;

RDE2; /] vty BB ROCHRRUT R % g <
objective = int1d(Th,3) (flxul + f2*u2); // A ¥ F54 7V R

21213, FreeFEM ZHWTHE L bR o Y —RE(LOFREROHI 2R T .
%

1. FreeFEM ZHWTEE L7z b Rue Y —fREtoiERofF].
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