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1 A4>kOfo> 3>

ARFERTIEZ 7 7D odd coloring ZMANT 2. 77 7EEIIHN OB T ICHEHK TS5 7H
WD DET, KRN RICHE LTRF 2= Y IR END 5. AFEEXDHBIZ, odd coloring
DEZRE FBERFLUITOVTHEN TS 28, Z L THEREDHANETH % odd coloring & 77 7D
SEHMEDOBRICOWVWTHLE 2 Z 8 TH S, #HIC odd coloring D S % B FIH S 2. JEIIREE|
Y CTHEDER L LT, "A%—2"F 7® CF-coloring (Conflict-Free Coloring) 7% Even 512
o TIRE SNz, CF-coloring 1, BTHAIZHI D U ToHNLEAIREDSFKMF 2T Lo ITEHES
NTWD. ZIhoRMLHKZIRDRE, RODORHFZIENT 58T, N X—=2F 7D odd
coloring WER X Nz, Z D&, odd coloring 1F#H D 7 F 7HERA L IR E N, FHI 7 F 7 2B
%77 7 2 HDICTERICHIFEE ATV 5.

2 0Odd coloring DEH
% 313 odd coloring ZEEL, FlZMRT 5.

EE1 /797Gt V(G) - {1, ,k} T, LTFTOXHZH-TDHD%E G @ odd coloring
CIES.

AEEOIANITER v € V(G) LT, H2fce {1, -k} PFEELT, [ He)NN@w)| =1
(mod 2).

Z D&M % parity condition ¥ FES.

D% D, odd coloring &1, EEDIEMILTHEADEGIC, FEEHEN 2 BPFET 2 L5 REBETDH
5. BB :V(G) = {l,-- k} PG OREBDOLE, v e V(G)ITHLT, BH L (v) ZLLNTER

3 5.
L (v) = {c c{l,---,k}: |l ' (c)NN@)|=1 (mod 2)}

ZOHEEMWVS Z & T parity condition IMEREDIFNITHAIH LT L (v) #0 EFWIRA 5N
5. %72, 777 GIZMLT, odd coloring ¢ : V(G) — {1,2,--- |k} DIFIET 250D k % odd
chromatic number ¥FEXR, x,(G) £ &EL.

5l 2 (Odd coloring Ofll) K1 D757 G &, xo(G) =4 TH Y, ¢1 1F odd coloring 7223, ¢y 1
v3 23 parity condition %7z & 72\ DT odd coloring TR\,

v | e1(v) Lfm(v) w2 (v) Ly, (v)
@ vy 1 {2} 1 {2}
Vo 2 {1} 2 {1}
@ u| 1 | {2.3) 1 ]
@ @‘@ ul|| 3 | (L4} 2 | {1,3)
v 4 {1,3} 3 {1,2}
@ @ || 1 | {24 1| {2.3)
1 757G vy 1 0 1 0

X2 757 G 0¥t o1, p2
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Odd coloring DWZEIZEBITF 2 1 DOKEZZRBEFEE LTUTNOTEDIEHNS 5.
F8 3 [ EEOTVHIZZ 7 GIZHLT, xo(G) <5.

Xo(C5) =5 DT ZOFRIIEL WA S strict 72 ERTH 2. BIEZ D FHEIE x0(G) <8 ¥ T
LWV Z S ST 3.([2))

3 JZ70FEM Y odd chromatic number

CDETIIHREDOMLTH 5277 7 DFHME odd chromatic number D ERIZOWTIANS.
T I7REDTHIIBNT, H57 7 7DE[IIN L TZOREFICEENE V7 7DOEAHD LIR%
Ko 2 MBIIEARNTH 5. FHREIWNFEHETIZZ 7D odd coloring {ZDWTEAED LR % &%
L, FHRZZ 705 i Lz, WFRNZ 7721k, 7797 G = (V,E) T, »54D7% E;,
By BEELT (V, By, (V, Bo) B S ICFHIN T 5 7L 8575 7TH 5. FEINY S 7 £ WFH
272 7123 2 IFOMEARERZUATICE LD 5.

FENY 57 | WFENZ 7
X(G) | x(G)<4 x(G) <12

Xo(G) | Xo(G) <8
% 1. BIFOMAHE [2, 3]

FREX, DIk PFEL THEREDORERR 27 2 7 @ odd chromatic number % k THIZ % Z
EMTERVWI L RAALL. B2V 577 K, DEREOWE 1Bl L7 7 K #Ex 5L, {F
BOn LT K IRFHEN T Z 7820, oK) =n k3. ZHEFENZZ 7D odd
coloring RXEHI 7 Z 7 DIEFE DB TIIR SR WHETH D, BERZEW. £z, FERE IIPCEHE
272 7 DEAEEITOVTHEEZITV, LINDOEM 21§72,

T 4[4 WCRENZ S 7 G A8 gie(G) = 6, 5(G) > 3 2T 51 xo(G) < 12,

EE 5 [ EEOMFHEMZ T 7 G2t LT, G OEED~A F =R 7T 7 8574513,
Xo(G) < 23.
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[3] Kainen, P. C., ”Some recent results in topological graph theory”, Graphs and Combina-
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U BRRBH R B T AR B0 I BOE IR ,2 BRI R F I T80 5 A RO AL,
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1 BiE

Planar graph % outerplanar graph OZE G L K ISR TWE D, G277 7 OFHE I
2L ofEE D2 (K 1). Fik, Wu-Moulton [1] 1ZELDOFRMS v b7 — 2 O EHEN B
D 51T terminal planar network £ WHBERZEAL, v M7 —2 D completion & W5 #(E
WHESCREN T2 5 2 72, RelE T, 2177277 712 X % terminal planar network OFFE (S
52 5.

Planar

Upward planar

Terminal planar

1. B2 7 7 OFHEER L O BEfR

2 Terminal planar network ¥ BEXID#ER

ARRzECT, X ={1,...,n} BETHRVWARESL L, BET L2y PV -2 IXT, AR»O
B ARIEKE 2 7835, 22T, 2y F7—2 NIZHL (indegy (v), outdeg (v)) = (1,0)
Ziiz-THR v e V(N) 2 N OELIFYL, N OELEILRIEAE N OEERL WS, Ok
x ROFZMEHZITAERIELE 27 N %2 X EOREGERERY 7= 05 ¢

1) N OFEELEL X Z—W—OIGBER?D 5.
2) N 3 indegy(p) = 0 Zifi7z3THR p (N DIR) ZME—DFD.
EE1 N2X LORNERMAY bV—2ET2. N ORCEBOEIIEICHET 5 X 512FH
LIcHiETX % & %, N % terminal planar network &£\ 5.
Wu-Moulton [1] 1%, Rty bV —2 N O completion N* (K 2(b) ZH) w5 #E&EZ AW
T2 ROFEN T 252 7.
EIE 1 N 2 terminal planar TH 2 Z ¥ &, N @ completion NT %% upward planar TH 2 Z &
EFEETH 5.

3 Terminal planar network OZI1EED T S 712 & D4FHEMT T
F3X, EH1DO7FrY—¥2 W3R 5 terminal planar network DR F 2 5.2 % (b€ M
2).
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fHBIEE 2 N @ completion NTIZML, X517 =7 (p,t) ZIMAZAMZZ77 N* (K2(c) &
) % N O total completion £FER. N 23 terminal planar TH 2 Z & &, N D total completion
N* HFHEAD indegy- (s) = 0,outdegy- (t) = 0 Ziifi/z T HM s, t ZZhZNTE—2FTOEL
AMZZ27TH%ZIERAETH .

17
; } :. “": ““.0 “‘ .:““; “"‘.. i
1 3 (Ol R Je ; } } ; ;
(a) (d) (e) )

(b) )

2. (a) : Terminal planar TRWHRHH v b7 —2. (b) 1 N ® completion. (c¢) : N @ total completion,
(d) ' ND2-F_"AUNEZFT. (e):(c) DEDZ 7. (f) : THR u,v X o THIIT L% (¢) D 2-F A EHl5.

7270Hy PRIZEHLT 12-FXAUNEZF7 ) 0SHREEAT S, MBIER2 55,
terminal planar network OZEIEER7) 275 712 K 2RI 38N 2 (B 3). 24U Kuratowski
DEM 2] D7 FrY—TdH5.

FE3 N%Z X LoRIERWAYy VI —22F%. ZOr %, N terminal planar TH2 Z &
8, NO 2-S"AUNEZF5 7 DR 3IWCRT H 205 Hg DWITNOMD b 7778 LTEE
BRWZEIZFETH 5.

<O AA

3. Terminal planar v b7 —27 O |FFEE. REMIE N ORELE DY FETHD, REDTEHMIE T LIS
FEEO1HERE T 5.
BENM

[1] Vincent Moulton, and Taoyang Wu. Planar rooted phylogenetic networks. IEEE/ACM
Transactions on Computational Biology and Bioinformatics 20.2 (2023): 1289-1297.

[2] Casimir Kuratowski. Sur le probléme des courbes gauches en Topologie. Fundamenta
Mathematicae 15.1 (1930): 271-283
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Paley RIP & Paley graph extractor
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1 BiE

FHEIRD O EFR SN S Paley ETF JIXIFR@E R HIRERNE (RIP) 2 b2 PHEIQ, Eifit
SR ETHEHINTWS. — i THE AR E T ARIRLE SR — A DM TH 2
Paley graph extractor & %7 (F88HI2) /NS 2T 5 — L /NX 72 min-entropy rate Z WL T % & T
HINTW5S. RHHTIE, 2021 FEERTORRNEZREIH, Paley ETF O RIP 2261560
% Paley graph extractor DHEZHENT 5.

2 Paley ETF @ RIP
E&ELRIP). &2 M x NAHle L, HABK, M, NZd K<M<N%, EZ5s30<6<1
B35, ZOrE, Y R— OV A XDEAL K DEBEDORZ ML x e CVITH L,

(L= o)[[xl* < llex]]* < (1 +8)|x||*

DD LD BIX, ® & (K, 0)-restricted isometry property (RIP) & dD2¥ W5 . ZZT, ||| 1EX
T IND ly-) VLB RT.

K& 74 sparsity level K X093 % (K,06)-RIP % & T4 ORI, EMit > > ¥ 7R EADISH
FEETH2DARLT, BT H EKZEN. FTH ) IZIZHE R sparsity level 1203 % RIP %
b0 L FHENTWBIFHIAL RO Paley ETF TH 3 ([1, 2]). HUF p=1 (mod 4) 138K 53

E% 2 (Paley ETF). (il p OHRIAF, = Z/pZ OIt% 0 = a1, a9, ...,ay, Fp DFFFERE by,
by, sbpma FARMFT . 2o E, LURD (p+1)/2 x (p+ 1) 1751 @, = (¢j1),.1 % Paley
ETF & &, 727201, ¢ = exp(%) 55,
i j=1L1<k<p;
b T 2sis sk <y
1 j=1k=p+1;
0 2<j<El k=p+1
3 Paley graph extractor
SLE SR (randomness extractor) 13, MR BRI AICE T 2 BEBIETH D, Ramsey 75 7
DR Y BTG 5 (5] BY R BH). £F20ERCBERBLENT 5. GRES Q Lo
FEREM X : Q = F), BLEFEH p > 01T LT, max,ep, Pr[X =r] <277 29D IUDO L X, i
AR X & mini-entropy p #d DO WH. T2 Q LD 2 ODMERE X,V IR L, HEHHOEES
A(X,Y) ZLUFCEHT 5.

A(X,Y) = % Z‘Pr[X =] - PrlY =1]|.
reQ
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EE 3 (ALBHHER). B f : F, x F, — {0,1} 28, {EEDIILD>D mini-entropy p 2 HD Q LD
FERZH XY : Q = F, TNLT, A(f(X,Y),U) <e %ifil=F 2 &, f % (p, e)-(2-BERIF) &K
HHEER ((2-source) randomness extractor) ¥ K. 72720, UE{0,1} LoO—kkofmzE7.

ELACH HE 2R D BRI RS A, BEERET BRI AR S EERIC B T 2 HELRMED 1 O TH D, B
A RO T D WACHAIREINTE (3] R Z2M]). L L, RIP 7AICT 5
square-root bottleneck & FIFkIZ, BEFFDIZ ¥ A ¥ DRERICIE, min-entropy 23 log, p/2 % L[\ % &
W5, min-entropy rate 1/2 barrier BSERE 6TV 5.

ZOHTH, Paley graph extractor P : F, x F, = {0,1}, P(z,y) := (1 + x(z — y))/2 ZEED
FHp>0BXUDLFEH v > 01X L, (plogy p,p¥)-ELEBHIHIRTH 2 Z e B TFHIATVS.

FR 4 ((4]). EEOFEB a > 0L, HBEK B > 0 BTFIEL Paley graph extractor P I
(alogy p,p~?)-ELEHMHETH 5.

4 FHER
AFEHTIE, 2021 FEEXTHRROBE L2 FIE X4, Paley ETF @ RIP 225 T4 4 &1 5 2
Y RRT. RIS FROERORE A BUIATHEEA TS ([1] 7).

EE 5 ([5]). T RELFzEHp=1 (mod4) tHIE0 < < 1ITHNLT, Paley ETFD, »*

<p, 5) "RIP %% 5 T8 | B D D,
polylog(p)

HE AR L TaxX > FZTHW Ayush Basu K (Emory University), Yujie Gu BhiZ (JuN
KE), Vojtech Rodl #d% (Emory University), miAR Ml % (RELKYE) , 2ok #Eal #EEER (F
TR WEH N2 U E T RS, JST, ACT-X, JPMJAX2109 OXEEZITTED £7.
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1 FREERE

N TR ERT -4 THD, HAEECHRICHT 2UENRMECDESRT 5, BENR NS
YAFAEEDEE (RA—F) ¥ BEEHOHT (507) X220ty v THE (Pa—h—
WBEZRD), ZVIPFELV2KDI— ROMIF “77 2 XIidh 2 2 e 20, INEE, K-
B —, WIERFR DY — ATIE, R7ICEREENEZ SN TWS,

KRIFFETIE, A— b2 ST, 5> 7% REFEICELEZ NSV F2EZ 5, 2KEUE SR T
Hb, ZO—MBALLIZ T TDB T XL 0 n ITEEN DR T7 B THERER X, TRI,
RS, MERZBORGEANLRRMETDH 2 HMHE F[X,] 2K, ZOoMEEHRS,

2 R
THE 1 (R7H X, OHS(E)

n R R(TF S

2—4+4((S%))gFl(—n,—S,SR—S—n+1,—1) <0§n§ \‘2J>,
EXn] = ! SR—S

n R R (en ) SR

5~ 2 +(—1) 1 (S}?jn) oFi(n—SR,—S;n—S+1;-1) 5 <n<SR

L, () aomERETH Y,

L ()b 2R Zala+1)---(a+k—-1)bb+1)---(b+k—1) 2"
ﬂ“”””“>—§%£nkkl—1+§§ et 1) (cth—1) &

1 Gauss OERMBIETH 3,

BERBR (B#) 7 X225V En RICEZFNEZEI V70D —FORBERTHRER %
Yoi,.., Yor &35, fMEDMHIE

() (i)

P(Yn1 =k, Yor=kg) = 20—
)
b, BEEBRMASMAE X305 (1], 7 X, &

R

=3 |

i=1

EREDZ IS, ZEBBERMMOMEEZNHL TR X, OEEZRKDL A TESLL
R CE 2, 22720, KRB || OUERRREHETH D, FIX,] & (LoRBIRICfEiiTE2w) i
BABIMEETL L ITk 5,

EIRE n OBIE L LTI IARHE F (X, 027 7% K 1I1R T, K 1(a) 32— IS =4
ODHETHY (R=13BFEHEDR2HDEF7>F), (b) BRA=MS =5DHETH5, Wih
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(a)

(b)

40 ‘ ‘ 40 \
S=4 S=5
vR=3 vR=3
E30*DR:5 A E30*DR:5 A
= o R=10 = o R=10
20 Lo R=13 4 20 Lo R=13 J
27 R=2 g 2% [ L R=2
;;‘5\10— B ;‘%10— B
0 | | | | | | 0 | | | |
0 10 20 30 40 50 60 70 &0 0 20 40 60 80 100
I n FESKE n
1. n OB Y LTHRLENIRHE E[X,] 257, (a) S =4, (b) S =5.
(a) 2 : (b) 2 :
S=4 S=5
— R— o0 | — R—> o
ml'sva:S C:LO?VR:B B
g o R=5 g o R=5
= 1Fe R=10 = 1L e R=10 _
> o R=13 o] o R=13
m057A R=20 mosz R=2 |
0 | | | | 0 | | | |
0 0.2 0.4 79.6 0.8 1 0 0.2 0.4 nO.G 0.8 1
TSR "7 SR

M2 M10r5 7 THilE « =n/(RS), fi#h% E[X,] /R T#iVz2r5 7, Flz R — oo OIR
DEHBED E[X,] En OWTHEMERE 2> TWaEH, 77 70EMTOMMDMLLD S =4 &
S=5THRZ-oTWVWS, ZOBKRDEWNIZ, A— MIOBEHTFICIEZRTDTES - Hh—FDEDFOD
BWIEX-oTELTWS, 22 21E, n=SR (§XTDI—FZEIGE) £ n=SR-1D5H
T 22, A= MUS PEROBEEE E [ Xsr] = E[Xspr_1] + 1 THZ2DIIHNLT, HHOH
B E[Xsr] = E[Xsr-1] 27D, SOBHFTRTOWIITHEDZ Z D005,

107772 LT, Bz n/(SR), fitii% E[X,] /R TRAZ—ALEZZ 702 THD,
B2 ROy FBIREERDEG-oTWVS, 612, EROIT I 7IF RERELTHMEZ L -
G BEDWRETH B, IEMHEICIE, ROFETERINS,

EIE 2 (RT7THBOHAFHE F [ X,] OFER) 2B SR I2HT 2 n OFlE 2 = n/(SR) Z—EIZ
RoTR— 00, n— 00 DMIfRE L 2 (A= M SIE—E) ZDE X,

EX,) S8 1 (1-20)°
R 271 VR
X 2 DFEMRIZDORDOELDOEBD S5 7 Th %,

SEEH (5#t) Stirling DX EHNWS &,

() (s
(%) k

REoNs, BLEHZIHISMERoTWS,) ZOWEZHWT F[X,] /R OMRHEDL KD 5

ns,

SE XM
[1] Y. M. M. Bishop, S. E. Fineberg and P. W. Holland, Discrete Multivariate Analysis:
Theory and Practice, MIT Press, 1975.

P(Yi=k) = >x%1—xﬁ¥k+(xRU
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