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1 Introduction

The Conditional Gradient (CG) Method, also known as the Frank-Wolfe algorithm, is a funda-
mental technique in constrained optimization, developed by Marguerite Frank and Philip Wolfe
in 1956. It is particularly useful for minimizing convex functions over complex convex constraint
sets where projection is computationally challenging. Recent explorations of the CG method
on Riemannian manifolds [1] and the Generalized Conditional Gradient (GCG) method have
been detailed in various studies [2]. Recent explorations of the CG method on Riemannian
manifolds [1] and the GCG method have been detailed in various studies [2]. This work investi-
gates the GCG method on Riemannian manifolds, focusing on three types of step size and the

implementation of subproblem solutions.

2 The generalized conditional gradient method on Riemannian mani-
folds

We consider the following unconstrained vector optimization problem:

min F(z):= f(z) + g(x) (1)
s.t. T EeX,
where X C M is a compact and geodesically convex set and F': M — R is a composite function
where f: M — R is continuously differentiable and g: M — R is a proper, closed, geodesically
convex and lower semicontinuous function with compact domain.

M is a manifold endowed with a Riemannian metric (1y,0.) — (nz,0.). € R, where
1, and o, are tangent vectors in the tangent space of M at x. The tangent space of a
manifold M at x € M is denoted as T, M, and the tangent bundle of M is denoted as
TM = {(x,d) | d € T,M,z € M}. The norm of n € T, M is defined as ||n|l. := /(7,1)z-
For a map F' : M — N between two manifolds M and N,DF(x) : T, M — Tr(N denotes
the derivative of F' at © € M. The Riemannian gradient grad f(z) of a function f : M — R at
x € M is defined as a unique tangent vector at x satisfying (gradf(z),n), = Df(x)[n] for any
n e T,M.

Compared to the update iterations z*+!

= ¥ + t;d;, in Euclidean space, the process in the
Riemannian setting is generalized as 2**t! = R« (txd"), where d* is a descent direction, t; is a
step size, and R is a retraction that projects points from the tangent space of the manifold onto
the manifold itself. This adaptation accounts for the curved geometry of the manifold, ensuring
that the iterates remain on the manifold throughout the optimization process.

In Euclidean space, the GCG method method aims to minimize composite functions f(x) =

h(z) + g(z) over a convex set X. At each iteration k, the method solves the subproblem:
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oF 1l = arg minge v (Vh(2*), s) + g(s). Following this idea, we can formulate our algorithm.

Algorithm 1 Riemannian GCG method
Step 0. Initialization:

Choose z¥ € X and initialize k = 0.
Step 1. Compute the search direction:

Compute an optimal solution p(z*) and the optimal value 6(z*) as
p(a") = argmin(gradf ("), R,/ (u))ar +g(u) — g(%),

0(*) = (grad f(a¥), R (w))ur + g(u) — g(a®).

Define the search direction by d(z*) = R;kl (p(z*)).
Step 2. Compute the Step size:

Compute the step size \j.

Step 3. Update:

Update the current iterate x*+1 = R« (\rd(z")).
Step 4. Convergence check:

If a convergence criteria is met, stop; otherwise, set k = k + 1 and return to Step 1.

In this work, we consider three types of step sizes.

Armijo step size: Let ¢ € (0,1), choose the step size )\ satisfies F(R,x (A, d(z%))) <
F(x%) 4+ ¢\, 0(2).

Adaptive step size: )\, = min{1,—60(z*)/(LD?*(p (z*),2*))}, where D(z,y) is the
geodesic distance between x and y and L is the smoothness constant of f.

Diminishing step size: \; :=2/(k + 2).

3 Convergence results

The convergence results are established as follows:

Theorem 1. Let x* be an optimal point of the problem and {x*} be generated by Algorithm 1
with adaptive or diminishing step size. Assume that f is L-smooth and g is geodesically convex.
Then {x*} satisfies F(z*) — F (z*) = O(1/k).

Theorem 2. Let {z*} be generated by Algorithm 1 with the Armijo step size. Assume that f is
L-smooth and g is geodesically convex and lower semicontinuous. Then limg_, . 60 (wk) =0 and

every limit point x* € X of the sequence {x*} is a stationary point.
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[1] M. Weber, S. Sra. Riemannian optimization via Frank-Wolfe methods. Mathematical Pro-
gramming, 2023, 199(1): 525-556.
[2] P. B. Assuncao, O. P. Ferreira, L. F. Prudente. A generalized conditional gradient method
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1 Introduction

An envelopment Data Envelopment Analysis (DEA) model under production trade-offs is
reduced into an equivalent dual form, a multiplier DEA model with weight restriction of input
and /or output. Incorporating production trade-offs causes a practical issue of target setting by
envelopment DEA models. This study shows that practical issue can be solved by DEA model

reformulation with desireable properties of an efficiency measure.

2 Existing DEA models
In DEA a production possibility set is T" := {(w, Y) ‘ inputs & € R’ can produce outputs y € Rj} .

For the production possibility set T', the strongly efficient frontier 9°(T") of T is defined by
{(3373/) er ‘(wa _y) Z (mla _y/) and (il?, _y) 7é (33/7 _y/) == (wlay/) ¢ T} .
An efficiency measure is a mapping F : TN R7T® — [0,1]. Consider three axioms as desirable
efficiency measures defined on the full space of inputs and outputs as follows:
Indication of Efficiency (I): Forall (z,y) € TNR}®, F(x,y) = 1if and only if (z, y) € 9°(T).
Strong monotonicity (SM):  For all pairs (z,y) € TNR* and (2/,y) € TNR}® satisfying
(ma 7y) S (m,a *y,) and (ma *y) 7£ (m/7 7y/)7 F(mvy) > F(mlvy/)'
For any (z,y) € T and (x —d~,y +d*) € 9°(T), we define

I(wvd)::{xl_dlf"v‘rm_dm}v I+(y>d+)::{ e RS R ys-‘r}
1 T y1 +d ys + dj

and I(z,y,d”,d"):=I"(x,d”)UI"(y,d").

For any z € R}, the generalized mean with exponent ¢ of z is

M(z) := (%Z?:I Zf)l/t ift>0o0rze R},
0 otherwise

The SBM DEA model [1]and Russell graph measure DEA model [2] can be reduced to

mln{ﬂ%f(llffg;,cfj‘g))) (x—d ,y+d")eT,(d,d")> (0,0)} (1)
min {M;(I(z,y,d”,d"))| (® —d~,y+d*) € T,(d",d") > (0,0)} (2)

respectively.
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Let (z;,y;) € RijS for j = 1,...,n be an observed input-output data, and let P (Q) be a
matrix representing production trade-offs between inputs (output). Podinovski [3] provided the

following production possibility set:

j=1 j=1
Theorem 1 Consider the production possibility set 7' of (3). Suppose (z,y) € T N Rfis and
let (A%, a*, 3*,d~*,d**) be an optimal solution of (1)or (2). Then, (x —d~*,y+d*™*) € 3°(T).

In DEA, (x —d *,y + d'*) is called the target of (z,y). If (0,y') € T and y’ # 0, then
there exists (z,y) € TNR'}'[® with the target (0,y + d™*) by an optimal solution of (1) or (2).
Moreover, both effieciency measure of (1) and that of (2) violate (SM).

3 Bottleneck type reformulation
Let M_(2z) = min{z1, -+ ,2,} and My (z) = max{z1,---,2,} and replace My, M_; and
T of (1) and (2) with M_., M~ and 0°(T), respectively, then DEA models (1) and (2) are

reformulated to

mie{ Gt - d e d) 0D, (0, 0) > 0.0) M)
max {M_o(I(z,y,d",d"))| (x — d ",y +d") € 0°(T),(d",d") > (0,0)}, ®

respectively. The optimal value of (4) is denoted by Fs(x,y) and that of (5) is denoted by

Fr(zx,y). Both Fg and Fr have desirable properties for some matrices P and @ as follows:

Theorem 2 Assume

{v' eR7|vP <0} CRT, U{0} and (6)
0#{uT €R}[uQ <0, u#0} CRY,, @

then 8°(T) NR7TT® = 9“(T) NRY®. Moreover for any (x,y) € T NR}T®, any target of (4)
and (5) is a positive vector, Fs(x,y) = Fr(x,y) € (0,1] and Fs (Fg) satisfies (I) and (SM).

Check of (6) and (7) and optimal computing (4) and (5) for all observed input-output data can
be solved by at most (2n + 1)(m + s) linear programing problems.

4 Conclusion
The bottleneck type reformulation DEA model (4), which is equivalent to (5), has the desirable
properties of target and efficiency measure for P and @ satisfying (6) and (7).
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