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Numerical verification for fluid flow between parallel circular disks
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Consider the steady laminar flow of an incompressible fluid between parallel circular permeable
or impermeable disks. The distance between the disks is taken to be 2h (h > 0), and the radius of
the disks is R > 0. We assume that an incompressible fluid extending beyond r = £R is confined
between planes z = +h and that the lower disk is porous (permeable) and the upper disk is a
porous or nonporous solid (impermeable). In the case of two porous disks, we also assume that
they have the same permeability. Finally, we assume that h < R, so that edge effects can be
neglected. Let vy € R be the magnitude of the injection or suction velocity. A cylindrical polar
coordinate system (7,0, z) is chosen with the origin at the center of the area between the two
disks. The r axis is in a plane parallel to the disks, and z axis is perpendicular to the disks.
Let v, and v, be the component of velocity in the radial and axial directions, respectively. 1

shows the flow configuration for permeable upper and lower disks for the injection case.
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1. Flow between two permeable disks (injection case)

We assume that, for the governing Navier—Stokes equations with the continuity equation

in cylindrical polar coordinates, there is no tangential velocity component (vg = 0) and the
remaining quantities are independent of 6. Then the equations for v, and v, are written as:
( ov, v, Ovu, 10p 0%v, 10v, v, 1 0%v,
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where p is the pressure field, v > 0 is the kinematic viscosity of the fluid, p > 0 is the density,

and A := z/h is the dimensionless axial coordinate. When the upper disk is permeable, the
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boundary conditions on v, and v, are
vp(r,£1) =0, v, (r, £1) = Fwy, (2)
and when the upper disk is impermeable, they are
vp(r,£1) = v,(r, 1) =0, vy(r, —1) = —vp. (3)
Note that vy > 0 indicates suction at the disks, whereas vy < 0 indicates injection. For the

Navier—Stokes equations (1), Elkouh [1] introduced a stream function (7, \) = vor?/2f()\) so
that

1oy wer 1oy
vp(r,A) = hox ﬁf (A), vx(r,A) = ror vo f(A), (4)
and the continuity equation in (1) is satisfied. Substituting (4) into (1), we have
T (Y0 a2 V0 e Vo) Z 1P
2h <2h(f) hff+h2f ) por’ ®)
2
Yo grp_ Won 1 Op
h I h2 % phox’ (6)

Since the left-hand side of (6) is a function of A only, differentiation (6) with respect to r gives
0%p
ONOr

= 0. Therefore, differentiating (5) with respect to A, we have

1O = RO 0. (™)

h
Here, R := Y07 55 the suction (vo > 0)/injection (vg < 0) Reynolds number, which is allowed to

be negative. I]/?rom (2) and (3), the boundary conditions for f are obtained as
fiE) =0, f(£1) ==+l (8)
for the permeable case and
ffE) =f1) =0, f(-1)=-1 9)

for the impermeable case. We will refer to equation (7) as Elkouh’s equation, in honor of the
person who first derived this equation. In the present talk, we propose a computer-assisted proof
of the existence of solutions for Elkouh’s equation (7) with boundary conditions (8) or (9) based
on [2]. Various existence proofs with mathematically rigorous error bounds show the validity of

the presented numerical verification method.
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[1] Abdel F. Elkouh, Laminar flow between porous disks, Journal of the Engineering Me-
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—Au = i{uzfu —(F+k)u} inQ,

—AU—D{ w?v+ F(1—wv)} inQ, (1)
u=v=0 on 0,
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Pi(z) = (=1 (i)ixiu —z)l, i=0,1,2,-

Z T,

1 dp; ,
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1. EUE g 2. LU Oy

F 1. SR (G, 1) 1OhHS B BUEEF A

N Ch Cha Al A K

20 2.13x1072 0.643 [-0.0228, 0.184] 0 —

40 1.16 x 1072 0.347  [0.123, 0.184]  0.123 8.10
60 7.88x 1073 0.238  [0.155, 0.184]  0.155 6.44
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[1] Xuefeng Liu. A framework of verified eigenvalue bounds for self-adjoint differential oper-
ators. Applied Mathematics and Computation, Vol. 267, pp. 341-355, 2015. The Fourth
European Seminar on Computing (ESCO 2014).
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—?Au = f(u) — e(av + bw) in Q
—Av=u—v in Q

2 . (1)
—dAw=u—w in Q
u:’U:w:O on aQ
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Jull =1/ (u,u) 2 (3)
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il L, 2D/ VL%

HUH]:‘—l _ sup |<U7 U>|
vEHE(Q)\{0} HUHﬁ

(4)

3%, Zhod /v LT Newton-Kantorovich OEH [1] & 2 5.
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Fu =98, w> + (12(a + 302y + e(aB + bC))u, w) (5)
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HEHZR VLA OFHIIZ 3 212 L, IND X5 ICBE b S - [E R ERE % < DB D 5.
Find 7" € R and up € W}, s.t. (un,wp) 7 = 0" (un, wp)a, Ywn € Wi(Q) (6)

ﬁi%%PMgIHM)aW@M(u—RJ%¢Oﬁ:O¢hGWN%ﬁk?t?é.ik%ﬁ
Ch g BRZER

v — thj:-de < Challv — PhjUHj:’ Vo € Hy(Q) (7)

Tz e35. 2o E, Bl KAOOEM[2] &b, i <n &R 2EH FHOEHMEn 1

——%—7_m<m (8)
1 +C’h ai

Zifizzs. AU K o TEERR/ VA ZFHIIS 5 Z e R TE 2.

4 HER

FKERTIINLY v ¥ FAVREORE " 40 & U CGEREZ/ER L. £/, o,8,7,a,b,d, ITZHZ
Na=0.25083=1.25~=10,a=25>b=0.1,d =0.06, ZfKAL, €% 0.046 2>5 0.06 DHiFHT
2SR, MERL7aBE2N 11RL, MEREOMRZE 1,2 1317, €= 0.04 DELHHTIE
K2RG < L w5 &bkl S im0 fetzdh, WERIETE R o 7.
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() [ ()
202 = =
3 £0.2 0.2
0.1 0.1 0.1
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1: € =0.04,0.05,0.06 O bU#E

#1: K, R, G ORBIERIMREER:FR # 2: K2RG |, |0 — u*|| 5 OBIERIMEEAER
€ K R G € K2RG [t —u*| 2
0.06 || 4.2332 6.7321e-09  2892.25 0.06 || 0.000348917 2.85033e-08
0.05 || 3.90602 1.50775e-08 4444.43 0.05 || 0.00102238 5.8923e-08
0.04 || 3.71715 5.30749e-06 7920.27 0.04 0.580827 Verification failed
SE X

(1] KfastE—, KRN 2 BUERR, 2754, 2000.
[2] X. Liu, S. Oishi, Verified elgenvalue evaluation for the Laplacian over polygonal domain

of arbitrary shape, SIAM J. Numer. Anal, 51 (2013), 1634-1654.
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T3, ZOREEFIC T X — X BB IRT 2 13T BB O K S 08E, sIERICET 27 —&
BRETHS. ZOREZENT L2012, 77—ty b kv 7475V [1] ZHWTHERIER
EHER D CTERT 2. ZOERLET -2ty bEHAWT, Hifid DB 2TV, T X -2 &
ETHIeEZHNELTWS.

EED L —FOFMHGEEZRK 1 ITRT. 2—FREFES BB O&E e e, IR 2 %A

WEDBES  |mE@mpoyy| WEIRY | BEEIETSEEHE | saste
SRS il SE 1 - J ’—{u'-;’;zﬁi
2ol BERAAT |

1. 2 —F ORI EME

DEEDAS Y LTHEZ 22T, Hifid D EEOHNEREETED RS X — R Bl THERERE
o E BB E S U THCEICIE LWERZELNZ X512 LT WA,
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