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1 Outline

We define two notions. The first one is a compression system & for a finite poset P, which
assigns each interval subposet I to a poset morphism &;: Q7 — P satisfying some conditions,
where Q7 is a connected finite poset. An example is given by the total compression system
that assigns each I to the inclusion of I into P. The second one is an I-rank of a persistence
module M under £, denoted by rank?, the family of which is called the interval rank invariant
of M under &. A compression system & makes it possible to define the interval replacement §¢
not only for 2D persistence modules but also for any persistence modules over any finite poset.
We will show that the forming of the interval replacement preserves the interval rank invariant,
which is a stronger property than the preservation of the usual rank invariant. Moreover, to
know what is preserved explicitly, we will give a formula of the I-rank of M under £ in terms of
the structure linear maps of M for any compression system &, and give a sufficient condition for
the I-rank of M under £ to coincide with that under the total compression system, the value of

which is equal to the generalized rank invariant introduced by Kim—Mémoli.

2 Background

Persistent homology is a powerful technique in topological data analysis, employed to explore
topological features of complex datasets. Multi-parameter persistent homology is less under-
stood than one-parameter persistent homology because of its more intricate algebraic structure.
Specifically, the presence of (usually infinitely many) non-interval indecomposable persistence
modules significantly complicates the analysis in the multi-parameter persistent homology. To
facilitate practical data analysis, we have developed a general theory of replacing any persis-
tence modules over a finite poset with a pair of interval-decomposable modules (regarded as
an element of the split Grothendieck group). In the sequel, k denotes the field and mod k[P)]
denotes the k-category of persistence modules over P. By sc(Qr) (resp. sk(Qr)) we denote the

set of minimal (resp. the maximal) elements of poset Q;.

3 Results
We first prove that the forming of §¢ preserves the I-ranks as stated in the following.

Theorem 1. Let £ = ({;: Q1 — P) be a compression system for P, M € modk[P], and I an

interval of P. Then
rank§ 68 (M) = rank§ M.

Now we are interested in what the interval rank invariant actually is. To know this, for any

compression system &, we will give an explicit formula of the interval rank invariant of M under
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¢ in terms of structure linear maps of M. We give a total order on the set sc(Qy) (resp. sk(Qr))
by giving a poset isomorphism a: [n] — sc(Qr), i — a; (resp. b: [m] — sk(Qy), i — b;). For any
totally ordered set S, we denote by C3S' the set of totally ordered subsets of S with cardinality
2. Set a := mina and a := maxa for any a € C2S. Thus a = {a, a}. For any a € Casc(Qy)
(resp. b € Cask(Qr)), we set

V'a:=sc(tanta) (resp. A'b:=sk(|/bn|b).

Here Tz :={y € Q; | v <y}, and |z := {y € Qr | y < x}. By convention, we set sc(}) :=
and sk(0) := (. We set

sc1(Qr) = |_| V'a={a.:=(a,c) |a€ Cysc(Q), c € V'a},
acCasc(Qr)

ski(Qr):= || A'b={bg:=(b,d)|be Cask(Qr),de Nb}.
beC: sk(Qr)

Theorem 2. Let M, & be as above, and I an interval of P with sc(Qr) := {a1,...,a,} and
sk(Qr) == {b1,...,bm} for some m,n > 1. We assume that a1 < by without loss of generality.

Then we have

[Mac,a] (ac,a)€sc1 (Qr)xsc(Qr) 0

'3 _
rankI M = rank Mgl(bl)vgl(al) 0:|

0 0 [M,p, ] (b,ba)Esk(Qr) xsk1(Qr)

— rank [Mama] — rank [Mb,bd]

(ac,a)€sc1(Qr) xsc(Qr) (b,bg)esk(Qr)xski(Qr)”’

where
i Mg 0.610)  (a=a), ) Me, ) 1) (b=D),
Mac,a = _ng(c),fl(a) (a :5), and Mbybd = _Méz(b),éz(d) (b:b),
0 (a & a), 0, (b & b),

for all a. € sc1(Qr), a € sc(Qr), b € sk(Qr) and by € ski(Qr). Mpqo: M(a) — M(b) is
the structure linear map of M corresponding to the unique morphism from a to b in P for all
a,beP.

Let M and I be as above, £ a compression system, and tot the total compression system.
Then we say that &; essentially covers I if there exists a formula of rank§Ot M in terms of linear
maps M (p) (p € S) for some subset S of morphisms in I such that for each p € S there exists a
morphism ¢ € Q; with p = &;(q). Then we will prove the following.

Theorem 3. Let M, I, £, and tot be as above. If &1 essentially covers I, then we have

rank$ M = rank'®* M.
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1 Introduction

Topological data analysis (TDA) has attracted considerable attention in recent years. The
one-parameter version of persistent homology, a fundamental tool in TDA, has been success-
fully applied across diverse fields. However, the multiparameter version of persistent homology
still faces several challenges [1]. To navigate through these obstacles, this research introduces
an enriched framework to study multiparameter persistence modules. We define a concept of
“courses” designed to trace selected compositions of paths that meet certain criteria. Building
on this, we extend the established concept of interval approximation [2] as a linear combination
of these courses, which amounts to analyzing the representation over a fully commutative quiver
via synthesizing interpretations obtained from intervals. Our framework not only offers a holistic
understanding of the original representation but also provides a mechanism to tune the balance

between approximation resolution and computational efforts.

2 Methodology

A quiver Q = (Qo,Q1,5,t) is a directed finite multigraph consisting of a vertex set @y, an
arrow set 1, and two maps s§,t: Q1 — @ assigning the start and target for each arrow. A
path p from vertex u to vertex v is a finite sequence of concatenable arrows in Q1. A relation p
in (Q with coefficients in k is a linear combination of paths, represented as p = i Aipi, where

=1
Ai € k, each p; is a path, and every pair p;,p; satisfies s(p;) = s(p;) and t(p;) = t(p;). A fully

commutative quiver G := (Q, R) is a quiver where any two paths with the same start and end
points are related by a commutativity relation. We say G’ is an interval subquiver if it is convex
and connected, and R’ contains no zero relations. The set of interval subquivers of G is denoted
as Ig. A representation of G is a representation M of @ satisfying the additional condition
that the evaluation of M on each relation p € R vanishes. When M is finite-dimensional, by

the Krull-Schmidt theorem, M is isomorphic to @ L™ (L) a direct sum of indecomposable
LeLl
representations. The function dyr: £ — Z>¢ in the exponent is called the multiplicity function

of M. Given a fully commutative quiver G, we define a course on G to be a pair (C, F') where
C = (Cyp,C1,s,t) is a connected quiver and F': Cy — Qo acts as a labeling map, such that for
any arrow « € C1, there exists a path from F(s(«)) to F(t(«)) in G. For an interval subquiver
I in G, a vertex in [ is essential if it has only either outgoing arrows or incoming arrows. The
set of essential vertices is denoted as E(I). We say a course (C, F) is an essential course in I if
E(I) € F(Cy) < Io.

The evaluation of a representation on a course (C, F) in G is called a tour, which is an additive
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M(F(s(a))%F(t(Oé)))

functor tour (o, gy(—) that maps a representation M € rep(G) to (MF(ﬁ(a))
MF(t(a))) o in rep(C), where M (F(s(a)) — F(t(0))) represents the evaluation of M on a
[e1S

1
path in G from F(s(a)) to F(t(c)). As interval subquivers have simpler structures, designating
courses for them can facilitate the study of intricate representations. We refer to a map £ that
assigns essential courses for elements in Ig as an essential assignment.

Definition 1 ({-compressed multiplicity). Let M € rep(G), £ be an essential assign-

ment, and I € Ig. The &-compressed multiplicity of M on the interval I is cﬁ/[(I) =

dtourg(l) (M) (tOUI‘g(I) (‘/})) .

This compression offers much greater flexibility to distill information from a complicated
representation M using an interval /. From these compressions, we can construct our refined

version of interval approximation.

Definition 2 (Interval Approximation). Assuming the same conditions as in the previous def-
inition. The interval approzimation of M by lg via &-compressed multiplicity functions is an

integer-valued function 53/[ on the intervals of G that satisfies cﬁd([ )= > 53/[((] ) for any

1<Jclg
I elg.

3 Applications

Our framework is then applied to equi-oriented commutative ladders, which are n x 2 grids
that each square is commutative. Such an object of length n is denoted by CL(n). It is known
that for n < 4, it is representation-finite, but for n > 5, it is representation-infinite. Let X
be a CL(n)-filtration of simplicial complexes and M := Hy(X) be its homology module. When
n < 4, we want to determine the multiplicity function dj;. Existing methods for this task
can be difficult, while our approach breaks the original computation into computations of one-
parameter persistent homology and then assembles them to retrieve the function dj;, reducing
the computational efforts significantly. For representation-infinite cases, we introduce a new
topological invariant, called the connected persistence diagram, tailored for the unique two-row
structure of commutative ladders, where it can visualize the topological persistence of both rows
and certain types of persistence along the other direction. In the research, we also employ these
tools to analyze random simplicial complexes and material structures adapted to commutative

ladder filtrations, shedding new light on their topological properties.
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