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1 BZE

T Google O EBHFEHM KA L 2B TFBBEOER(IIAHY, BErarBa—20
FEHAMEICEENEEH>TWVD. LA LZIO—FT, BFBEEMENTRESNZMEEZM 720
OTNITY ALEHlia L Ea—FaE kB L, »oWldk & mHREREEIT>7-9 2T
D GPU AR THITTHE, BFar B a—2 TR LV &E»KE S TRAETHE
ThHrEELINTWS[2]. ZOZ b BUE, RYICEFHEBIENZER I TV DT
HINTIERNWEFERIIEZE A TWD., LM LEE, &7FarPa—XICEEREEF-TWNDL D
EAZEEWN T 720,

—HT, BFTNITY RENLEREZTEZTAITY XL, b LLIFEANA— Ry =T OB¥
DREMATONTE L. TRHIEEFRHEEHA L T 72RWeD, &3 B a—Z TR,
ZOZ L ET TBHE] B IR kY, HHINTWD., FFICENEICB W T,
Gl 17 =—7 LI DA TR LR O RMIZFHE LIz — R o = 7B K
ATHY, R ENTWA. iz, B MOS 7=—V v /<= [3]E Lmos
VENT =—=TF N5, ZNDLIEFBTE, 77U R —EXE L THIHATRETHD.
AR, CMOS 7 =—V 7~ OMRiHic BB E 35, R, ROMERERM L7
DOVERENRFG AR F 2 —= VT ORMEEZTRV 5 .

2 BRUEFT7T=—F~DAT OEA

ST =—FThD OM0S 7=—V > I~ [B3lI%, A4 V7 ETNOREERIERR
ZITHObDTHY, HEHNA—RFU =7 (ASIC) b LIX GPU IZFEE TN TS, 77T Rh—
v A%, [lAnnealing Cloud Web) [4] (GPUhKR, 32bit, Float) TRt TW3b. ZhbH o
B7+7 =—7 T, QUBO (Quadratic Unconstrained Binary Optimization, _IKR#IFI7 1L —
EfRaE L) IO EEROKEICFEICRE S8, aX MNEMEERTHZ LT, Atk
WALFEO KR FREE 72 5.

U EF 7 =—7 T, QB0 LT == 77T XA EOMWRE/NT X X N FET 5.
Bz CMOS 7 =— VU v 7<= TlE, Wa: QUBO HIFKISHDOEA, Wb : QUBO = A MEHDE I,
chain_strength: T~ Y DE I, temperature num steps: 7 =—VV T DRAT v T, 7L
DMRERT AZ BB D. ZINHO/NT XA ZIMOWEIZEET L0, FITILITFa—=
VITBVENRDD. DD, Fa—= T OFERBPNDETTIERL, @inE g
B DOMENETHY, MiETF a—= 7 OHMEOEFE R H 5.

AW TIE, AW A RECRIECH D TR/NERERNE) 2405 . f/hIESgE
FBREO QUB0 X, (DX H1ckb.

H=W, Z(u,v)EE(l —x,)(1 —x,) + WX, Xy (1)

ZIT, o xux €E{0,13THD. AL, =R VLF—ZERLTNDERLTIENTEXS.
THXAX—IINEWVNEIERETHDH. 22T, X0) OFEoEIT [HIFHE] ErFEhs. K
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() OHBF-OIEIL [a X FE] LIRS, X)L, HOEOERaL, 2 A NEOE WD
Db, ZIHITEBERMEANTAZ LD, ZOMWENRTAZOT 2 —=712, BiiEt
HWIATT VB TEIIEEZ SNTE T IATHIN) [BlO#EM 2R DRAMIETHD.

3 FWEBT

Annealing Cloud Web API V2 (GPU version 32bit(float))[6]ZFH L. 7547 b
PC 1%, MacBookAir (macOS Big Sur) ZF|H L7=. CPU X 1.6GHz Dual Core Intel Core i5(8GB
AEY)Th 5. Python(Version 3.8.2) ZFIH L7=. Cloud WEB EDFEITITIE, FIXSTARS
Amplify [7T]ZFIH L7z, ZbiX, (MOS T =—V 7~ &5 72D Web APT TH Y,
N—T a3 0%0.5.13 Th 5.

AP IV CUE, R/ NESPREREOME O S8 % 791 C & 5 N LR Z fERk L TRE

O ERHM 21T o 72, BARBICIE, 2 RoekEFIRD 7 7 7RiEE X TF~v—27 L LTEHE2 D2
& CRAERZ RN D Z ENTE DL, 22T, AT 247 - oA O fead i R =8 (%] % 7F-i L
7-. FIFHL7=AT 7 L— 2 U —7 % Preferred Networks f£:® Optunal[7] ZF|H L7=.

Optuna {2 X % AT TlL, Wa, Wb, chain strength D 3 /XT A RZDF a2 —=1 T ZXRIT
7o, mEfFEEIZ R (100 [FIfE1T Lo OB« BIE 3 2514) % BB unliﬁlzf;.
Optuna |I_A AMEEIZ L DT T v 7Ry 7 Ak Z21T 503, BR7 /LT XL LT
CMA-ES (4814 EVERIS), B L ONTPE (Tree-Structured Parzen Estimator) %
DT AT OfSREZFHE L7z, 5 LWRREREER RICHOWTIE, B HARERTD.

BEE AUICIE, FEERHIBSEHIRICERIH - LEFELR, B RO, FEH A T
—V LA A Ea—T 4T 7T GREE S jh240002) OFXIEIZ K D. m%7
==V 7= OFMAICE LTS ETEW, HSERYERTO/NERI R & 1L i HE 8 K 2%
HHLUET. £/, Amplify ORI L THEETEW:, A7 4 v 7 2 F — XD H
EATRICEH L ET.

S &30k

[1] E. Gibney, Hello Quantum World! Google Publishes Landmark Quantum Supremacy
Claim, Nature, Vol.574, (2019), 461-462.

[2] R. Fu, et al., Achieving Energetic Superiority Through System—Level Quantum
Circuit Simulation, arXiv:2407.00769, (2024).

[3] M. Yamaoka, et al., 20k-spin Ising chip for combinational optimization problem
with CMOS annealing, Proceedings of 2015 IEEE International Solid-State
Circuits Conference — (ISSCC) Digest of Technical Papers, (2015).

[4] Annealing Cloud Web, https://annealing—cloud. com/ja/index. html.

[5] T. Katagiri, D. Takahashi, Japanese Autotuning Research: Autotuning Languages
and FFT, Proceedings of the IEEE, Vol. 106, Issue 11, (2018), 2056-2067.

[6] FIXSTARS Amplify, & {32 Ea—7 4777 v N7+ —2A, FIXSTARS,
https://amplify. fixstars. com/ja/.

[7] Preferred Networks, Inc.: An open source hyperparameter optimization framework

to automate hyperparameter search. https://optuna. org/.
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1 FC®IC

Y7 by 27 HEF 2 —=>7 (AT : software auto-tuning) ¥ 1%, Y7 bV = 7 DRI E
G225 X% (MRS X R) ZHEL, MREZHIINCF 2 —=V 752 FETHS [1]. AT T
&, Tar 7 LB RLETLAEYNL XD RWEREN I X X 2RI 5. 207k, HEMFEEZ
COERMTKEPRWT B 7T LM LHE, AT IKIEFITRVWRBZE T 5. 2L,
FAZ 70 s 7 A0ETEWHNCATS e TRHEEMZX > TEk. L LKRET 2 X518, Bk
WML TEBT LD S AT LAOFRAENZHITHEHT I LA TE S LIFRLZV. RIFETE
A== a2 —RXT AT LOEMRNZERBL, XDMEYERTEHLLE AT 2% 7T 5.

2 WHIAHRYIbUT7EHEFa—=>FT

RELZWFIRA—R—a Ea—RTOAT 2 LT, Ya7ziliflHMe 32 5REREL T [2].
IITYarzeld, A—=R—ary¥Pa—RIZBIIE707 7 L0ETHENTHE. ¥ a 7xMHEME
T3, NROZ—F T 7T MCKREREELMATICAT 2175 2N TES.

M Liciiinvemg. BRERIEETHRYIZ, 17, HitOMDIERLTH L. EITRIIFEDE, ke
RIRXRZDBHEREEZ DL, MROFUI T X ZBUIIE U THEBCHEMT 3. 2072, K1
DERNTRT XS ICHRER DAL, KFDERID ZHERNS DRI XX EEIEI20ER
LTED, 1 X7 AXDAZLIE 5T MITIN o 12ERR, BRI XX ZRCETOZEMEES
GEEBRDDERPNR 725, FARHICELT 287 X ZER BRI T Z 22L& D, BIIE&
NRIRXRRCLBDHEREZ, ZTOHBATAZXALOMHEEER LML TS A TH 3.

ESRPSEMIES

N XN S,
NSNS,

NIARL NIAR1L

185 X R B DHE 285 X REALDHE

1. WHUEL 7= B8 2 — = > 7H5H#

3 A—N—AYEa1—42DERRRDERE

BRRD AR TIE, EFTHRINIBIICS 2T D) Y —2E2EE LRV, TDRDHT AT LDORK
BN U THRDEE, LA RERDAE. £LA—R—aYPa—XD X5 ITERL—Y
DFERHCH T 2 BE T, ZOR & TRIFRTRER Y Y —ADEH T 5. Licdio THENIS AT A
DIRARUMHEZ AT L TH, ZOBRMERICATRERY a 78 ORICENE T 2R D 5.
ZZT, i AT OMEICEHT 2. 3707702080 %WMHHN L 570, FFITHEGR
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DM HEINCHFREI N TV S, FREFHIZOREE TIEBHIEONROERDATITS.
FRDPFATHRO—F OGS, HEICIEELEGZTY, BREFW T 2 ERICIZ R 5730,
Doz ziEz, RABEHDOXA IV 727N Y XLATIERBR AT LR=RLT5HR
PRET L. ZOFATEETNREZHEZDIHIZEL, ZOHI AT LADRKUHIETDOETEZR
A%, BRI, RESHSMUZERINTEETNRE T2, 2ok %, HRFICELT 3
PRI RZPEBV I RIECEREEELSRET 5. T, ¥ 27 o CHFATRE R R AR % 72
WL, ETRR—EDS>E—HDOAEETT 3.

4 28R

# 1. AT O#5R
ATH 713V ZLR—Z TRATFLN—R

PERE 1.85 1.10 1.10

oy a 78 - 230.8 243.2

T FEATIRE - 3h29m 2h16m

1 851 H 72 b OFIF L - 27.5 45.0

DlEoWNEZ, EEOEWYE a7 o 2032 AT Wl L. SMReLir7mr 743, M
RO X BBITERBKTHY 7V r—>a > 3] THB. HRERSTXRIZE 5D, ZAZHED 5 2fE
B5DOFOTHY, EITWMRIIAF 3125 GHET 3. T, ERILHBERZEREBE LY X —0
A=R=—ay¥a—& [FE] Type I $ 7> X7 L THEL 2. 22Dz C AT % 5 [\FD
fTo7MROFER 1 1TRT. REBERR, 27 208KIMFIBILER 50 Th - 7-.

TITV RZALR=ZADEGE L VAT LR—=ZXADLET, AT BOMREEITFAEDHAS - /. FEIT
SN a TOMBIZS AT LR—ZADTTHRRRZ L Ig o720, 1 HatH 720 O AL 1.64
72 b, MIEFTRERIE 35% M iz,

5 bHDOIC
AWFZETIIAMHNCFEITT 5 AT 202, kO RFL0MHMERTELTHREER L. FiTnt
FHNER D AT LARN—RIZT BT, ATHRERZHEF L2 2 WHHHOM EXB2 N TER

E 11
AEFZE D—EB1Z JSPS Bl JP23K 11126 OBALIC & b FEHi L 7=.

BENH

(1] SAHEE, IR, By A, AR, HEWLC, @A, MRE.L, hEHE, ¥ 7 b
v =7 BEF 2 — =2 7 —REEEANE E O 7.0 0 3 — FRaiE badn, ARk, 2021.

(2] ZEREHBUE, BEKZ2RET, BRI, HrsEnE, hngbfe, REIRE, AflZrE, <5 GPU R
BB 2 AENA =T X=X DHB)F 2 —= 7 (1), L 83 FIEEKZR, 2021.

[3] R. Akabane, Y. Kato, Pedestrian Trajectory Prediction Based on Transfer Learning for
Human-Following Mobile Robots, IEEE ACCESS, Vol.9, 2021.
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HtR1T5D QR BRRICN T B84 7277 )L U X LD RS
O
Uit R
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1 XC&IC

RFERTIE, HEEITH A € R™ (m > n) ® Thin QR f# (A = QR) 2 ET 2712V X%
>, 22T, Qe R™" IIFHNERFTH], Re R™ Z E=MAITHITH 2. kB, SHEIZAD BEN
W) FIINT I THB I RIET 2. MERITHID QR FRISEARNITIGEO—ETH D, N
7 FVOERCEDHA RS, 20k, BEZTIC, BEbeEEEz M LT, Haits
WEF->7EB R 71T ) XLBREINTWS, KERTE, BRIFHMERSERO 71T Y X
LIZBELT, BoLORM BRI CHEME L 2 IERERMIOMREZ®ME T 2. 2B, ARERONRIEES
RTHERLENA (1] 0FEIE, 2hllRBohnRo—HzPELTW5.

2 fitR1TFID QR SRRICK T B3RRMET7ILIY X L

751D QR P A% EIHE T 2 713V X Al%, Orthogonal Triangularization ! ¥ Triangular Orthogo-
nalization B4 2 I KA TZ 5. §i&EE, BEXEHEZ A 0L HEHSE, A2 E=A1TFIC
BT 5. RFEMZT7LTY XL LT, Householder QR 7 LTV X ADHIHNTWS. —JF, #
FHix, E=A1T5% A oA oFHEE, A ZHEITINCZER:T 5. RENRT LTV XL L
T, Gram-Schmidt DEALIZHED L 7TV XA SN T WS,

¥z, KBS EOEABRE CIZEMBEE DA R MABER 7 — VU Y ZICBIT 2R by 7 k3 2
EWE L, FOEAT, @S0 (CA: Communication Avoiding) DEZEMENERH IO TWS. Lk
TEFLT7ATY X 40E, WINSENEE DR Om) TH D, IEEEFGEHA T LY X 251257
HEhad., AT LT, Orthogonal Triangularization B2 Oi@EEHE#R D 7 L3 1) X LY T 5
TSQR 713V X4 2] BIREXNTWS. F7/2, Triangular Orthogonalization % T3 A58 DR
EHFO7LTY X5 LTIE, CholeskyQR D 71T X4 3] HE%4T5. ThbD7 LY X
L%, FEEEDEED O(1) TH 2.

FHEFSE OB TIX, Orthogonal Triangularization 21® 7L 2V X 2. (Householder QR % TSQR)
X, A DFEHBUCEDL LT, MROBES TRV EAHISNT WS, —J7, Triangular Orthogo-
nalization B4 7L 21 X 2 (Gram-Schmidt % Cholesky QR) 1%, A DEABUIGE T T, FHEROMEE
(Q DERMN) PEMAT2ZePHoNTED, MEZWET 22D0FE (BECCRLE) A
REINLTWVS.

73, 4, Randomized 713V X ADIERICHIZEZINTE D, METHIO QR 2RI LT
ANBRTNTY ZLPEE STV S, IOV TIE, XKHK [4] R 23Ranze
3 (4RESHEDBIE

SE ORI T, £ 1 BT 4EHEO7 LT XLE2MR LTS, ZhoD7 LT X4
&, A DRI HIRECHZETS, TOREET QR EiIEST2 I TE, —HT, A
KEZZFEEELTVS. K1, 2EHDZA—R—aY P a—R Y AT LIBT3 4EEHO 7L
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% 1: FARO 7L T ) X 4 ¥ (S,

‘ Orthogonal Triangularization Triangular Orthogonalization

JECA | Householder QR (HQR) | FEZZ{LA & iti¥t Gram-Schmidt (CGS2)

CA \ TSQR Shifted CholeskyQR3 (S-CholQR3)
=64 =64
10% n T T T T 102 T T T n T T
A--cas2 A CGS2
@ TSQR @ TSQR
L % HQR ] . % HQR il
10 ¢ S-CholQR3 10 § - S~CholQR3
E 10°4 ?’, 10° F e}
3 . 3 .
K] gy & .
E Wi, " E é} . 8 Q...
10 ; R e o R 8 O
§ e i K o RO Q o .
k= 8 e, ) BN 3 5 i 6 Qe
9 | 8 e A o R 2 ‘‘‘‘‘‘
% 1072 : S % 1072 B S )
i O w iy (;
o
10° 107
1074 L L L L L L L 1074 L L L L L L Il
8 16 32 64 128 256 512 1024 2048 8 16 32 64 128 256 512 1024 2048
# of nodes # of nodes
(a) Grand Chariot (b) Wisteria/BDEC-01 (Odyssey)

1 KR HAESEH R B0 2 PERERHEHE R OB (BRR 7 — 1V > 2, m = 16777216).

Y X LDFATRF O iR BR7—1V > 7)) o—flZ/R$. T, Grand Chariot {ZLiE
KAIGHIEBE 2 > % —, Wisteria/BDEC-01 (Odyssey) X K FEREBR L X —THHAINL TV
BA—=R—aYVa—&RTH5. K&b, 713V XLDFETRERL, — FE QAFIED et 3
FEHPRL D DR TE S, ZOMOFHERERE X CFRO I OVWTIE, HHORELTEHE
THLTETHS.

B  AFZEIE JSPS RIFE (21K11909) 3 & ¢ JHPCN - HPCI (jh240053) OXBEZEZIITVE T,
SE WA

[1] T. Fukaya, Distributed Parallel Tall-Skinny QR Factorization: Performance Evaluation of Various
Algorithms on Various Systems, in: Proc. of PDCAT 2022, pp. 275-287, 2023.

[2] J. Demmel, L. Grigori, M. Hoemmen, J. Langou, Communicationoptimal Parallel and Sequential
QR and LU Factorizations, SIAM SISC, Vol. 32 (2012), pp. A206—-A239.

[3] T. Fukaya, R. Kannan, Y. Nakatsukasa, Y. Yamamoto, Y. Yanagisawa, Shifted Cholesky QR for
Computing the QR Factorization of IlI-Conditioned Matrices, SIAM SISC, Vol. 42 (2020), pp.
A477-A503.

[4] M. Melnichenko, O. Balabanov, R. Murray, J. Demmel, M. Mahoney, P. Luszczek, CholeskyQR
with Randomization and Pivoting for Tall Matrices (CQRRPT), arXiv: 2311.08316, 2024.
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[(E= 8 OS] S ERERIC 351 % BUER T & BYE HPC £ (1)

GPU 73R ZIZH T 3 WiHEERE DRI & 5
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1 IXLC®IC

HEmZ (number-theoretic transform, M~ NTT) &, #f#Y Fourier Z2#% HRIKIZ—A%L L
7D THD, RS, ZIHARE, SERBERELRECLHVLNTNS. NTT OEE
DV OPEREINT VS [1, 2]. KFwXTIE, GPU 7 7 2KIZEWTHA NTT % 58 UHRERFii
AT o AERICOWTIRNR B,

2 HEmEi
nRANTTIEF, =Z/pZ (p3FE) BV TUTDOLSCRT I eHNTES.

n—1

y(k) =Y a(j)wf modp, 0<k<n-—1 (1)
=0
ZIT, wy F1DFEMn FIRTH S, K (1) 1&E&E Fourier Z£# (fast Fourier transform, LT

FFT) LA 7 VTV X L%ZHHT 22 8T, HAEREZ O(nlogn) ICHIIRS 2 Z &R TZ 5.
Out-of-place FFT 71 3V) X4 & L THIS L5 Stockham FFT 713V X L% 2 D NTT 12
WA %k, Algorithm 1 1Z/R$HE 2 O Stockham NTT 7L3) X4 2] G641 5.

Algorithm 1 @ 8 fTHTIXRIRMED TN, I ITHTRERBE LREHREENITDONS.
Montgomery FH % Shoup EHZHW2 Z & TRHEOH D 2 FREZFEINIITS 22 &<, A,
BE, ’E, Ly b~vR7, BIUY 7 MEEDATRIREAZITZAZZePHLNTVWS. iz,
four-step FFT 713V X4 & L THIS N2 FIEE NTT ISEHAIGETH 5 DT, MPI £ OpenACC
% BT four-step NTT %15k L 7=.

3 T4REFTH

PERERTIINC & 7= o T, four-step NTT @ GPU 2%, CPU & GPU [ O#LERFH % & T four-step
NTT @ GPU %%, B XU six-step NTT O CPU FEHEOMRER L Uz, HIEICEEL T, weak
scaling IZBF B IEFH NTT % 10 [FETL, 20 FHofGERMZHE L. GPU 7724
Y LT, SRR ZERTERIE T~ X —ICRE S TW 5 Pegasus (120 / — F) @ 1~32 / — K& H
Wiz, a3 ,84 713 NVIDIA HPC Compilers 23.9 Z W7z, a > 84 A4 7> a d GPU %%
Tld-fast -acc=gpu -gpu=cc90 %, CPU #EZETiI-fast -mp -tp=sapphirerapids Zf5/E L
7z. MPI 24 77 V1% OpenMPI 4.1.5 ZFH\W/. &%/ —FdH7=Hd MPI 7ut 2813 1, % MPI
TuREZABHIZD DALy FEIX 48 ITRE L. N 5 NTT O Giga-operations per second (Gops)
Bl (3/2)Nlog, N X hEHLTW3.

%] NTT d weak scaling HHEE (N = 230x 7 — F#0) 2K 1 IRT. K1 256005 X512,
GPU #%: CPU ¥ X D b @#fTH 523, 4/ — FULEIBWT CPU & GPU B o#ikR i % &
¥ GPU 5% CPU 2 IR UHEREIC R > TV, J — REDEINS 2120E - TR eiE o
Xy —=I P A XPV/NELD, BEAY FEINNE LIRS, LEdoT, GPU FEE L CPU Ei
DMEREZE, / — FEDSHEINT 5120t o T/ha k5.
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Algorithm 1 5% 2 @ Stockham NTT 713V X A4 2]
Input: n =29, Xo(j) =z(j), 0<j <n-—1, and w, is the primitive n-th root of unity
Output: y(k) = X,(k) = Z;‘;Ol z(j)wl mod p,0 <k <n—1

cl+mn/2

1

2: m<+1

3: for t from 1 to g do

4 for j from 0 to!—1do

5: for k£ from 0 to m — 1 do

6 co < Xi—1(k+ jm)

7 c1 + Xi—1(k+ jm+1m)

8 Xi(k+2jm) + (co+ ¢1) mod p

9: X (k4 2jm 4+ m) < w™(co — ¢1) mod p
10: end for

11: end for
12: I« 1/2
13: m < 2m
14: end for
1000 T
—— GPU 3
- X - GPU with transfer %
- % - CPU
100 |
2 X
8 T
0%
y . . . .
1 2 4 8 16 32
Number of nodes
1. A5 NTT ® weak scaling ¥ (N = 230x / — F%)
4 F®

R TIE, GPU 7 5 2 XIZBWTIHEH NTT % FH UMEERERH 217 - 72 f5 R Iic o wTid A 7=,
NTT ONX 77 4B, RRNE, FREE, BLXUORHREEZHWTTS> 222 TE5%. MPI
¢ OpenACC %MW T four-step NTT Zilfi%|{t L7z. NVIDIA H100 PCle GPU Z##& L=/ —
25742 GPU 275 2&D 32 7 — REHWT, 235 S NTT IZBWT 745 Gops ML EDHERER 1S3
ZEMWTEL.

HEE AU AR BRI o 2 — O%BEEFERNE 71 275 2 (Pegasus) ZHH L
TRONTZHDTH L. KAWL, JSPS BHIFE 22K12045 DSRIC & » TIT DM,

SE X

[1] F. Boemer et al., “Intel HEXL,” https://github.com/intel /hex].

[2] D. Takahashi, “An implementation of parallel number-theoretic transform using Intel AVX-
512 instructions,” in CASC 2022, ser. LNCS, vol. 13366. Springer, 2022, pp. 318-332.
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