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WE, NI HERE¥E T 25 LT, Hamiltonian Neural Networks S0 Z D2z ¥,
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DEIICKREINEHEATHD, 2L DIEEEENG, 0B TiddEhs. 22T, u=u(tz)
3H2eA~L MER X FOBTHD, DIFENMIMEHEZETH 2. HI3AEXONI V=TV
WS L, H = fH(u,ugC,um, e )de E LTERESNS. H 2 HBERXONI NV =7 VEZ LW
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WAERZRDIEEN TV LA ZOMBULDRENRBED RN IV b =7 VEE OB IEL R
5. KT, H OZEEEED H O HBIHIC X 20,16 RKRDHND Z L Z2RT.

2 NI RS BFEROIEREZEE
AWZETIE, NIk VRS RIS LT, EREEEONRENTFIED—DTH 3 DeepONet
BRI LB a8 R8T 5. Ric, ZHEEBORD G HICHET 2.

2.1 DeepONet ZEHW=NI I LV BEDFEY

DeepONet &, (EEDIEMEENFEARZ AHAIRER =2 —F %y FY—2ZFET L E LTHS
NTW3 2. AR TRRET 2NIN =7 VEEDEETIE, DeepONet D A& LT, branch
network \ZB% u(t,x) OBERMONESES {2}, BT 2 (u(z), - ,u(zy))" 25,
trunk network \ZHIIBIEOEBAN DR y 52 5. £ LT, DeepONet ODH /12 NIV b =7 V%
£ Hyo £33, ZHUE, oD% 72y b T—20OH T (e, ,¢p) T €RP & (¢1,--- ,10,) " €RP
D HEE )
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DEIITKkDENS. La»L, DeepONet THEHEIN Hyo 1E, ZOEH5 B LTEIZLNATY
V. 2078, LEROESEBEBORD I, BIERICEET LRI S,

22 BHIMS7ILIVILZAWESGERROEHE

FB¥, DeepONet 1%, trunk network 25 HAEPIELZZM O B (41, ,1p) Z 1AL, branch
network 732 DREL (c1,--- ,¢p) ZREELTE L AME 2. KT, (c1,---,cp) EATIBIRZER DE
EE OB ORE L; #BAT 2 TEONS. 22T L & Li(u) = u(x;) 23, Z
LT, Lip; =0;; Zii7e$ KO BRFIEDIRNEK ¢; ZBAT 2L, A w %z

u=(Li(u)p1 + -+ (Ln(uw)on = u(z1)d1 + -+ +u(zn)oN (1)

D kS RE, HEMDICHO SN ZBERUENZ bV (u(xy), - u(zy)) T KT 605,
=7, H: (X, ()p2) = REFTHESPBEAIALI=TVEL, FEDuE X ITXLT,

vH =dH(v), YveT,X

DD D. 2FD, dHIZdH v e T,X — dH(v) € R & R 2B EERL, dH € T X
LEZONS. T,X & TrX3Ehzh X LM e RIEEM %2R T, Riesz ORBUEHIZKD,

H 5 vy € To X ﬁ“ﬁﬁbf,
dH(w) = (vy,w), Yw € T, X
PRD D, £, %‘ DEFELD,
O
ou
MDD, D% D, TEONEICK > TEHRIN D AR vy 1, L2 WEZF V2L EEE Y M
RLTW2. DlED (1) & (2) FHT 2 &, DeepONet D¥HICBIT %, Hyo DEZTEBEE,

HEM O 713V XA THEONZHEEZHWVTRDZ ZENTE 3.

dH(w) = swyrz, Yw € T,X (2)

FH. X = span{oé1,....,on} ZH B LA~V MM X OESZEME T2, =1L, ¢ = ¢i(z) €
X,i=1,..NT»%. Hyo:(X,({,)r2) = R % DeepONet THEE EN/=+ I ELIRENAINL =
7255, VapHno BWEEWAZ 7LV XLZFHALTEONT: Hyo DHBLTHZ & %, (F£E

. Y . .
DucX racXITNLT, Hyo DZESERRL 7;50 B VapHyo DHRES.

FAERA DFEAE & BUESFZBR DAERICOWTIZ, HEHOBICHIAT 5.

HEE AfFZEE JST CREST JPMJCR1914, JST ASPIRE JPMJAP2329, JST X &A% JP-
MJPR21C7 OB %EZIFTW3.
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[2] Lu Lu, Pengzhan Jin, Guofei Pang, Zhonggiang Zhang and George Em Karniadakis,
Learning nonlinear operators via DeepONet based on the universal approximation theo-
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1 BE

Multi-symplectic R AER L WS 7 5 X DREM I AT LT, multi-symplectic & &
PR 2 SR TFIREDFEIE T 5. 26 OfFIEX, symplectic M2 B¢ 5 /7 E Z BERULEZ B IR
L, BUEMICZELTWS e HiffEh 3.

2015 %12, McLachlan, Wilkins [1] \2 & o TX A ¥ E> F X F — 4 & W 5 #7272 multi-symplectic
EPRR I N, FATEE, RBFICOAZETH 2 205 FELWAEZRD.

McLachlan 51, &4 ¥YEY FAF— A2 KIHERX vy — uge = f(u) KOWTHOWTWS, J
REDIX, BEMD v 3T multi-symplectic IR HERITHLTHIEAVYEY FRAF—20%
HAwa Zeriddmic. RHERTIE, ZOBRBETHELEEREMET .

2 Multi-symplecitc {Rig2 HIER
2 ERZPAL L, BHEH K, LB X OB S(2) & ANT

Kz + Lz, =VS(2) (1)

DI TET 2R %, multi-symplectic RN BRI & PER. B2, IRETT R wuy —upe =
f(x) &, WBER v =u,w=u, EW->Tz=(u v w)' 2L, K,L S(z) ZHEYNERZ
¢ T, multi-symplectic i 7 AR ReE 2. £z, KAV HERX u + 6uuy + tugee = 0 B
multi-symplectic @R E 22 Z e BRI HNL TV 3.

Multi-symplectic R HERIE, MURD & 5 REEFAIZ 2T

0

é%(;dzA(Kdz0—+;l(;dzA(Ld@>:=0 (2)

CORFERID S, T3 VF—REANHET 2 REBIRERIDIES 2o Tnsd. LEdoT,
X (1) ZEERL LTS Fike LT, X (2) @ THERGR 2RO X520, Bo05MEENER
WEL 22 ZeDPFTE S, 20D X5 RFEFI—MKIC multi-symplectic £ & FEIA, Preissmann
Ry VARFX = LR EDPH ATV [2].

3 AAVEVRRAF—L

2015 4£12, McLachlan, Wilkins [1] 23727 multi-symplectic ETH 2 XA Y EY FXA X — 4%
RE L. ZoFKIE, Ky 22/Eh» 5825 X v > a% 45 BERERXETHXA YEY FIRDO X v
Ya (K1) 2L, 2oL THEMEZRDZHDTH 3.

McLachlan &%, JEMASERSEM: u(a, ) = u(b, ) B X CHHASZE u(-,0) 52 50TV 3BT
R vy — g = f(u) ITOVWTEAVYEY RAF—LEZREL TS, XA VEY FXFX— LTI,
FIHIDESRXXAYEY PROX v > 22 MKT 2. 2L T, #IHIZRMAD»S t=012B0%%
TEHi (K1 oFWHEAE) TOMEEZEDS. K2, B Euler IKIC X > Tt = At/2 1B 2K TEMA
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a a+ Az b
Zl)
M1l XAYEY KXy X 2. X4 ¥ €Y FNOLHE R

(M 1oHWH) TOEERDZ. MEicED, FIIKETHWSEX AL YEY FIZoWT, F () -
(1) A (z) DTHRTOENEE 5.

WE, BEZEAYEYRA(K2)T, F-E - GOREMTOME 2P, 2z, 2z, B> TVWB L&,
DTFoEHRICL > TLOTEATOM 2t ZKD 5

zt— 2P P 2+ 2P 4z 4+ 2
K L =VSs . ZZT = . 3
At + Ax (zo) v *0 4 ( )

BEXAYXYEYRZIA (3) ZEtHEL, BEAMRIEXRZAYEY Ry > a FOEEED L L
T, WM ER (1) o255, 25 LTRREME, X (2) 185 2 BRI 2 R17RI 2 i
723, Ihbb, XA4VEYFAF— A3 multi-symplectic ZETH 5.

RFEAY72 multi-symplectic £ T#H % Preissmann ;R v 7 A A F — ADTERICENTH 5 DI L,
ZAXYEY FRAF—2IFEHA (3) BT 2EBOKFEHEIEX A YEY FATHLTE Y, Bt
HFIZOARZITH S, LehoT, dtEaX MR, WFHRIZHIWT WS, WS FlEzHo.

4 BEMSEEUCRMPABIANDIAIVEY RAX—LDEA

AWFFETIE, McLachlan & 234 - 7@ HER wy — uee = f(u) OMNZ, BEMD % & LIERR
J% Klein-Gordon 12X uy = f(u) ROWVWTHXAVEY FAFXF—2ZHWS Z LT ERVDM
L7z, 22T, sine-Gordon FER uy, = sin(u) XA YEY FAF—L %@L A, fll
BAERNC 1/(At)? BREOBEMNE L, WHARKELREEESNR (3) Tk,

FERRIE Klein—-Gordon 7238 s, = f(u) @ multi-symplectic /R (3N (1)) 1& uge — uze = f(u)
DENEHTEZOTED, ue = f(u) TNTEIXAVEY XX -2 (AL EE5T)
SERICBN 5. ZhPFEREZD, RX—2D0REWNPKE{ERDONS., FBERTIEX, DLEOE
HEDHLIS, FAVEY FRAF— AT 2GR E2RET 3.
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[1] R. I. McLachlan, M. C. Wilkins, The Multisymplectic Diamond Scheme, STAM Journal

on Scientific Computing, Vol. 37 (2015), No. 1, pp. A369 — A390.

[2] B. Leimkubhler, S. Reich, Simulating Hamiltonian Dynamics, Cambridge University Press,
Cambridge, 2005.
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1 &I

COMFETIZER (1) 16T 2 AREREICHE D  MERFHBEFERA X — 2 28R, £
OME & EATAIRENE, EZHAOMCT 5. Q C R? 2GR 35 & %, UTo AR % 55
2R MUEBIE w1 Q — R3 & BAHIRD 1-87 X X5 T(t) = Up_ T, (t) &EMl3 5.
Aw =0 in Q\I'(¢), t >0,
w-[x]=o0x on I'(t), t>0,
[Vw] 7V = -V[x] on TI'(t), t >0,
Opow =0 on 05,
S L oili=0  on 9T (t) NAT,(t) NAT,(t), ¢t >0,
I'(0) = Iy.

22T, x: Q= {0,1} IZBHOREREB DI TR MVEBIEL, To & Q O E HNITENS L
5, SRR T;(t) &, BAERZ bV 7, ICX o THEDF XN TWT, o IZRIRO R = 2L
F—2RTIETE, » FHR, @ IEREHRRZ L, (¢ E 7 ARNOE q DI v v 7V ZHEHE L
5. (1) @2 52HDSZM% Gibbs-Thomson A, 5 D H D&M % Young OEAIE FER. R (1)
¥ Bronsard, Garcke, Stoth [1] HIZ X > TEREI N, TAUTHIGT 2 55 DFELEDS, AR AE D
b & TRt S Mz, REEEHDONEIE Garcke X, Nirnberg [K5 & OHEFISE [2] 12HO <.

2 BEDOEH
(1) OFE1R%E e TSN[HY ()] TFRA MLTHSESL, B3N eladbezzeT, UTF
DEEEH DI R E1E 5

/Vw Ve — Z / — ) dH! = 0. (2)

(z,5,k)EA

2T A= {(1,3,2),(2,1,3),(3,2,1)) TH2. X2, 2% ¢ € LA, TFRALT3IET,
Gibbs—-Thomson HIDIFERE15 5

/ (wi, — w; + o30)EdH =0 V(i,j, k) € A (3)
r,

BT OMIERAZ MBS 28K AJdd = 57 % 7= (1, 17,17) € ®°_, H'([,(t); R?) T
WAL, () NAT,(t) NAT5(¢) T =mp =13 £722RT MVEBTT A M3 5. I'(t) L TOHER
TRETEESX2MS 2T, iERT PLOFHERXEES:

/%ﬁﬁwﬂ_—/ﬂuaVﬁ&ﬂ (4)
T T
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3 HBREZRIAM

I Q L BAEHR T,(0) (1 <@ < 3) RERZN=MABR SR 2 A vy ¥ 2 T ROIFAM I TRl
XNB. L, B35 EICBWERT, 220l ECHRIBRNZ bLERER X [0,1)(= 1) —
R2 TRENTWB T 5.

I ALERT Y v w, MR g, HEARY L X HET 2N EGERITO BRI ' 2
hzi §m .= {ve Q) |vl, EE Voe T}, ™ :=[Sm]3, 8T .= S NT%, V) =
{(f 1 > R?| fid 1 oMK LECHFER) 1 <i<3), V(I™) = {(X7", X5, X")
R, V(I | X7 = X3 = X" on O} LiEHRT 2. BEAAIEE 7, >0 £ LT, FHEACET
BUSHEE V % (XM — Xm) /7, WS BT—XELLCTEEIZ 5. 20k, RahiEd N xf
EE, HEOMEBERYZ PV X e V(I™) B2 507K, (2), (3), (4) %73 M AR BRI
(WL Xmtl omtly ¢ §m o V(I x V(I'™) 23R ZHITH 5.

4 FHER
Y EORERED S v, WA I T ORHE 257,

I 1 AREREMTEMSNEEEY ZRT 4 (2), (3), (4) 13, X™ BT 3 —EDRED FT—
By (Wmtl Xmtl gmtl) ko,

EE 2 ERINLEAF—2101F, UTOEKRT, HERFLETH 2.

L7 o o 7 [ VWS < 07,

FI 2 1%, HEAMROESAIHATHZ 2L BFIELTED, TEOME (1) QWA HEERHD
WD LM F — ATHEESHTOS 2 EAbh 3. 75, 750 R 0 BRI &M O HR S 7
T 57, CCETTRESNEAF — L% Mo THI Q7 (1< j <3) #HHBRS L5 L, —IC
QY £ Q] 2B, 2O, Bk ZBIEA R — ATHEONBEMER Y MBEBET 52 ¥
T T O EI N L.

FIE 3 HRINEZZAF—210F, BLERYZ MAGZHEYNICEETZ2 221X D, LTFTOEKT
HEZRIET 2 2 EDA[RETH 5

QP =[] V1<j<3, YmeNu{o})

Z Z%T 34 Mullins—Sekerka RN 3 2 HRERR F — 2 OWE 2R T Z 7253, AL DBER
WWEoT, KO =4 HU LOMEZIRS 2L BAEEICR o TWVW5S. TORIZDWTIE 2] D §7 12
AR A B B

SE A
[1] Bronsard, L., Garcke, H., Stoth, B., A multi-phase Mullins-Sekerka system: matched
asymptotic expansions and an implicit time discretisation for the geometric evolution
problem, Proc. Roy. Soc. Edinburgh Sect. A, 128 (1998), p. 481-506.
[2] Eto, T., Garcke, H., Nirnberg, R., A structure-preserving parametric finite element
method for the multi-phase Mullins—Sekerka problem with triple junctions, Numer. Math.
(2024)
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1 BE

BUERTEIC B 2 HE T ORIRED 2 VIO RRE L &, MO ARG IPMOETErATY
20 MR BEMETH D, Hill%ESEDAIE XX S R ORI F R % IE w3
% Z L TO R ORI R Z RS 52 FETH 5 [1].

TER D DRI AL A BOERREOMTH % & 2 1fibh 3 FIETH 57, B TIIRMD 5
BROERENRICB W THLE F2EMEA AU G T 2 RIS 3 REDSRA ST TV [2).
FHCEE 513, WM TERO T 3L — (/17 - HORMHET D 2 BERAE D EBIEIE [3] 1I2BWT, A
W% 22 AR L RO T X 2 IEAARFIOIC T 5 Z itk D, Tx ¥ —{R1F - BoktE
B MRS L e D RE R MR L TV B [4].

—HT, 5 LEFRIEMAAEE/NS T2 THRENE(LT 2ATHEMNAH D, %I AIE
& ZEMZN AR T 2REDA =X =D X 5122 2060 TIER V. AT, HLDD R
DIEPHZ N 5 LR RO REORE Y, M & SEEBROMEH» S5 22T 5.
2 EERRZESEESE

B D ERABCE 3] WA TE Ml LT, u: (R/LZ) x R = RIZOWTDOLL RORMS 5’
REEZ2 5 KAV HER) :

25:: 51 (;1ﬁ-+110222u$w>. (1)
WHAHER (1) 50T B = [ (10 - 22202) do RERTFHR, 2% D L2k s R
HCTHsd. L =MAz 32, BEECEEREGETE, HEX (1) O u(nAt, iAz) OERL
U™ (i=1,...,M) ZLAFORAF—LTRD 3 :

n+1 n
utrth —utm - ony  9Hq
At SO, gy’

(2)

L, UM =™, T L, DO & 1 BRLESEETERT M x M {75 L,

SO RM X RM 5 RM 2LFO L5 D2 (6% 13 2 BL#ET L T2)

0.0222

0Hq 1o, 9

x#—b(mmxéﬁ@%mxmf,HMUy:ZQJ%@§—&%ﬁwnmﬁAxu&ﬁ§tm
% (6713 1 FERTEE D L $5).
3 DRIN-EEBRESEEEE
IANF—REEZRO XS, COMECHEFIRE2ERN T 2. i € 1,...,M XL,
it el M#%it =i+1 modM TED, EN % (i,it)-HKus 1/(2A2),,i)-H 57
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—1/(2Az), BOES2 0D M x M {7535, cors M EYN = DO 5z, BN AL
ToY, , BUTFD X5 ICEHT 5

+_ gl Ut -U _ _ny 6Hq
Ur= q>At/2(U) — At/2 - 5(U+, U) .

CNERAVTUROAF — 2 THER (1) O u(nAt,idg) OEM U™ (i=1,..., M) 2k 3 :

n+1) _ glll [M—1] (M] [(M] (M —1] (1] n
gty = Parj20 0 Parp O Pty @ Payp 0 Parsg OO (I)At/Z(U( ). (3)

AF—2 (3) ICXBBEMRICBNTY, Ho(U) 3RFRE LS. ZOHEINIMRIELZDT Az
ZIEIE S 5 L RFH 2 TAEE L 72 21357270, BEDA —X—IT Az & At DIGEENE T 5 ATREN:
BHD, Ar & At OWJTITH T 2REM 21T REDD 5.

4 BUERER

&7 At, A TOWTEIEEBREZITORE LN, oK EXE L=12 L, ¥R
B y/m OREMBIEE VT u(x,0) = 12mw? en?(gi52, vm) — 8mw? + 4w +1 & L7z, 27L
m = 0.999999, K #H—FEMNHET Y LTw=2-0.022K(m) TH 5. ZOHHRD b & THEMR

B 1 OETIRE 725, BBUEROBERR D DFED Lo-/ NV AZER 1 DX Ik 7.

£ 1. BER L BERDED ) VLD 2 KON (WHEFA, * 3f#ED Newton JETRE SR o727 —R)

At\ Az | 273 274 275 276 277 -8
27 6.6 -75 -9.7 -7.3 x  -4.3
278 6.6 -75 -9.6 -9.6 -2.0 -4.5
279 6.6 -7.5 -9.6 -11.8 -53 -4.8
2710 6.6 -75 -9.6 -11.8 -7.6  =*
211 6.6 -75 -9.6 -11.7 -9.7 -3.2
2-12 66 -75 -96 -11.6 -11.9 -5.5

ZORDPS, HEIXOAT? + Ar SAL) > TWB Z e TRINS.
ZOBNIIFETH 228, #EHTIEE THBRRICOVTHIW IR ZFE L SBEL, — Bk
FERERHl OB D R 2 RS
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[1] Ernst Hairer, Christian Lubich, Gerhard Wanner, Geometric Numerical Integration,
Springer, 2010.

[2] Toyohiro Aso, Shun Sato, Takayasu Matsuo, &R 2R3 2 BRI #fEE, in: 25 4
O BIEUERENT > > RS D KGR TARER, pp. 73-76, 2023.

[3] Daisuke Furihata, Masatake Mori, A stable finite diffrence scheme for the Cahn-Hilliard
equation based on the lyapunov functional, ZAMM Z. angew. Math. Mech., Vol. 76 (1996),
405-406.
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