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1 B

EZEM R (IZE1T 5 4 a2 X
2—1: = —Adiv <‘§z|> in (0,00) x R" (1)
EEAD. 2BRLERAEADE L, YIHIEIE R S XV RFHE CERRIZEET L L
(HBRIFFTEIE) RSN TWS (1), &7z, #IHEZ H 5 MEAORMMEEE UBIT, WHFEE
TRDORFERIB OGN RIFE NG (BIEATEME) AP RD SN TS (2.

AR ARERTEGUEIC B 2 EGREO 7 A2k T 5 ET LR, EEEEZTERT S
BELET NV EIZBiN, RORATEBMENRER TR NDPIIEELEETHS. £ZT, 4
P22 B R TR A OMD 2 BEOGE L RROMEZ & O &2 ERT 5.

2 FEBOERL

2 BaZzEin AR, ERoeLHo LAk LTERMbIng. [k, 4 BaZER5
B (1) i, BRAWIZIELLHO H LA e LTREL0T, U N0 HRAOMEZ ERMET
5. ¥7

oo Do

D (R™) :== C=(Rn) °, (u,v)py = Vu - Vodz
Rn
&L, D7Y(R") := (D{(R"))* £BL. ZZT
(=Au,v)p-1 p1 = (u,v)pg = Vu - Vodz (u,v € D§(R™))

Rn
YBUIE, —A: DYR") — D-Y(R") RAMG&HE 5. X512, TV: D-H(R") — [0,00] %

TV (u) = sup{ {u, div ) p 1 py | ¥ € C(R™R™), ] 1= < 1}

Ligd sy, DY R?) ET TV # +oo AT BEMINEKL 25, 4B, G D(TV) TR,
ZOTV REROLEH L —HT 5 Ehbhs. koT, 4BEZHREAR
%e—&HTwm

LUTEMEE NG, 22T, dps 1 DURY) ICBF2EMATHS. Zhitk D, JEpRE
FRERD DS, 4 W2 RO R AR D — EEEDRE S N 5.

%72, D Y(R®) RIZHEIR L =228 TV 135K 1 IREDT, BW5 0p- TV ORES 13533 5 h
3 (1. ue D(TV), ve D"LYR") 321 %, veEdp1TV(u) TH5BEODBEFHEMEE,
BRY MV Z € L°R™) BHHELT, divZ € DE(R™) TH Y

|1Z] <1, v=Adiv Z, —(u,divZ)p-1 p1 = TV(u)

MIRTHDEDZETHD. ZD&E, Z % Cahn-Hoffman N7 hILE; &S,
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HELuMESHNT Vu#0 %51E, Cahn-Hoffman X7 MV} Z 1 Vu/|Vu| & —HT 22 en
PoB. U, Z1F (u,0) ITHUT—RICIEEE o\, ERERREGERO—Gmr o, Moz
BERRETE72012, HWH 0p TV (u) OF T/ IV LBNZTE (Op-1TV)? (u) ZEFETNIE I,

3 HEDORIEFEEM
HHEUCR" P RHROMEZED D) EHE v : 0U — {£1} 1T DWW TIKIERHE (calibrable)
THdrld, viEIU DINMESHRAIERY PUGETH L&

min{/ |V div Z|? dz
U

D Zyg T, THIZU ETAdIVZ) WERERDEDNFETEHI L LERT D [3].

UzigIEAREE U, #IE%Z U ORI uwo = 1y £ 956, ZD& &, 4 BaZHi A%
Cahn-Hoffman X7 MVG Z 124D w = —AdivZ L ERNbLEN B 728, U ETu BER LY,
JEFTEBRGE DR 2D, 72720, U DX REIIFE(L S 5.

4 FHFER
n < 3 TREMMOEREEENBIEE D 172 2\ & 5 A UHBEOBAHRCE S, n>4 DL 2,
wo € D-H(R™) ZYIHIE L T3 & = DIEONHIEA T (uo) 129\ T

| Z|| ey <1, v-Z = x, divZ = xdivy on 8U}

en=40Dt % ZT*(U()) §A1||UQ||D—1
en>50DLE:ip>n/3 LTHLE

(9A.9 1/6—1 2-1/6 n—+2 1 n—1 1
T < e 0= - = _Z

MO ID. B, Ag=S8,0,"7 T8, % C, 13V R 7HAERZHNLEHTH 5.
HRX7 =27 ADBEFAREMEIXL IO X 51272 5.

(1)

(2) n#£2 TR/ LUT, ROMEEGB LT T =2 I RAFTRTREAETH 5.

(3) n=2 D& EX, KROMERIXT X TEIEAETIEARL.

(4 n=20rEE, WEALTEER Q. >1WMHET S : T=a 5 ADRETHETH % 7-DD ik

n>111IExUT, TRTORIZEEAETH B.

HEE RWIRIIRIE (V% S:18H05323) DB E X T -6 DTH 5.
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1 RIEHRE

Cahn-Hilliard A% Cahn ¥ Hilliard 12 & » TIRE XNz, REAEE T 2 0BRSS % 5tih
THETNHENRNTD S [1]. AHFETIE 1 XTXH [0, L] £ @ Cahn-Hilliard /7RI BT S&
R L ROMEZEZ S !

‘9“2;7 x) — 689022 [_528;‘ + c(u® — u)} for t >0,z € (0,L), (1)
iﬁ}g§g+dﬁ_uﬂxam&zo for ¢ > 0, (2)

(P) Taugt’ 0) = g2 gz for t > 0, (3)
T@u% L) == % . for t > 0, (4)
(0, 2) = uo(x) for z € [0, L], ()

22 ulERAIBEETH D, HOEHSICB O UIRFEBUCHY L, IFBIEICNZERT V> v
Ve —u) = L [¢(1+u)?(1—u)?] ZHRALTVS X512, u=0TALE, u==:1 TLEL
%5, ki, e ZRHEOEZ ZIRD ZIEER, c ZIFEMRZHIET 2 EE,  35ERToRME
REORXZHIET 2 EEH8TH 5. R (1) 5 Cahn-Hilliard HEFRHE L, K (2) 13L¥ERT >
>yl —g? gxé‘ + c(u? — u) T 2 FRX Neumann HARZMFTH 5. K (3), (4) DRRFEL w ioxt
TREREMTH Y, HCHIR SN v ORFEIFREZE 2 2BINE & 2HT. £, X (B) Ik
PIEGEFTH 5.

2 EIRVIRSRRM

BR SR S&MF (dynamic boundary condition) & XIS EORKBEK ORI RIEL Z BT 25H R
EfFCcHY, HRTORMIEROMLTIC X > T4 BRBOBIRNE AP RESA TN S, [EkD
Cahn—Hilliard 7 NCIEIFRFZETN L THILFR T > > v L  [AERICH X Neumann 55510
RENTHED, EXH2EMEHERQ LT [, u(t,z)dr = const. &\ o RFRIVKIL L Tz

B, BHEAEN 2RI LA IORFANETEHINLZ 2D D, ZoRFAHOEIZL -
T Cahn—Hilliard 77230205 2 BB FSFIER 012 3 BHIC T 2 2 e T E 3.

Fischer, Maass, Dieterich 512 & % Allen—Cahn SRR M OE N 72RO B2
ff (LUN Allen-Cahn ) Tl EFL &’ UARFRN [, u(t, )de = const. 23 D 12D [2]. Goldstein,
Miranville, Schimperna 512 & % Cahn-Hilliard FRICKRFER L LER T > > ¥y VOIS
DI BHEESSEM (GMS ) TR [, u(t, x)de + [,o u(t, z)|sqdS = const. DIFDLRFHI
D D 32D [3]. Liu, Wu 512 & % Cahn—Hilliard 772z UCFRF R D4 77 DIED A 72 8
fusEs Rt AW ) T [, u(t, 2)dr = const. & [, u(t, z)|adS = const. DL THE L 7R 17
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BIASHL D 70 [4]. T 2 TS BIEERALE (3), (4) 1320 1 KL= ER LD 5 75 2R %
HENT, IEREIEEZFRZE L7z Allen-Cahn B OBFRRSEFICHEHI NS,
3 #Hf&

Cahn-Hilliard FHEROFOEEZME L L THIADOREFANIIMA T2 X —#RRI2H 5. &K
IR (P) TU& Elu] = [;"2(2%)? 4 S(u+ 1)2(u — 1)2da £ LT & [T Elu](t,2)dz < 0 25D 37
D, BERL L 22T OWTH Lo T ER L FMOME (2 2 TIEEERAIRRERD H3pD o X
IWCHERZ L 3 2 S RERERIED—D & U T E 7 BREEIES I S Tw 3 03, B
F&M 23R L7z Cahn-Hilliard 772200 U CTHERCZE 77 BRI EIE 1D < R R  — 42° Fukao &
[5] % Okumura 5 [6] IZX o THRESNTED, ZOLEMEZOVWTHHERSINT NS, T I TIF%E
M 1 KFSETE o 7 Fukao DR F — A% 2 JHGEICHGE L7z Okumura 5D X F — 4 [6] ZH%H
L, TaAFX—HOkAIRFI OB 2R LR OHES I 2L —> a Y 25T 5.

4 BE>ZalL—>3v

BIIR A S %27 L 7z Cahn-Hilliard AFERICOWTHIES T 2L —> a YEIEH L TRO X4
F I ABFNRMGEE LT, (7] TERE (P) 12DWT [6] DBEIR ¥ — 2 ICED W HEY 2 2
L—yaryeEML, FREOVIHED & ORHFERICOWTHER LORER 7 287 X X LTHRO
XA F I ADE RN, REHTIE LD —RIT/NER T VX LWIMEIC T 2O X4 F 37
AR FDORER 7 28T X R LTED KIS 202l NIHERICOVWTIRET 5.

BiEE  ARFZEIX JSPS BHFE 23K19003 OB EZ T 7-dDTH 5.
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1 BE

FMRENIIIRFR T —VOBRZE (AT v 7)) DPFEEL, RFenFREDKERMIRA T v 712
WhiAENZ 2T, MREREE B EEAER> TV, ZhAEEREL VI, BRmERICAHM
MDBRET 2, A7 v TORGEPHF XN, MHRERICKERFEL RIS, ML, &E, W
HE, WERRETOIE, FIERT v TANOWMDIABLRPRIER Y, BHREHERT, Kialk, ATV
TOENFE 72— X7 14— F (PF) EFNAMRESWTHIERHE T 2 Z 2 T, fBREEICBIT 2R 4
Yo VEH O HERAVEIIICEI D ATV 2, AT, A DEFEDHRITOWTHA LW,

2 RTYTEMAEDPF T

B RN & 2 2T v TR EEAEE R LA T v T81% PF €74 [1-3] AWV S, #
MR DR S ZRF AR ¢(r) TERT, r 3HEREE LOBETDH 5, FmKRE EOHEBE A 12815
HEHZALX— F %, ¢(r) OFEEE LTUTTE 2 %,

_ T
F(o) = /Adr [2 |Vo|* + f(¢)] (1)
IIT, c3ERTDHZ, f(¢) BHEMARADET > vy LV 2RTEBTHY, UFTEZXLN S,
Ap Apy i
- oo 3[2- 3] oo 220

T, WIEER, Ap 3REECERENT, s 3REERE MY 2 B D A TR D = 3oL — A,
sma@%n%hégﬁ? A0 T DEETD %, h(r) BPEMIDO I ZRL, NP
ALTOVBHEBE A(r) =1, TALBNIA(r) =0 2T 5, 2X < 0DEITHRB LV +05%MH»5
o(r) ORHEFERTEAPEH SN2, ZOHERNEEEESER & F BRI BRI RM D 72
KTHY, —RNLEDERE 2 HOCTRERNCHES e TE 2, FRAZK 1ITRT,

time = 40000.0, =20 time = 40000.0, o= .10

M 1. RO T > X LA B L7 58 AREOBIERER [3], FVRPRE MY ERT, () o =0 D
ATy FIFEE T, HEREPRE MY THEREINATVWS, () o =0.1 DHE, #iETEZRATY 7°&~.J:O“CW§T1‘@%
DEARNCAS T D A ENZ Z ik b, EEREIHENINCETCHR N 5,
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3 WERFYOREILE
FEERRINCE L Ao REEeGEEZ e 7 hrve (MC) IETETMET 5, A7 v 7k
BACIRE L RS, 27y 7 OMERRNC X 2 HHT 3L % — 2B E T, RELEOM S
WIRDDBET 5, D 2WE MY OBLE 2 RAEMCELE gt T OB ALY —DZL AF 1,
(1) Rk D, UFTEZ 63,

Api

AF=SH drM%ﬂ—h@ﬂ[¢+l$Mm@] (3)
Si A T

ZZT, h(r), N (r) ZENZNEHET  ROBRE NIV OBLE, A FHEE A 2BV T I ORE A
VIDEE T B E 0 e £ 3, MY DOILEHERIL, e P FBantAF/2) z il 5 L IRET 3, 22
T, Eag BREGHOEE(L I LE - BIIMRETH 5, WERMWDB R T v THh SEEN 5 10h
XIBEFTHLEAF<0Rd, LEDoT, Hi#ERT v AT X o THRERMYI A EHEhT
W EFZHBTE 5, §HRAZK 212R5,

(b) t =4736 (c) t = 4880

(d) ¥ = 4960 (e) £ =5056 (F) f=5088

2. WEAHY (R ORMEIECE B B L 7B E OBEFTEG 4], ArRomEBldZzhzES ORL 5 FHETH D,
ZOBERMAT v TEET, NS, 1 KOBEBR Ty T, RHPICHELRINTORWERKREZEET 2 (a), FfL &
HICAT v FIEAE AP - THEL, EADRMAMSEREMHIC & > CRIEERERED B LR T 2, FRKIC, ERRECES
VR LA E D IR, WETMYNEZ T TRiEZRIIET 2%, BT 3 27 v I X o TRETMYH
CEAICIRERD LN, TS 7R —EEBZRTFOERINTVS (b—-e), T 7 221X, REMNERAT Y S
D AFHTHRT 2 ().

BE K
[1] H. Miura, Phase-Field Modeling of Step Dynamics on Growing Crystal Surface: Step
Pinning Induced by Impurities, Cryst. Growth Des., 15 (2015), 4142-4148.
[2] H. Miura, Numerical Study of Impurity-Induced Growth Hysteresis on a Growing Crystal
Surface, Cryst. Growth Des., 16 (2016), 2033-2039.

[3] H. Miura, Crystal Growth Hysteresis in Spiral Growth, Cryst. Growth Des., 20 (2020),
245-254.

[4] Y. Kimura, H. Miura, in prep.
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1 #BE
T %15 272 B & 72 3P © 3 5. T Lo B

ALength[T'] + p Area[l'] (N =2)

Haull] =W + { A Area[l'] + p Volume[I'] (N = 3) .

% Helfrich B E W, Hy ,[T] OE/MERE%Z Helfrich 20 MEE WS, N Zkcz &L,
N=20r & T 3MihiR, N =30 & T ZMmTcH 5. W IFHEZRLF—THD,

1

~ [ k?ds N =2
WL := ?/F ( )
Q/FH%JSF (N =3)

TEIND. ZIT, k FHHR T OfR, H IZHE T OFEHETHS. £72 (1) ITEWT, A\ p i
Lagrange D AREFETH 5. Helfrich Z 5 FIEIZEARED IR OBEE TNV TH O, Fl 2 IXHEE
RY I NVOWEEERTET VD1 DTHS ([1] 221K).

B AR & 72 3Bl () 1969 % Helfrich B H(T(¢)] @ LE-ABHR V = =V 2Hy . [D(0)] %
Helfrich fii &\ 5. 7272 L,

1
K55+§I€3—)\Ii+,u (N =2)
Vi Ha L)) = 3
ArH +HIAP = =~ = XH+p (N =3)

THY, VIET(t) OIEEE, s i3dh#k T(t) OMENT A=K, Apgy (&iliE I'(t) £ o Laplace-
Beltrami fEHE TH 5. £/, Ml I'(t) OF 1 HAR g = (g;;) &8 2 HAE A = (hy;) IZHL
T |A2 = gYg* hixhje TH 3. Helfrich T A = p = 0 DA% Willmore Fi &\ 5. AHEHTIX
V = =V 52Ho[[(t)] (Helfrich & T p = 0 O5&) OBMERLEELT )L T ) X A% 4 BRI YL W
W R AROEAMEZFIAL CEN T 2HNET 5.

2 RBMEELEMTZILIY XA

AR D T T B EM AN FR SRR 2 BHEALESL T VT XA B U T, EadhERiR
295 MBO 7T X4 ([2, 3] 22) AL <HIS i ENT WS, MBO 7)V3 ) XA T,
AV MEE Qo EORERIE o, ZHIHME L 9 2 BT RO WIERE DM w 2 X[ (0, h] (b
ERERIRIAME) TRD, u(z, h) =1/2 ZBfEE UTEEMRROEMT IV T XL E2WKT 5. — 4,
Willmore it (289" 2 BUEELGE L7 VT Y XA, N = 2 O%E 1 Esedoglu-Ruuth-Tsai [4], N = 3
D& 1% Grzhibovskik-Heintz [5] 12 & > THRYNIEN TN TWD. [4, 5] T, BdZIZB W THRR
BEZERI A —VTH B || /tH/? % |x| [tV ITEEH L, 2O L REREK vo, & DA BRBEOHNE R %
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skeb, % OUBERERE % 512 Willmore HOBUEREM 7 L T 1) L EHRL T WS, UL, Bz 2
b= |zl /1Y % ERETETH D DIE 4 B BRI S HRERORARTH D, ThEFALT
Willmore #1259 2 BUERLEM T L TV A2 BT 2 B R TH S L Bbhb, 2T, A
T T ORIARSER 7 L ) 2 L% 4B T 5.

UFN=2F~EN=3&795. QyCcRN 255 00, BWigohrmar 7 EEEL, h>0
EIEAIAE L 5. 20L&, Qy LRI o, & WHIE L T 2 GRS

{ up = —A%u+ MNAu ((x,t) € RY x (0,h]) 2)
u(w70) = Xﬂo(x)
DffEZ uw & U, ug(z,t) :=u(x,a’t) (a > 0) I U CRIEEZ 5 2 58U %
U(x,t) = ugq(x,t) — 3use(x, t) + 3ug(x, t) (3)
ZEoTED, HILWES ) &
1
O = {:ce]R{N’U(:c,h) > 5} (4)

THIT 5. U Qo % O 1B S X COEMERIE (2) 2R =, 7 0% L 5 % 5 B8%
(3) 1Lk > TS, HLWES Oy % (4) Ok S ICHRT 5. LU T OHMEZ IRIIKICE 0BT 2 1o
L0, 3V MEAH Q) hez, BHRT 5. 22T, ZOEAFIERD & 5 I1CHT 5

Q"t) = (t€[kh,(k+1)h), k€ Zy)

h—0232e, BRMITIEQME) X3 v 87 MES Q@) 1R L, ZDBEROHE {0Q(t) }iso &
00y ZWIAMIE & LT, Hao[D(#)] © L2AEH V = —V i Hy o[D(#)] CEEHALELEIND Z & A3
PG, GEETIE, ERLOBRER S V = =V 2 Hy o[[(t)] BED & SITEPN L 2 M L, A
THRIET ZEMERLEAL 7V T ) X212 & % Willmore OBUEFIBEHIZ N = 2 DEAIZDOWTHEN
T5.

BEE  ABFZRIE, JSPS B E 23H00085, 23K03215, 22KJ0719, 22K03425, 19K03562 D BhAk % 5%
725D ThH5.
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Math. J., 42 (1993), 533-557.
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