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1 Introduction
Let A € C"*™ be a square matrix such that |[Re(\)| > [Im())|, VA € o(A), where o(A) is
the spectrum of A. The error matrix function erf(A) and complimentary error matrix function

erfc(A), which are introduced in [1], are defined as

erf(A) := 24 1 e~ (A% gy and erfc(A) := 24 [ e~ (A gy,
T Jo VT
respectively. Hermitian invertible matrices satisfy the condition |[Re(A)| > [Im(A)|, VA € o(A)
as well as any matrix similar to an Hermitian invertible matrix. Similarly to the scalar case, we
have erf(A) + erfc(A) = I, where I is the n x n identity matrix.
One of the most important application of the complimentary error matrix function is the

solution to systems of partial differential equation.

Theorem 1 (Cortés, Company, Jédar and Ponsoda [1, Theorem 5.1]). Let ug,u(z,t) € C* and
A e C". If Re(A\) > [Im(XN)|, YA € o(A), then the solution u(x,t) to the semi-finite coupled

diffusion problem

= A%upy, >0, t>0, u(x,00=0, z>0,
u(0,t) = up, t>0, u(z,t) -0, asx —o0, t>0

can be represented by

U, xr=0, t>0,
Afl

u(z,t) = ¢ erfe <x> ug, x>0, t>0,
2Vt

0, x>0, t=0.

According to the Taylor expansion of e~ (4)* where v € [0, 1], and integrating term by term,

we obtain
k A2k

erf(A Zk' k11

which is the Taylor expansion of erf(A) [1]. From this expansion and erf(A) + erfc(A) = I, we
obtain
24 & ( )k: A2k
VT = « k!(2k + 1)
Let ||A]| be the 2-norm of A. The following norm bound have been given in [1]:

Theorem 2 (Cortés, Company, Jédar and Ponsoda [1, Theorem 2.1]). Let ((A) := min{Re(\) :
A€ a(A)} for Ae C* . If Re(\) > |Im(N\)], VA € o(A), then

erfc(A erfc A2)).
ferte( )] < 12 sentelCT)
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The purpose of this talk is to present the following norm bounds:

Norm bound 1 a new upper bound on |lerfc(A)|| under a condition which is different from
Re(A) > |Im(A)|, VA € o(A4),

Norm bound 2 upper bounds on ||erf(A) —erf(B)|| and ||erfc(A) — erfc(B)||, where B € C"*",
under an assumption, and

Norm bound 3 upper bounds on

)k A2k

d
k' 2k+1 an

erf(A

(-2 L

where m is a nonnegative integer, under an assumption.

2 Norm bounds
Let v(A) := min{\ : X\ € 0((A + A*)/2)}, where A* is the conjugate transpose of A. We

present Theorems 3, 4 and 5 which correspond to Norm bounds 1, 2 and 3, respectively.

Theorem 3. If v(A%) > 0, then we have the following estimation.:

erfc(A erfc(\/v(A2)).
Jerte( )] € 12 ertt /o)

Theorem 4. Let w := min(v(A42%),v(B?)) for A,B € C"™*". Ifw > 0, it then follows that

lexf(A4) — exf(B)] < A — B| (erf(wvu@))  LBWIALBI) (fRel(y) >> |

V(A2) VW NG
lexte( ) — ente(B)| < |4 B <1 _erf%Z;Tm . IIBH(IIéI;TI IB]) (ﬁa ngw» _)) |
Theorem 5. If v(A?%) > 0, then we have

DL (- 1)ka 2] 4)2m+3
erf(4 k' k)| = Vrim+1)i(2m +3)
2|| AP+

24 X ( )kA%
erfc(A) — (I NG 2 k'(2k+1))

— Vrm+1)!(2m+3)°
We will report results of numerical experiments at the talk in order to observe how much

larger the presented bounds are compared to the corresponding norms.
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1 #E

FEEUATE [1] (CATALEE & deflation Z RIRHICHEH L TWL 70 D& & LT, CGS L [2] ZHD |
F5. dwamOBEME e —HER RO, FHES [3] 12 X 2WERF TN % CGS EDO T Fr—
FIZM, AT & deflated BiCG ¥4 [4] 1 CGS EOEHBEZHH T 5. FEUEM 22 R L) &
CGS 7% [5] 1 deflation ZHEH L TIHEON L 7L TY XL L DL BITS.

2 HIMIB{HE Deflated CGS ;EDEH
2.1 #FbXDREK

REATHDN A € R O n K 1 X5EX%Z, LR ~ A XX 2WMAIRTALAHETY &
Z(eR™™ m < n) I &% deflation ®XJ7%2EH L 7z BiCG % [4] TH< &, k HIHOKREIZ
B 2WALRDRE pr & pp &, BTLABEROBRBATIIZ A, FRAEZHRZ ¢p(A), HRAIZHENXZ
(), TR v = L1 Pro, WIS v R ORERE thoq, = RTP'rg L LT,

pr = (6 (A )vhica .0, o6()T0)  px = (T (AT )hi0q 0, Ak (A) o) (1)

£72%. 7721, deflation 2T 2MCRILIE P =1 AZ (YTAZ) " YT % AchI 2584
(DEF1) 13 2 = L' PAR™, HIR7 MACRIZHE PT =12 (YTAZ) ' YTA %513 35
# (DEF2) 13 %A = L' APTR™! ¥ %2 5.

CGS LTI AT 28T T 7 (A)eg & 2 (W) DMt EME, X (1) ZUTD LS KEFT 5.

Pr = (tEGS,07¢i(Q{)tO) v Mk = (tEGS,Oamwi(m)tU) (2)

v RO ¢igg o (&, TERBURTILEE [5] T LT P'rg, PHBESIC & 2RI [3] Cld R™TP'rg &
7525, Pry OftEIE AT PREL o TLES DT, FES ORI YL DEF2 2flaGbE %
BEERROT, REHE P RIERE Pony =1 - Z2(272) 7 27 (CBEHBA 3.

22 FZILIAVZXL

B ¥ deflation DFHAESHHEIT LD 2 x 2 = 4 3@ b OFULEEST = deflated CGS ENESHLS.
PRI 5] WS X2 FEET7ALITY XL 112, BHES (3] ORTEIC X 2 FEE 7 LT Y X4 2
1Z7RY. DEF1 & DEF2 22— L it § 572912k 1 D52 HH T 5.

#1. 71TV XLDEBIHEHTZES

) p/ A K Lapprox
DEF1 Ty Ponz | PA M1 PTZeony + Qb
DEF2 | PTxy + Qb 1 A | PTM Zeonv
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Algorithm 1 fERAHTULE 5] 12 & % Deflated CGS % (DEF1,DEF2)

1: Calculate zo 8  pr=ur + Br—1(@qr-1+ Br—1Pr—1)
2: 79 =b— Axzg, 79 = Prg 9: uk:(fa‘,flf(pk), g = pr/ ik

3 15 =70, Ty = PorthzTp 10: qr = ug — akflf(pk

4: po =0, go=0, pp=1.0 11: X =Tp_1+ ozk.f(uk + ozkf(qk

5: for k=1,...,n, until convergence, do  12: Ty = Tp_1 — arAKuy, — ap AK gy,
6:  pr=(T5,Tr-1), Bk—1 = pr/Pk-1 13: end for

T UR =Tp_1+ Br_1qQr_1 14: Calculate @,pprox

Algorithm 2 7 & ORTLE [3] 12 & % Deflated CGS i% (DEF1,DEF2)

1: Calculate &g 8wy = Auy + ﬁk_l(flqk_l + Br—1wk—_1)
2: 1o = b — Axg, T9 = Prg 9: ,uk:(fa‘,f('wk), ak = pr/ K
3Ty =10, To= ]5/7"3 0. qr = up — apKwy
4: w9 =0, gqo=0, pg=1.0 11: X = Tp—1 + apur + Orqk
5: for k=1,...,n, until convergence, do  12: T =7p_1 — akfluk — ozkflqk
6:  pp = (FS,IA(Fk,l), Br-1 = pr/pPr—1 13: end for
70 up = KPr_1+ Be_1qi_1 14: Calculate Zapprox
3 BERER

SuiteSparse Matrix Collection[6] TR X LTV 21TH| CEARPRIFMEZE, WH FEM a2 — R
FrontISTR[7] 72 515 6 N FATHITEITRRE Z G L7z, T o OEBROFEMISHETHRE T 5.

BE 3R
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1 Introduction

An operator analogue of our matrix eigenvalue verification technique [3] is established in par-
allel with a numerical verification analogue of our operator eigensolver [4] to enclose eigenvalues
of a linear, self-adjoint, and ordinary differential operator A : dom(A) — H densely defined on

a domain dom(A) in a Hilbert space H. The eigenvalue problem considered is
Au=Xuin QCR, u=0on dfN (1)

for eigenvalue \’s in an interval I = [a,b] C R, where u € dom(A) \ {0} is the eigenfunction.
The spectrum of A is assumed to be discrete and bounded below. The problem (1) includes
Mathieu’s and Schrédinger’s equations.

Our operator eigensolver [4] on (1) delays discretization until the last step. This avoids the

effect of discretization on accuracy. The numerical verification analogue inherits this property.

2 Reduction to a matrix eigenvalue problem

Our operator eigensolver uses the complex moment My = VI M,V € CEXL of order k with

My = 2% N O
where V : Rl — H is a quasimatrix, whose columns are functions in L>°(Q), and I is the circle
with center « and radius p of which the interval [ is interior. Cauchy’s integral formula shows
My =35, e1(Xi —7)FP; with the spectral projector P; = 5 3g1“7' (z—.A)~!dz onto the invariant
subspace of A for an eigenvalue \;, where I'; is a Jordan curve iﬁ which )A; lies.

The problem (1) and the block Hankel matrix pencil zHy — Hy; with Hy; = (Mig,-1),
Hyr = (Mg —2) € CEMXLM have the same eigenvalues in I, if rank(H};) = rank(Hys) = ng,
the number of eigenvalues of (1) in I [4]. Rather than enclosing Hys, Hy;, we consider an
alternative way in section 3.

In the approximation of My =~ MIE:N) = Y2 N = ’y)kdEN)V*PiV by using the N-point
trapezoidal rule, the truncation error lies in M,(;X)Lt of the splitting M,(gN) =M™ M) where

k,in k,out?’
M,(j\fr)l ,(f\;)ut depends on those outside I, kK =0,1,...,2M — 1,

4™ = x for \; € I, and d"") = e

e (o)
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3 Enclosure of the complex moment

The block Hankel matrix pencils zH ), — Hy; and zH](\f[\fi)n —H]\</[EIJIV) with H;IEIJIV) = (I\/lgi’,z_l’in),
H](\flvl)n = (Mgf}_zm) € CEMXLM tyrn out to have the same eigenvalues if rank(Hys) = ng. This
motivates us to enclose M,(CJYI)I as

MY e (MM MYy e (MY MY e MY My k=01, 2M — 1,

k,in k,out k,out

where (C, R) is the interval matrix with radius R € RE*% and center at C' € RFXE| | .| is the
nonnegative matrix of entrywise absolute values, and |\~/|§€N) is a matrix obtained by numerically
computing I\/II(CN). Note that ||\~/I§€N) — M;N)| is regarded as the rounding error.

To evaluate |M,(€N21t|, we use the fact that the eigenvalues of the Laplacian —A are known and

[¢]

regard the operator in (1) as a perturbed Laplacian A = —A + ¢ with perturbation 6 € L*(2).

The effect of & on the eigenvalues of —A is evaluated via the Krylov—Weinstein bound. This
(N)

%.out| Dy using the Gauss hypergeometric function (cf. [2]).

leads to evaluating |M

4 Practical realization

Rather than discretizing the equation (1), our approach adaptively approximates analytic
functions to within machine precision using Chebyshev expansions [1], where the coefficients are
computed via a discrete Chebyshev transform and stored in interval form [6]. The truncation
error for the Chebyshev polynomial approximation of a function is computed by evaluating
the function in the Bernstein ellipse. The rounding error caused in operations on Chebyshev
polynomials is rigorously evaluated. The inner product between functions is computed by using
the Clenshaw—Curtis quadrature rule, which has polynomial exactness. Our implementation of
this method is realized by means of INTLAB [6], Chebfun [1], and kv [2]. Numerical experiments

on Mathieu’s and Schrédinger’s equations illustrate the performance of the method.

Acknowledgement Supported by JSPS grant numbers JP21H03451, JP24K00535.
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1 #BE

NG Z RV QR SHRETIEATHI A WCHIDNEICVERR U 7= 85 EleE i U = /A174 R %1%
b, SR IEIC O CHIERE AT Q 218 T A=QR £ %. Ziucht U a0 gmE |8
WET 5T/ IV LRKDSI S B LHlESE P L LT AP=QR L0, E=fA1715] R OMHY
WEL S (1), A DD THER & %, §I5HUz LoD QR 4Rl TSQR 1 TR ICHBILIHE T &
ZH (2], BT E DBAICOVTEIAMICTE S T LAY [3]. & DICHHEATERR Rz KT

BMI Lol FMZIRZ 2175 A O QR RIS EREIE & B DO IERIESZMEAIERIC RU. 41
BHRE LD RETIE, FIONHIC B 72 P& Tk DFNCEH 2 # DR LT E=M175] R 21k
D, RIHEMAE 72 WIHICHR DR U THIEMIESATY] Q Z21ED, 70ff A=QR %Z213%. TSI L
T/ WV LERRDY 7238 A THRRZEZ RO 57716 TIE, YIscizER Uy ERZ P & LT
AP=QR 2135 [1]. JEHRE #2175 OTTHMEZ 20, Tne s MR E=M175] R 134
4 EEROMOHED BRI U, 5 ZERDIIN THAHED R KR TH % LWV ROEEZRDOT, #
EANSESRAF T Y 7% By AICH L TH RN IROMRZRTHNT 2 LTANTH 5.
1751 A DD THEE T H 25 EICIIFERE LD QR D fROFHREZREEICTT 5 TSQR % &S
NBFENDS 2. TeERF AT Oy Z5EIL, B/IMTIID QR 2fEN SISz E=M1T5 7%t
ICAEANTATHNCH UTHT QR 7772175 T & T, ftHEOFEH T O 2RI Eaiye T E
%. T T ADMS THER TH 5 5B, [AROREENZTFEDTLERN E D QR 7f#IicD
WCHARET, ARICTRAIUENTE D LRy (2L 2 BEOR AR T Z2H5) [3].

BT-S TIADFRBTED QR 9RE LIFTIE 2 BEHRIC KD T-S 1751 A 1Sxtd 2 5EHR AT
ED QR LT, W7 ORERE THEERZTT S J7EO5 B OFER THW I TR DN TR S.
MxN 175 A Z D~ EMNZIFYE 7 NBLK D/ NMTH] A©, (=1,2,.. ,NBLK I EILTE X
%. FERTIZ AW O#ED~FiE BLKSZ() & £ = 1 D& Eid | M/NBLK]| 4+ mod(M,NBLK) £ L, £ #1
D& X | M/NBLK| &&%E Lz, B N X415 BY, ¢=1,2,...NBLK ZHHIEFIC/MTHI & L
TAiR7z (NBLKX N)x N 174 B %3 %. Step-1) &5 1 BETIE& 1L T, AY D54
AU TICHENEIR L TEND HIRE B MR EROIREL T HOAY =U® L35, BE475
HO ZFROFMOTEROILR TR T 5. MxN O] UG 134HD N HUSNOTTI3%E
T, —fRICIE EEMAIcid SRy, 25 LT UY OO N D% N X475 BY ORI HN
9%. Step-2) 52 METIE BY ZHECNEATIC NBLK (AR 72475] B ITH L THISSHYSTE D QR
DRZITN BP =Q R &9 5. FiEH P OMEHRIGESRE N OBEESNIHMHL, N X E=/A175
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R ZFANCASI L, FIEREZTH Q & B &k LEXTIEMT 5. 25 LT BO OB
TN Q D U/BRHD N RO/NHE QY L 4%, Step-3) & LITH LT, 5 1 BE TR /-
THREE LTI T2 1510 O S H ) 58 72 WIS F U C BLKSZ(6) x N O —fLHALITH] 'Y i
QW = (HOY 1Y %fEn, Zzh%k A OB FEET2 Gt : o QO Z1ED AL T
T FEE T AL, 52 BB TOME LT LTS C B AHD). RISHHIRE QW = QO '®
ZEST AO O E#/ET S, H20E AO = AOBO p 5.

LLEDFSSEE, 70D Mx N 175 A 1SS 25LERN D QR DMROFEETH S AP = QR M35
N5, YE P OFHRIZE 2 BEETO N BEOBREENNIC, 175 R OWNAIEE 2 BEE TORS R
12, Mx N OFIEMEASTH Q ETniis] A Dfie L#HET 252 2T, ThZIEMEN TN 3.

WEERICAVEE#Y X 7T LD CPU & intel Core i7-5960X (8 277, 3.0GHz (T-B Hifz
X 3.5GHz)) A 1DOTHbH, Fidldid DDR4-17000 D 16GB H' 8 il THFIAE 128GB Th 5. O
2784 Z121d intel Fortran (ifort) v15.00 for Linux ZfH LT, I /31)LA T 3 Vid-0fast
-qopenmp -D’MY_RKIND=8’ -1lmkl & L, #U#F A 7 FVIicid intel MKL v11.2 ZHW7z. OS &
CentOS 7 for x86_64 TH%. OpenMP Dix KA L R CPU O 7 & F U 8ICRRE LTz,

WEERH T ARHD MxN O8] A DEZRDONIZL a;; = 1/(M+N+1—i—j), 1<i<M, 1<j<N
U7, 0RO 35EITY] AP—QR DEFRDORKE EDRAMET, TEREZMHRAE] 3 ¢,
2 QD idE jHIONRE, 6, 27 ax v H—l5 L UT |¢,;—0; ;] DIRAETHS. $ifiE & #EIC
l3 IEEE 754 DGR Wz, 2 BEEHEIC K % T-S 775 H Ot & QR iz T A SO
N=3,000,000, N=50 OITFNIEH LIcASROmNET Z 77279 (K1, 2, 3). Ty 75E%

NBLK /% CPU D74 8 Z A TEFERRMMNE ST LTV B D, /IMTHIANOERSEEIC
SIS 2 EORED CPU AD 3 BIEDRF v vy 2 OREE DS EEOE(LZE KM L T\ 5.

1078 ‘ ‘ 1073

= 8
[0} =
» 10F w
= , = Z
GEJ Y 2 £
= ~ 7] 1S
- n“:’ <]
[ oo c
w N o

1 L L 10-16 L SR 10-14 L L

1 10 700 7000 1 10 100 7000 1 10 100 1000

NBLK NBLK NBLK
1. FEuEEERY vs. NBLK 2. DfRDYEFE vs. NBLK 3. IEBIERMERRAE vs. NBLK
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