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1 Introduction

Consider solving the linearly constrained optimization problem

min f(x), s.t. Az =0, (1)

where A € R™*™ b € R™, and the objective function f is strongly convex but possibly non-
smooth. Such problem often arises in many areas of scientific computing, such as compressed

sensing, image deblurring, and machine learning.

2 The orthogonal randomized Bregman projection (ORBP) method
The Bregman distance Dﬁ* (z,y) between z and y with respect to a strongly convex function

f and a subgradient z* € Jf(x) is defined as
DY (2,y) = f(y) — f(x) = (z*,y — ),

where df(x) = {z* € R" | f(y) > f(z) + (z*,y — x), for all y € R™} denotes the subdifferential
of f at . The Bregman projection of x onto C' with respect to f and z* € df(x) is given by

the unique minimizer
1% (z) = arg min D% (z
C( ) gyEC f ( ay)7

where f*(y) := sup,cpn{(y,z) — f(x)} represents the conjugate function of f at y.

By integrating the Bregman projection-type method [1, 2] with the orthogonalization strat-
egy of the two-subspace Kaczmarz method [3], the orthogonal randomized Bregman projection
(ORBP) method is proposed. In this method, Bregman projections are successively performed
onto the randomly selected and orthogonalized hyperplanes.

The convergence result of the ORBP method is presented as follows.

Theorem 1. Assume b € Range(A), f is an a-strongly convex function such that its subd-
ifferential mapping grows at most linearly and is calm at the unique solution . Also, sup-
pose {0f(2), Range(AT)} is linearly regular. If the initialization xo € R™ and xf € 0f(xo) N
Range(A™). Then, the iteration sequence {xy}r—, of the ORBP method converges to the unique

solution T of problem (1) with a linear rate in expectation, and satisfies

105 90 = (1~ 35— ) (1 M)VD  (w02),
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where E[-] denotes the expectation with respect to the algorithmic randomness, Tmax = ||A]|% —

T
. 2 I lay aql
min ||la; and 6 = min —r
min flaslz, P74 Tlapll2Tlaqll2

3 Numerical Experiments
In the experiments, the ORBP method is compared with the two-step randomized Bregman
projection (RBP2) method [4]. we consider the initialization zg = zf = 0, and f = 1||23+A||z[1

with A = 2. The stopping criterion is the relative solution error

|2k — 2|2

ERR = | _ <1073
2|2

or the number of iterations exceed 200,000.

Example 1. The test matrices are random Gaussian matrices with terms in [0.8,1]. The sparse

solution & is randomly generated with the density 0.01 and the right-hand side b = Az.

The curves of the Bregman distance D;Z (zk, &) versus the iteration steps of different coefficient

matrices for ORBP and RBP2 methods are plotted in the following figures.
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Figurel. Convergenve curves.

From Figure 1, it is seen that the ORBP method exhibits a faster convergence rate compared
to the RBP2 method.
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1 Introduction

The Stein tensor equation X — C xy X xny D = F plays a vital role in stability analysis
and model reduction of dynamical systems [1], where *y denotes the Einstein product between
tensors. In practical applications, the tensors involved are time-dependent. In this paper, we

consider zeroing neural network (ZNN) model [2] for solving time-varying Stein tensor equation

X(t) —C(t) *n X(t) xy D(t) = F(t), 0<t< +oo. (1)

2 ZNN model for matrix form of (1)

It follows from [3] that (1) can be transformed into the matrix equation
X(t)—Ct)X(t)D(t) =F(t), 0<t<oo. (2)

Therefore, the solution to (1) can be obtained by solving equation (2).

Let E(t) = X(t) — C(t) X (t)D(t) — F(t) = (ei;(t)) be the error function of (2), to derive E(t)
converges to zero, we adopt the design formula [4] F(t) = dggt) = —T%G(E (t)), where T, > 0 is
a predefined and tunable parameter. Then we have the predefined-time ZNN (PTZNN) model

X(t)— Ct)X(t)D(t) = C(t)X(t)D(t) + C(t) X (t)D(t) + F(t)

1 (3)
- =G (X(t) - Ct)X(t)D(t) — F(t))

C

and its noise-perturbed PTZNN (NPTZNN) model

X(t)— Ct)X(t)D(t) = C(t) X (t)D(t) + C(t) X (t)D(t) + F(t)

. (4)
_ iG (X(t) — C(t)X(t)D(t) — F(t)) + N(t)

for solving (2). Here N(t) = (n;;(t)) represents the noise, G = (g(u)) with g(u) = ¥(¢1 | u |P
g | u |9)Fsign(u) + t3u + wsign(u), v, o > 0,13, t4 > 0,0 <p<landqg>1, k>0,

1—kp

T 1—kp r kg—1 L a—p .
0<kp<l,kqg>1andv= % <i> , I'(-) denotes the Gamma function.

3 Theoretical results
Following theorem gives the convergence of the PTZNN model (3) for solving (2).

Theorem 1. Assume that the PTZNN model (3) is applied to solve the time-varying equation
(2). Then the state matriz X (t) of the PTZNN model, starting from arbitrary original state
matriz X (0), will converge to the analytical solution X*(t) within the predefined time T..
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For the convergence of the NPTZNN model (4) with DBV noise | n;;(t) |< € | e;5(t) | and
DBN noise | n;;(t) |< &, we have the following result, where € € (0, +00).

Theorem 2. Assume that the NPTZNN model with DBV (or DBN) noise is applied to solve the
time-varying equation (2). If e < 3% (ore < ), then the state matriz X(t) of the NPTZNN
model, starting from arbitrary initial state matriz X (0), will converge to the analytical solution
X*(t) within the predefined time T,.

4 Numrical results
Example 3. Let C(t) = (Ci1i2j1j2 (t)), D(t) = (di1i2j1j2 (t)) S R2X2X2X2, where
1 1

= 4+ 5 cos(t i1:j1 i2:j2
Cirisgije (t) = { 8 2 ( )’ otherwise ’ di1i2j1j2 (t> =

3+ gcos(t), i1 =j1, i2 =ja,
0, otherwise.
The right hand side tensor F(t) is chosen such that the analytical solution is X*(t) =

(Xiligj1j2 (t)) € R2X2X2X2 with Xivigj1ja (t) = sin(t) f07’ all il, i27 jl, jg = 1,2

Let ty =t3=1t4=1,12=2p=05,¢q=2, k=15 v=1and T, = 0.5s, by comparing
PTZNN with PRT-ZNN1 and PRT-ZNN2 [5], and NPTZNN with NPRT-ZNN1 and NPRT-
ZNN2 [5], the comparison results for ||E(t)||r w.r.t. t are presented in the following figure.
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1 Introduction

Consider the following combined optimization problem:

min f(x) st. Az =y, (1)

where A € R™*™ b € R™ is the noisy observation, and ¢ denotes the projection of b onto

the range of A, defined as § = argmini b — y[|3. The sparsity-promoting objective function
YER(A)
is f(z) = Al|z|ly + 3|lz[|3, which corresponds to the regularized basis pursuit problem. This

optimization problem arises widely from many scientific computing and engineering applications
fields, such as machine learning, compressed sensing, and image processing.

The sparse Kaczmarz method [1] solves the regularized Basis Pursuit problem, while the ex-
tended Kaczmarz method [2] addresses least squares problems. To approximate sparse solutions
of inconsistent linear systems, a surrogate hyperplane sparse extended Kaczmarz framework is
constructed for the combined optimization problem (1). Convergence theories are established,

and numerical experiments confirm the method’s effectiveness.

2 Sparse extended Kaczmarz method with surrogate hyperplane
Let al denote the ith row of A, and b; the ith element of b. To enhance the computational

T, is used to define the sur-

efficiency of the extended Kaczmarz method, the residual up = —A
rogate hyperplane ul ATz = 0 in the first stage, yielding 251 as an approximation of br(ayr- In
the second stage, xy, is projected onto nl Az = 1l (b—z,11). By combining original hyperplanes
via weight parameters, the surrogate hyperplane extended Kaczmarz method is established.
For undetermined weight vector 7y, the following theorem provides a general upper bound for

the surrogate hyperplane sparse extended Kaczmarz method.

Theorem 2.1. Assume that both br(ay # 0 and brayr # 0. Let the initial vectors be xo =
xy = 0. Then, there exists a constant ¢ > 0 such that the iterative sequence {x}32, converges

to the unique solution & of (1), it satisfies that

o

— 7|2 < <.
o — 213 < 7
In particular, three specific strategies for generating surrogate hyperplanes are proposed.

e Randomized sparse extended Kaczmarz method (RSEK): where 1, = e; and i is selected
based on the probability p; = ||a;||3/]|Al|%,
e Residual-based surrogate hyperplane sparse extended Kaczmarz method (SEK-RSH):

where n, = b — Az, during each iteration,
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e Partial residual-based surrogate hyperplane sparse extended Kaczmarz method (SEK-

PRSH): where n;, = > b; — al xy — z} ., )ei, with the index set determined by

iGTk(
rio = {i|lbi = alon = 25,12 = enllb = Awk = 2 Bllail3

and
2

b; _a;ka —z

*
Tk+1

B 1 1

k= max .
QHb_Axk_ZZHHz I<izm ||ai||§ 2| A%

The convergence and contraction factors of the proposed methods are established, with corre-

sponding theorems and analyses given in our paper.

3 Numerical experiments

The surrogate hyperplane sparse extended Kaczmarz methods are compared with the residual-
based surrogate hyperplane sparse Kaczmarz method (SK-RSH) [3] and the residual-based sur-
rogate hyperplane extended Kaczmarz method (EK-RSH) [4], respectively.
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Figurel. Convergence curves of relative error versus iteration

From Figure 1, it is observed that the SEK-type methods converge to a sparse least squares

solution, with the SEK-RSH method requiring the fewest iteration steps.
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1 Abstract

GMRES is known to determine a least squares (LS) solution of Az = b where A € R™*"
without breakdown for arbitrary b € R"™, and initial iterate £y € R" if and only if A is range-
symmetric, i.e. R(AT) = R(A) holds, where A may be singular and b may not be in the range
space R(A) of A [1, 2]. On the other hand, when R(AT) # R(A), including the case when the
index of A is greater than or equal to 1, there exist @y and b such that GMRES breaks down
without giving a LS solution [2].

In this paper, to solve this difficulty, we propose applying the Range Restricted GMRES
(RRGMRES)[3] to ACATz = b, where C € R™*" is symmetric positive definite (SPD). Here,
we use RRGMRES instead of GMRES since RRGMRES is more stable compared to GMRES
for inconsistent range-symmetric systems, where Az = b is called inconsistent when b ¢ R(A).
The proposed RRGMRES determines a least squares solution & = CA'z of Ax = b without
breakdown for arbitrary (singular) matrix A € R"*" and b, ¢y € R" since ACAT is SPD even
if R(AY) # R(A). In particular, we prove that C' € R"*" for NR-SSOR right preconditioner is
SPD and propose the NR-SSOR right preconditioned RRGMRES, which also works efficiently
for rectangular least squares problems mingegr» ||b— Ax||s for A € R"*"™ and arbitrary b € R™.

Numerical experiments demonstrate the validity of the proposed method.

2 Index of matrices, GP matrices and its applications

index(A) of A € R" " denotes the smallest nonnegative integer i such that rank(A?) =
rank(A“T). If R(A) NN (A) = 0, A is called a GP (group) matrix. If A is singular, A is
GP if and only if index(4) = 1. GP matrices arise, for example, in the analysis of ergodic

homogeneous finite Markov chains.

3 Right preconditioned GMRES and RRGMRES for arbitrary singu-
lar systems
RRGMRES determines the minimum-norm least squares solution of Ax = b without break-

down for arbitrary b € R"™, and initial iterate zy € R(A) where A may be singular if R(A) =
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R(AT) [3]. Furthermore, using B = C AT as a right preconditioner where C' is SPD, the right
preconditioned GMRES and RRGMRES determine a least squares solution of Ax = b without
breakdown for arbitrary b € R", and initial iterate o € R™ [4, 5].

4 Convergence theory of NR-SSOR right preconditioned RRGMRES

NR-SSOR is mathematically equivalent to SSOR applied to AT Ax = ATb.

Then, consider the first kind normal equations AT Az = ATb where A € R™*" and b € R™.
Let ATA= M — N € R"*" where M is nonsingular, and H = M~!N =1 - M~ 1ATA.

Now consider the stationary iterative method applied to AT Az = ATb with (®) = 0. Then,
) = He=Y 4 M~1ATh = Zf:é H'M~'ATb. Therefore, let BY) = C® AT be the precon-
ditioner where C¥) = Zf;é HiM!

For NR-SSOR, M = w™1(2 —w) YD +wL)D YD + wL"), where ATA=L+ D+ LT, Lis
a strictly lower triangular matrix, D is a diagonal matrix, and w is the relaxation parameter.
Thus, M is symmetric. Then, the iteration matrix H = M ~'N for NR-SSOR with 0 < w < 2 is
semiconvergent. M is nonsingular if A has no zero columns. Furthermore, M is positive definite
it0<w<2.

Using NR-SSOR right preconditioning, the preconditioner is B = C AT where C is symmetric

positive definite according to the following theorem.

Theorem 1. (/5/, Theorem 2) Assume that A has no zero columns and 0 < w < 2 holds. Then,
-1

) = Z HIM™! is positive definite.
i=0

Therefore, the right preconditioned GMRES and RRGMRES using the NR-SSOR right pre-
conditioner B = CAT determine a least squares solution of arbitrary singular systems and
rank-deficient rectangular least squares problems without breakdown for arbitrary b € R™, and
initial iterate g € R™. We will report numerical results for GP, Index 2 inconsistent problems

and rectangular least squares problems in our presentation.

S R

[1] P. N. BRowN AND H. F. WALKER, GMRES on (nearly) singular systems, STAM J.
Matrix Anal. Appl., 18 (1997), pp. 37-51.

[2] K. HAYAMI AND M. SUGIHARA, A geometric view of Krylov subspace methods on singular
systems, Numer. Linear Algebra Appl., 18 (2011), pp. 449-4609.

[3] D. CaLvETTI, B. LEWIS, AND L. REICHEL, GMRES-type methods for inconsistent sys-
tems, Linear Algebra Appl., 316 (2000), pp. 157-169.

[4] K. Havyawmi, J.-F. YIN, AND T. IT0o, GMRES methods for least squares problems, STAM
J. Matrix Anal. Appl., 31 (2010), pp. 2400-2430.

[5] K. SuGiHARA AND K. Havami, NR-SSOR right preconditioned RRGMRES for arbi-

trary singular systems and least squares problems, https://arxiv.org/abs/2504.09891
(2025).

FIAIS FURRERE & 2025 4EHE 452 #l PR (2025-09-02/04) Copyright (C) 2025 — R A B ARG FIEEIE 2



	1A-3-1
	1A-3-2
	1A-3-3
	1A-3-4



