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— IR AN BUER T AT oW TIE, BEORMEL DREDOFHENEETH 5. 7272, %
NHEE, RED R LTEZONS7:0, AROMEZRBHEICRLTVWL LIRSS, 205
O ERZFTRRELOBHHEEIT S OIXHEYITIRRWY. 22T, 2o ERBED L HWIEHE
THE0ZHET 2701, RERED NAPEZEICKRS. AFFETIE, KELAKXOFTHHEARRD
DEER, (—00,00) EO—KILORS [T f(z) de T 2 ERORKRARICOWT, BRI BIE
[ DRWBIBTH 2 5E0RERED FREE 2 5. RKEARL LT, ABAK, BYRAr—1
¥ 7% L7z Gauss—Legendre AR ¥ Clenshaw—Curtis 03, # LT Gauss-Hermite N ZH 5.
HIAD K 572 FFUTOWTIE, (1] 23, HFE7 B OJE 3 BRI D AMEF T 2 — RIS T
RebzTws., LaL, IOTE, RO X 5 & REAXORKE RIS 2 2 v BRI
X2 <SRV, R TE, SREAXOEAROEEZ AW TEEIC L 2 FTROEHERZHEEL
L, ZAC X > TEAROREMRZD TR EHR. ZOHE, WINORARORERZITOVTY,
Zo R ZEARFZROT—8T 2 MRBE LN ARFERIZ, WX 2] ONFITEDSL.
2 i

3, WHETBAROBREZIEET 27D OBEMOEMZERTS. d>01IXHLTD,; :={z¢
C||lmz| <d} £55%. Z2LT, Dy LTIERIT, &M

oo

d
lim / lw(x +iy)|dy =0, lim (|w(m+iy)\+]w(m—iy)|) dr < 0o
—d

z—+o0 y—d—0 [_
Zifi7- TR w O2K% B(Dy) 55, B we B(Dy) Dy LTOWARST, Fili T (0,1
DiEZE L2 &, wEEABEBEMERZLICT 5. AWFETIE, (LD, EARK w I3EHE
THEABKTH > T [0,00) KBWTHHEBYT2d0r 35, DEod T, EAEK WL, #
BB JE § NTEIE D22 H>® (Dy,w) ZXDONTEHRT S :
f(2)
w<>\ - °°}'

f € H®(Dg,w) %oz e RIZHL |f(z)| Sw(@)||f|| L2525, wid f OEEOBFEE
ET 5. f € H®(Dyg,w) T8 I(f) := [ f(z)dz ZELT 5 KEEAR %

H>(Dg,w) := {f : Dy —C ’f & Dy ETIEAIT ||f]| := sup
2€Dg

An(f) = Zwif(fi) (wi, & € R)

Ui

YA, A, OREE eV (A, H®(Dg,w)) %

" (An, H*(Dy,w)) = sup [An(f) = 1(f)]
FEH= (Daw), IfII<1
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TERTS. ZuIHL, BE[1] 13R0FHIZ 52 T\5.
@1 (1, R (3.11), (3.13)]) EEME VT (A, H®(Dg,w)) I2OWT, ROFHMiALH 7o

" (A, H (D, w)) _/ H‘tanh(4d —@))fdx.

3 ITFIE
EE [1)1&, &8 1 0z e, AR A, ICKELRV—RINE FREZNTWS. AIFETIE,
1 DRl S, AR A, Tt OREASE {&)} OEERIED LS 2GR 2157,

I 2 FEE eV (A, H®(Dg,w)) \DWT, ROFHMARL D LD :
ewor(An,Hoo(Dd,w))

4 n—1

Zw max (||, [§ir1])) (Eiv1 — fi)min{l’ (W) }
=1

(H anh (6~ )] ) (H oo (T - 6) f).

EIE 3 REE eV (A, H®(Dg,w)) IZ2WT, ROFHTiAL D 37D :

tanh

e (A, H(Dg,w))

h(1 4 min ! 2md -

Z ZVG: émin Lii\\ﬁ An @% é}‘B*?;ZIS)ﬁIEJj:‘@%/J\Fﬂ@T%%

4 FH

BEAR, #EYe R —1 v 7 %i L7z Gauss-Legendre A3 & Clenshaw—Curtis A3, Gauss—
Hermite 23U LT, ZRZNOEARROMHEIIS U TER 2 272133 2HWA Z 2T, WIihod
NAROBREIAEICONTY, 20 EREZHEAR T ZRNT—ET 2 NS EONL. ZThsDRER
D6, (1] 12X 2 BEAROBRAED EANZIHEARF 2RV T3t TE 2 0»w I &%, Trefethen
3] 234EH# L 7= Gauss-Hermite N D IEFEMELHERANICEMN T o NS Z e hidd o 7.
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THIBR OBAEGT RIR & UTRBIER 7 2 W FikiE, AR ATITH 0Bt ORI B W
TENTED, FICERMEBEBEES AR (DE 2R) 2RV EREES WG 2 FOF
K LTIRESINTEL (L, 2, 3, 4]. Tho 0RUEFEARORAERNT & LTI, LM 5H, FFaR
FR T TREEDOHBEARE 7 LT Y X8 UTREL, ANTHIR TV I — MEEHEOSE DB
LD+ — X — %52 Twa THIEBEEE (1], (THIEEEE [2). —77, BESULEEITHEED
MEEADEL b= XLOREE, EBDED THRNAR e UCEH LRI E & Hhof75
HEBERDBE 3 ORI EEoTW5. A#ETIE, 3] 0#HrRE, —RILT3HT, HEHRE
FlEZFOIT91 S & 7 — IR TG TITHIEBIR, 17515286, 177 5RECBI L T DE 2R
b —Z L DFREZHRINCE] T 5.
2 DE 2RIC & 3175 EE

ITHIBIR O 7 Rt U C S BBIBARZ B 21T, BRI X - THtRUL, 1580 %
[To7LTORRDEEEZE X 5.
REZIPS g~ (EE2

N
IVMA) == Y hFi(kh) (=log(4)),
k=—N

Fi(w) i= ¢ (2)(A = D[(1+ ¢1(@) A+ (1= @)1 ™, ¢1(x) = tanh (T sinh(a))
RElES S

N
VM (A) = Y hEy(kh) (=A% (EELO0<a<1),
k=—N

Fafw) == ") g1 ) Ao @) /T + A)71, afa) 1= exp (O sinb(z))
TS A
I, (A) == > hF3(kh) (= sign(A)),
k=—N

Fy(z) := %¢g(x)A(¢3(a:)2[ + A% gy(a) = exp 3 sinh(a))

3 BRADREREMN

HEBTERIOBHULIRE X, BRI BEROR R AL Tl e DM OB RED A — X — 2T 5
e, Fi(x), F(z), F3(x) OFEMICROIWVRERZEMICAED 2 ZLPEETHS. A DMEEF
HE BTV EOREDHEBICHZ e oo/ &, ZOHMEFHE 1 O XS5 IKFHETE 3.
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Ll g1(A)=g(A)=—-A, g3(A)=xA, c1 =7, co=c3 =72 LEDD. Fi=1,231THt
L, UTOFRMBED LD, m (e N) HOES B, = {reie ) s [rgj),réj)} , 0 € [99),99)] }(] =
L...,m) BIFELT, gi(A) OEROBEGEMEINES B=U,_, B LFETS 35, 20
L&, Fi(r) ORSEMISGIVRER L EOBOERY 4 (A) 358, di(A) oRHBRVTHRE
LT,

BEBNE. R, di(r,0) BAFTEET 3

2 _ 2 _p2 7 _ 2 _ p2]2 2 2
d;(r,0) = arccos (\/CZ (logr)? — 62 + V/[ef — (logr)? — 6%]2 + 4c}(log ) ) )

2¢?
1D dj(A) 25, P—XLOFELE LTUTORENR NS (THIRSBEEIK (3] 2.
d DRI 0 < d < di(A) ITED BT THRBERORRBESNS).
EIE 2 (1THIRHMBERDIRE) 175 Ae CicxL, 0<Vd <d;i(A4), IR,C,C" >0,
_ mV/llA = IjeC (VaC” + | A" 2mdN

P Rr P <log(2dN)> ‘
7272 U, RNAME R IE h=1og(2dN)/N £3%. B RIFADARIZ, C,C"F A dDAHKFT 3.

st

EE 3 ((THRBEDRE) T Ac C T, 0<Vd <d;(4), IR,C,C" >0,
|z - | < nynlAleC (VaC' + [|Ale)"™" [ 2mdN
2 F Rn log(47dN/j) ) °
772U, B :=min{o,1 —a} THYH, ZAHIEhIZh =log(dndN/B)/N £ 5 5. EBH RIZ A DA
12, Clda, A, dDAIZ, O A, d DAHKIET 5.
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1 BE

Bl LRk R £ 7L 2 U CEH, @S 2 fTbh v s, EikRHEE 7 LEH 2
2 ETEBINEMEE LT, ZONHREIFEM R 7 —VEHIC L D HEICEETE 2205 2
HB. FHRESIIUE, H25EETAREMNRICREIRLUOEBEERNT—DICEEE I ERL
7o, ZTAUIINEHRPIERNTH 2 & S ICFIRORI Z B TEZIZYAIBRBEEHE L TVRL.
RFERTE, FEIOERLED ED TARAMIHRL — bIZF—DOREETEZ Z L ERT.

2 BAFEHNNKRL—FDOERLZORES

BB LFHEZEMT TR (ODE) LD EFTV 7 TE, DORL — MBI L THILBEHRD
%. BlzE, BMEREE mingcga f(z) T 2 REAR TE 20D = 20 — AV £(20) 13 AR
b= -Vf(r) OBBULE RAETZeRnTE L. [ OMBER Y OREEGE FTEAZROIRL — b
F f(2®) — f* = 0(1/k), flz(t) — f*=0(/t) (f* 13mEEH) THb, Zhd AR
NHD. —fRICHEGR: 2 RE{LTEL D, ODE OSMREKNTH D, INHEHBHETHZ L
DEZ W=, [#W) ODE # A2 L, ZhzHRits 2 2 e TRWIRELFIEZEHR L XS5 2§
BRAPMTHOITNS.

L72L, ODE R CTHAICIHRL — 2T 2 2 2 IZEWRER 720, RE7% 5, ODE OFH
27— VBB GRIEL 3R S72W) 22 8212& 5T, ODE OEHE (= REAENDIHDHLTT)
B BT IR 2 HHICEETETLES> 6 TH 5.

OB L, FEERESIILET, TAREMPGRL— b 2ERL, ICEL— o LR REED
PEbR il A7e [1]. 2, REIR 7 — LV ZH T D &2 % ODE 26 Z2FfEEE LTEe D, Z0
B X L, ODE OBEELIF DL E D REK THEYIZE R 7r— 1% —D2EDH 23 Z L TELNI 3
bDTH5. ZOWRMAr —L®D ODE OIREL — MILIFOEKT TAEMR) THS. #YIRKeH
24 —)L® ODE % [EEZI AECHEUL T2 22 &, Z® ODE 2R 7 — VAU X h id % 72
B L, ZhEZLARCTHELT 222 %2E X 5. 20L&, LA LE ERT 2 HK
TR EFoTWBIRD, FURAT Yy 7HTID BT 2N, BEDHEZR»T I 23R
LERnES. REMNIGRL — M2 XD ODE QYR L — AL TEKD H 2 il x 32 Z L A ATREIS
%%, BlZE LS BIEOCN 3 3 AR & AR & + 24 4+ Vf(2z) = 0 OARBEMIL — b
Fzhein 0(1/t), O(1/8%) b, AEMIKL — FOEKTREDHPHENZ thbrs. i
50 L — MIMBCROERERE R, IdARiE (L—1+ O(1/k%) LHEL TV,

L2 L, LEloBEyRREfR sy —VQZEBER =) Y 70HHESH 5. ik, IRL—
DHEBEBTH 2 e TR ICHE L 25, FlZIX, BRSO F 2 Ak L L IR AR kIS
O(e™ ™) DEDOUICKL — P2 B, MEDBRNIER o CHNS. £, Zh o Ok E 7L
DPFEL — b B O(e™) DIFTH 3728, ERLEREH R —V > Z7OHHED H 3 REMPERL —
FCIEEE ORI Z I TER V. 2 TARBRTE, REMNICRL - M 2HEERL, ZOHHEY
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WORS Ze2EZ 5.

3 XEWIGRL—MOBESZ

IR CEER e L e LT LD ODE g(t) = g(y,t) 2% %2 5. MLy 2@tz f L, 2
AT B REETFEDOET AL LTAREDbLW, DFD f(y(t) PERSEMHEICINEHT 5 & 5 AN
7MW g kDb DR G eEL. HEHHRREET VX2 EDO ODETH2ZbbhH b0, Th
S L TIEMERZEAL, Lo 1 BORBICEZEST I IZT 5. LIETIZHBEE f % ODE
DYIBAME yo IXEE L TEZX 2 (RFPRTIEERLRVD, BESF—XOREMNNKRL - 2E X2
LECINLEEPT). Fiz, RER =V 2 B IS ATREAR BRI ANREE o R — Ry
EETHDE T 3. {THDRRY MR p TRT.

EE3L g1,90 € GITHL, F—DHIHIE yo 12X 3 22D ODE g1 (t) = g1(y2,1), 92(t) = g2(y2, 1)
EEZD. AT —V v 7B a(t) DFEL, THoHD ODE O i1,y 25 y2(t) = y1(a(t)) Ziifi
TeTeE g~g 8RT. 2D ~EG OHORIERRICR->TED, g § DFREEE [g] R

EFE3.2. g € [g] ITMIEFT 2 ODE ¢ = g(y,1t),y(0) = yo Dy IZX L, limy_ oo p(dg(y,t)/0y) = ¢
(c>0)PBITELE ZDgelg % [g) DMREITLEIER. X5, TOYIZED f(yt)—f* =
O(Bo(t)) BHILLTWB %, B(t) = Bo(t/c) % [g) DARBEWIRL — 2w,

RERRL — ME -REFEIJTTOED /=, c DEHICE ST, UTFTOMEOEKRT—EIZEE 5.

i 3.3. gilresp. g2] & [g] D cqlresp. co]-ARFKIT, yilresp. y2] ZXI)5T % ODE OfEY L, f(yi(t))—
[*=0(B1(t))lresp. f(y2(t)) — [F=O(B(t)] BHZLTWVWB LTS, ZOLE, fFEDa<1iZ
;@L, ﬂl(t/cl) = O(Bg(at/CQ)), Bg(t/Cg) = O(ﬁl(at/cl)) ﬁ’ﬁkj?é

HERLIR D ZENZE R T 2 2T, AEMNIGRL — ME TAREN) THHLEZXS. ZOIL%
DR 2 7= DEFDFREZHAT 5. [g] D 1-AEKIT go BFET 2 EIRET 5. IR TIX & H3HH
BIFEV AT =) 7 aDAZEEZ, TDEI7% a T gy 2RV RFr =)7L THRELNAEZRY T
AMBE GLES. O §EABIE b, THBILT 22 2EZ3 (4 =31  h £ F3). E7fHiH
DIz, FFED t> 0T p(dgo(y,t)/dy) >0 ZIRET 5.

I 34, EHERHSE R CHBZL U WEREE 5 2, ZOREFBNO S OFE ML OiflED
BARMEZ r 55, 5%, hgl(y*= 1) 1) ORTOMAMALERRICINE 5 & 5 2% AIECHE
Hits 5. Zorx, a(ty) — alty) < rk+o(k) BRILT 5.

FED a(ty) — alte) 1%, k A7y T7OWIC g O THEALZRMZ g9 OHFTHEA R A
LERTHB. 0D rk & gy ZWBREMEE 72 T RAOEELAE r Tk 27 v THEIL L7
L EIEALKRITS 5. C ORI g B E 72 RIRE L § 2 AT ZAIAECHEEILLTH, g0
ZEEAAETHIIE L7 L % X DO L — M3E SRR E L 2RE LTV,

BRI L — ME & D L-FH - B0 05 3 AIREH & IR AIRLH & + 2,/fd + YV f(z) = 0
O (REr—2) FEMLKL— Migzizi 0 i), 0(eVE) rid, WEERAITE 3.
BE X

[1] Ushiyama, K., Sato, S., and Matsuo, T. Essential convergence rate of ordinary differential equations appearing
in optimization. JSIAM Lett., 14:119-122, 2022.
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1 =

BUEAE o0t § 2 RER L EHZHEANR e LTRSS 2 DE AR e IMT A (EREIZIE IMT
B DE /") ORIDBERICOWTIEAR S, EIZMF I EWICERBBRO AR TR <. IMT BaRic
BWTH2HEOMEZES ¢ DE ARELNE Z L BRT,

2 DE 2= IMT & DE 2%
I CRAERKE Lo EEZ 5. RS e R ESKME (-1,1) £ LTV, Lk
MoT, RO EEZBILITT 5.

1
ZIfl = dz. 1
fi / @)z (1)
5 (1) 1283 % DE AR 1) 3RTH52 603 (h, AREDATIA—RTH2).
N
If)~ IREf==h > flepe(kh)epr(kh), ¢pe(u) = tanh(Asinhu). (2)
k=—N

CONRIEH L DD (1) I DE £t 2 = ppp(u) 2L TRERXEMEICL TR v 208
h OBEAI (2 GRETIH Y o725 0) ZEHAL THE LN, BFRNIMEHTEE D2 MR X
B L CHEMROT, BAXHE (—1,1) Lo UTREED v, EBE, DE ARk
a7 = Olexp(—cN/log N)| (c ZIEDER) LEEETH 5.

—7J5, F (1) T 2 EBE D ZEA L LT, DE AR & DI IMT 2K 2] BERS ATV
Jo. ZOBBRRTH 2 IMT B DE K 3] 13X THEZAHND (A, BIXIEDERD.

N-—-1
I =M =0 Y femir-pe(kR)) @l pe(kh), (3)
k=—N+1
1 . 1 1
h = N, (PIMTfDE(U) := tanh {Asth (1 —u — 1 +u>:| .

CORAEFH DS (1) iexfL IMT B DE £ « = pmvr—pe(u) 2/ L TXH (-1,1) Lo
O L CARAEZBERLTELAS. f(z) PHESIKE (—1,1) LB e, ERE
Bk D WAE D B g(u) = f(emur—pe(w)e' (u) & ¢ (£1) =0 (n = 0,1,2,...) Zif7=FTD
T, Euler-Maclaurin 23 0& D IMT % DE AR OBED L v, FEEE, IMT & DE AU 4% =
Olexp(—¢'N/log® N)| (¢ \ZIEDER) L EkETH 5.
3 IMT & DE RXOBRE LTOH DE /3

DE "3 b & O % MRIX N ICZ S 2 —J7, IMT & DE 233 RIX EE D 1 2
5. 2LTC, SRAPEHETH ML RL 2. 20 hoMAREEWVICEMERTHS &5
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W—REZ 2. 220, REmEFEFRSH D, IMT 2 DE 20 U b 2 OMRERELITS
Z2icEkh DEREMELNZDTHS. TN IO 6RT.

IMT % DE ARIIEHEBTHRIXEZ (-1,1) 525, 2ofRbbic, MOXED (—a,a)
(a>0)2R2E2ENREFEMZE. TE2LRDELIITHKS.

N-—1
If] ~ jJSfI}fT_DE) [f]:=h Z f(‘PIMT—DE,a(kh))(piMT—DE,a(kh)7 (4)
k=—N-+1
a . 2Bu
h= N PIMT-DE,q (1) := tanh [A sinh o u2] ) (5)

ZZTB=d*22L, h=a/N=—E 2 L7ZEEMR a — 0o, N - cc XEL% &, IMT & DE
"R (4,5) I DE /K (2) &4 %. 2%, IMT & DE AR TEMEH B O XM 2 R L
72MfR DY DE "2 DTH 5.

4 SincElZEBAWRETRICOWVWT

ZRETEED L FIEEIREBE, BUERE LN Ok 4 ZBEGFETHW O TWw3. DE £t
1Z, SincERL[4] 25 BIBOERL A A DET, BIERERY 5] 72 ¥ OB EISH EhTw
%. —7J7, IMT # DE Z#uzoWTid, filr, FABREETH S 2 Sinc £ (6] L #HAE DRIV
ZVARBIEREICEHTE 2 Z e b oz, 2 LT, BMATEROBERE [7]) 2 I
NTW5. ZhsOBIEEIREEICERI L T, FMREEICN 3 % Sinc i BUTJEHAZ EERK & U 7 kR
ZEAUL Sinc sEMpMF SN 3. 0% b, DE £k flv 2B HIE2M IMT & DE £#% v
T BUEGHEEOMR y B 2D TH 5.

BEE  ARFZEIIRMEE 24K06840 DBIKESZ T T W 3.
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