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1 Introduction

Consider linear systems whose coeflicient matrix can be written as the product of two matrices:
ABz = b. (1)

Linear systems of the form (1) are being considered in the field of statistics, see [1, 2]. Here
to reduce storage, only A € R™*! and B € R*™ can be accessed instead of the full system
C € R™*™ (C = AB). In this article, we assume A € R"*" B € R"*" to be nonsingular large
and sparse matrices, and b € R™ is a right hand side vector. For the above problem, there are
three equivalent systems to consider. We present four approaches to solving (1) based on these
equivalent systems using Krylov subspace methods.

To calculate the Krylov subspace of the original system (1), in each iteration, several matrix-
vector products in the form ABx are required. A common approach computes ABx in the
order A(Bx), which is later written as ORI. Note that in this atricle, the approach (AB)x is

also considered for comparison, written as ORI-AB.

{Ay =0 (@)

For the subsystems

Bx =y,

we apply KS methods first to the subsystem Ay = b, then to the subsystem Bx = y. This
approach is written as SUB.

The augmented system

Az = b, (3)

efs 3]

can also be used for computations. This approach is noted as AUG.

where

Our purpose is to clarify the characteristics of KS methods on these equivalent systems.

2 Numerical Experiment
Here we provide the iterations and true relative residual of different approaches in Figs. 1-2.
In total, 19 pairs of matrices selected from [3] are tested. In this experiment, preconditioned
GPBi-CG method [4] with ILUTP preconditioner was used, and the threshold was set to 1 x1075.
From the results shown in Fig. 1, we discuss the speed of convergence. ORI, SUB and AUG
approaches converge really well with appropriate preconditioning, and the iteration is less than

10 for almost cases. ORI-AB fails for five problems, indicating its inferiority.
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We now consider the true relative residual shown in Fig. 2. True residual of ORI approach
is less than the precision ¢ = 10~® for 15 problems, while those of SUB, AUG and ORI-AB

approaches are less than e for 11 problems.

testing conditions.

ORI approach is the most accurate under our
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©
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[eNoloNoNoN No) [eNeoNoNeoNoNo Ne]
o =
matrix size matrix size

Fig.1. Iterations of different approaches

Fig.2. True residual of different approaches

3 Discussions

The above experiment prepares ground for the following discussion of characteristics of differ-
ent systems. If AB possesses well-condition, ORI is worth considering in its convergence rate.
SUB is a good choice if AB is hard to solve. However, this method can face accuracy issues. In
our problems, SUB loses three digits for the problem of A (olm500, n = 500) and B (tomogra-
phy, n = 500), while ORI causes no digit loss. This is because the accuracy of two subsystems
doesn’t necessarily means the accuracy of (1). The dimension of A is twice as much as that of
A and B, which will probably cause slower convergence for AUG. However, the structured block

form can be exploited by preconditioning, which speeds up the convergence.

4 Conclusion
In this article, we show the characteristics of the 4 approaches presented. This will provide

useful information for future algorithm development.
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