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1 Introduction

A discrete integrable system in a cluster algebra can be described by the iteration of the
Liouville-integrable cluster map, which consists of cluster mutations. One can construct a fam-
ily of such discrete dynamical systems by applying a novel approach: the deformation of cluster
mutations introduced by Hone and Kouloukas in [1]. This approach modifies the cluster mu-
tations in a way that preserves the natural presymplectic form. Recently, in [2, 3, 4], we have
identified several successful examples of deformed integrable maps that retain integrability but

no longer exhibit the Laurent property. This talk is based on the paper [4].

2 Deformation of type D, cluster map

Here we consider deformation of type D4 cluster map, defined by
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YDy - (5131,172,:173,1'4) — (:1:/171'/271‘%33721) = <

where z) for 1 < i < 4 are new cluster variables generated by a sequence of mutations in the
cluster algebra of type Dy4. Starting from the initial seed (x(qy, @), where x(oy = (21,72, 23, 74)
is initial cluster and @ is quiver of type Dy, the orbit of ¢p, is sequence of clusters {x(t)} rez
consisting of the elements of Laurent polynomial ring Z>0[x1i,$§t,m3i,mf]. The orbit is com-
pletely periodic with period 4, that is x(;) = X(414) for all t € Z. The map ¢p, preserves the

log-canonical 2-form, known as presymplectic form, as shown below.

bij 1
w:Z Ldx; Adz; = dz; Adxy + dzg A dzs +
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where coefficients b;; encodes number of edges in the quiver. Since it is degenerate, one can
reduce the number of degrees of freedom by introducing the new variables u; = xo and us =
x324/x1, each of which is invariant under the flow generated by null distribution of w. In these

coordinates, the map can be reduced to a Liouville integrable map,

Lt g <1+u1><1+uz>2> 2)

2

op, ¢ (w1, us) —
$p, + (ur,u2) ( o v

preserving symplectic form @ = 1/ujugdu; Adus. Let us apply deformation to ¢ p, by imposing

the arbitrary parameters into the cluster map ¢p,. Then the deformed map can be written as

(3)

/ / /
' oy (bt aixe by +axriTzvy b3+ azxy by + asry
(1'1,1‘2,113,21?4) - ) ) )
x1 T2 €3 T4
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where a; and b; are non-zero arbitrary parameters. This deformed map preserves the same (pre)
symplectic form, and after reduction to (u,us) it remains Liouville integrable. However, in
exchange for admitting deformation of the cluster map, the iteration loses the Laurent property.
To recover it, we lift the deformed map to a higher dimensional space where the Laurent property
holds. This method, known as Laurentification, is established by constructing the variable
transformation through the singularity confinement test for discrete systems. Here we consider

the rational map 7 : v = (8¢, 70, 70, 71, T2, 73, T4, N0, b3, ba) — (u1, u2) given explicitly by

Tin T'nSnTn—2

= ~, U2n =
Tn—1Tn

(4)

Under suitable parameter constraints, the deformed map lifts via 7 to new cluster map ¥ p,,

Ul,n =

' 7A—n+17ﬁn7en73 '
which is defined by the sequence of mutations in new cluster algebra whose initial seed consists
of cluster variables v and quiver (Qp, in Figure 1). Since iteration of ¢p, produces elements
Sns Ty Tns Mn € Z>o [bg,b4,§§,f§,%§,?ﬁ,?§,%§,ﬁt,ﬁﬂ, the deformed map can be generated

from elements in a cluster algebra. Therefore, the Laurent property is said to be restored.

3 Local expansion to type Dyy

This deformation can be extended to general type Doy cases for N > 2, by considering the
family of quivers Q D, in Figure 1, obtained via inserting certain quiver (local expansion) into
the quiver labeled Q p, in the same figure. This extension allows us to construct a family of

deformed maps associated with type Doy that are conjectured to be integrable.

(a) QD4

1: Extension from Qp, to Qp,, via local expansion.
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b B2
1 8=

7154 RY A 7 VIREEA —EMEiR e UTETIETRET, TOLELTHORTHRTES
ZePHonTWS (1, 2. —AT, FHE# sine-Gordon AR - *EEEH mKdAV AR - T2
B3 2 IREA —EHEHERROHR AR BN T — XEHBTHER I N TS [2] A3, HHESHCS L5
BINT A= ZDIFEIZDVTIE, —HZRVWTHBHEERT U PR S T WD o7z,

BHT— ZHEOAMK T2 Q=2+iyZ,y >0 LD, NT A =& reR\(1/2Z),v € R\ (yZ)
CIFHIER t € R, RABRER 2 € CIZH LT 7 Bz

TLA3 C 1 . .
F.(t,z) = — n— = , 1
(t, 2) agexp(As_A1z+2tz>192<u 2w—|—zt> (1)
U e nA C . 1, .
H,(t,z) = O@; RI"R3" exp (Ag _?’Al z+ Etz + th) Dq (un — - 2r + zt) ,

TESD, ZEfjEnhsg v %

H,+H' H,—H! dlog I,
’Yn(t): ( - n’ S n—2 o8 >

R? Z 2
2 T 3 €R’, (neZ) (2)

2=0

TEDS. (7z7ZL, O, T, as, R, Rz, A1, As, us, s2 i&, v, r, y LHEMAT—XEEEZHNTRI N
BEHL) CTOEE 0, tKESTEIAY MR [ynir — n| LIEEM A H—HIZR>T NS [2].
E7z, BERT L APl ®RA v CIREMAND 7 BT K D IRIICHEKTE 5.

VIEARE E DA T4 KA 2 VDOERE2ET VLT BIT1E, vour(t) = va(t), 2F 0,

H, H,
F ol = Fi ) (3)
n+k | =0 n 1z=0
n+k_28loan+k _2810an
0z =0 0z |,_o

PEEDONEeZ, t ERTHINTDEIBRNTA=R v, ry ZRDOT2HEDNH 5.
2 AEIERIC T B/5S X — & DIFIEELH

KW, k> 6 ThhE (3) 27T 5 A— RI(HET 52 L 2R LE. LEhoT,
BOk>6OWUAKRNSREHNTA RYA IIVDFAEDPNRINZZ &ITRkD.
EE1 k>6%2BEETD. HENNTA—R o, ry BHEHAELT, (2) TEX DIRRA—EHERHIRRIC
DWC, fEEDn€Z,t € R T Yppk(t) = vn(t) BEALT 5.

AERH ORI XA N O@E D TH B - fhiR (2) e LT, £THRM x BVEM k2RO 05,
m = kv/y DBEUENERI NG, m BEHTHDLWIRMEDT, BHT — ZEBOHEN %
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fli>T (3) ABEET L,

k
1m r.i lm , r.1
0 (-3 + 5 L) vs (—3 2+ 551
(A3+A1)k—47rim20, (5)

B85, KT, mBEBTHELVWSRMETT (5) 2 Ex25. y iibslHIcHL L E, (5) &k
Tr=r(y) B—BERIZEE D, r(y) ZEABES CTHERIIZRO SNh3, X512, BT — XERO
MRARNIZ L 2% [3]) 2 (4) 2 H/EHEL, r(y) 2 (4) IKRATZE, m>345 4) 2Ty
WEFETEHIENEZD. RIBIZ, WA KT I7LVDOBREEDE S m OEHBEEZEZ LI LT
0<m<k/2EFETEBZLEMHDID, k>6725 (4),(5) 2T ry,v BWEET S LIRS
ns.

AEH R ORI EME AR 72, FEMIEGEE TR T 5. GEHATICES T 28 m 3 H S AR
EOBHENRBINTE D, SBITBMFAHRFREREG Lz, 72, ACTZAAI4 KA 7)1
CIFEN DR T4 RY A 2V, T 2L ¥ — L IRRMA % FERFICRMET 25 D & L TR
fFirohnsd 2 eh, #EESDFBEICE D FHRINTWE. ZHFEEZHWZAT 1 KU1 2)VOH
FHEHEEDTVEZL,
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Analysis of symmetric plane partitions using pfaffian identities
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1 W FEmDIND TV

FFEBHEN T LT 5 2 RN TEITE K CEIHPHEFAIEEML S 02 FEAE (plane
partition) ¥\ . AFTEHT 2D FHDHODEREEKTH 2. FHpENIEHHZKFOBMTE
B3 (ZoZrE IRV (nice) THZ2WS.) DEEEEEFD. MacMahon £FEIEL

A B C itjtk—1

1—
Z ¢ = H H H 1— Zl+g+k 2 (1)

w€PP(A,B,C) i=1j=1k=1
FENWRTEREROMAEITH 5. 7272 L PP(A, B,C) & A1T BAIOFHZEITERD C ZifE
ZABVHDDREKRTHS. £/ |n| FFHEHDE 7 ORI OB TH 5. FEHIZ MacMahon R
(1) O—ffb L TRDO BB 2157 [1).

min{A,B} m; ; A B C i+j+k—1

roa | 1- 1-
>y ]._[ Hl_yqu—Hk HHHl_zgz+g+k2 (2)

TePP(A,B,C) i=1j=1k=1

CTCAETT y DREHR DY, mii (& PHEITT

T

|7 OFEXNAERTORM (FL—R) TH53.

5332
WFFEAE (symmetric —) 13 ( 3331 ) DX CHD B EMAFIT OV THIMIEE X AT
2 100
WA EHENETH B, MEFENE DS RO & 5 7% 2o EEEE o [2].
A ; o
. 1— qC+2z—1 1— q2(C+z+]—1)
Z q\ | = H 1 g2t H 1— q2(i+j—1) (3)
TeSPP(A,C) i=1 1<i<j<A

7272 L SPP(A,C) 13 A1T AFNOMIMFEHEDEITEREN C ZBIARVSDODORKTHZ. ZDHE
BA%EE MacMahon REBEEL (1) ORFRRRE WR 5. FHE HI37BCBEIEL (2) OXFRk e L TR FAEK
1572

FHR 1 (K-FHE[3) EREOIFEEE A C IR LU TRHMD LD,

Z 5. | ﬁ i_[ YigCHi—k ﬁ 1 — yqCt2i-1 H 1 — 2g2(C+iti=1)
ysiThig” Cti-k 2i—1 2,2(i+j—1)
TESPP(A,C) i=1 k=1 )'yq o1 1-va Jcicica 1T yIEH

(4)
AP0 HERZ TR (4) OFEATH 208, ZHERETH 2. FiZTEKX (4) OFELDOFIE S
747 TREDLD, THK (4) OFEHE R 7 4 7 Y DFEICRAET 5. 7 4 7 Y DFtHEICIE S
74 7 v OEERAMSBT O HFEN B, YOEERE LD LS ICHVIUE VIR TIED
o, ARTIETEN (4) OfEHZ B LB THRO TR ok, SFEHESE O S TR
FRATRE (TR7 4 7 Y DEEFEREHVZDIELHEZ D) BT 4 7 VBN T 5.
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2 XNFFEDBRNENTT >

KPR 7 NI IERE X AG TR & — D —IZ0E 3 2. ZoRsZz AT 2 & MFR 775 o 7Bl
BE 7 4 7 TRTZEDAREICKR D [4]. 505G, ERXXNREBKL 74 7 v EEFRIT 2
Ishikawa—Wakayama DO 5] 22 HRD K ST 4 72D 5N TES.

B2 ACERTEOIFAEKET2. N%2 C 2BAMPFRCIEAERE L, v= (v,...,vN) &
0<v < - <oy <A+C+ N 2ifil-3TIEARBOME T2, ZDL TR ILD.

A i _1\i C+N+i—k
3 g 1] 1+(=1)q |
' 1+ (_1)zqu+N+sz
TeSPP(A,C+N;v) i=1k=1
=pf(0,...,A+C —1,ty,....,tux,—q =3, ..., —q_QA‘H) (5)

2 (A—1)(4A+1)
(—1)AC A Cc4aA=DEATD
A 02,2 g
[z (a%6%)i-1 [1 2, cor—2B26-1
T ZTSPP(A,Cv) 1%, AT ABITHA D E A C" OMFRFEE 2 E] 7 TENARTDRDEM %
723 bDDRKRTH 3.

® Uy — Cl + 1 %EL}{%O)iﬁﬁaJﬂZﬁ% Th4+1,k+15 Tk+2,k+2 Tk+3,k+35 - - - KEB< (k = Vyp — C/)
B Mhikti > 0> Kkpit1 ktit1 Zi723 0> 1 FET 5.

X

¥72 (5) DHLEIRDBDTEREINZ T4 7V TH5.

pf(zvj) = pf(z7tj) = pf(tlatj) = a’i/ij pf(zv _q_2j+1) = (_q2j+1)i
pf(t;, =g ') =pf(—¢ >, =gt =0  (i,j=0,1,2,...)

. i T —q)* i ¢ (=" &
f:fib a; =Y Hk:l %7 /6i =Y Hk}:l % VC%%
B2 W75 RERIC K 2 &, (5) DAEEDNT 4 7 35 X —& v PRiILIGE R H
MR FORICHRTEL L5 THS.

HEE  AREFZEIZ JSPS BHiffE 25K07126 OBIK A2 T 7= DT
BEHL
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1 &I

Bass €7V [1] 3R LHEBENRETALTH D, BUEEMNEERHRED Riccati HERXTH
%. ZO Bass 7 VIR RBEAERO THICHE DA 2 M, BAHEZMICHEIhRWEES
(FeBHEARE) B 280E CEMBAGED <o), ThehoEont ($XT
DRTRA=ZFIE) K HVWLHNE. EF—xodaid, LEBAGRBDAL#EINL 1D
b, ZORMIZELRME: 2] v TEz. Lo L, Satoh[3] iC &k h ZEIIRMENFAE LSRR
WA T HIEBARBD A L HEINZET - XPFET B e b otz Bl ARED AL
HEINZET—RXF LD LI CETNVEREE RO EAFEDEZN TR I D 5T 5.
2 Bass €EF7I)

Bass EFMIROMAHERTIAE NS, N(t) 13K ¢t $TOFRMGOBEBBAE, m I13HmK
()72 6 A B R (BERIME), p(> 0) GFEEAGRE, (> 0) ILERBARKTH . T2 5 m, p,
qDRTRA—REWET D CTHERBERERZ P TE 3.

PO o+ L) m - N 1)
R (1) AT OfRE -,
— e—(pta)t
N{t) = m (W) . 2)

3 nREaERHER
Riceati HRIICH LTI, BEBME HOMRINEN HRASEE 4] SATHD,

Npi1— N, N, N, N N,
n+15 n —p (m_ n+12+ n> + % {m (%) —Nn+1Nn} . (3)

HEohns 3. K (3) o MoMEFEREZSF2.
Nypt1N, = A+ BN, + C(Nyy1 — Nyp,) +e(n) 4)

TiTA="2 p="n) oo mep20) wp b, Ele(n)] =0,V [e(n)] = 0 LRET 3.
A, B,C OHEEMH 5 m,op,6q DHEEMEZES. Lk o =1 2 LTHKS. R (4) IZBEE 2 FDL
F—RY LTHEZGE, $72bb Bass EFVICERIINED 7 — X2 U TZELRRIEIIRAE L
W3, LLAEDPS, BF—XICko CUXLEBAGK p PALHESI NI Z 2D 5 [3).

SEEE AR p PALHEEINIGE T —XIIH L TIE Bass ETADBANETHEEEZ NS, p
NEEHEZI NS LK (1) DEEREIARD S FHIFRZ PR WD T — XD EDEIBET V%
BoTVWRVOLRBIb2 SR, Fiz, MRXOETOBKIIR#ETH S, BE¥ERS N, 1N, & N,
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¥ Npi1— N, 2D 3B B 22720 TH 5. X (1) EX 51t THHS LIUSiGs
ZAfES 2 EREK (5) TH 3.

Nn+1_2Nn+Nn—1 _ q—p o i
Nn+1 _Nn—l 2 m

Ny (5)

4 RTF—259Wh

FEr—% 2] e (4) OEFA2SRE 237 X=Xk 35 (5) O FFHAEDFHHEE LI L 7=
MZM1IRT. B, H1IZBWT, 2k, #BonTwaETFT—XeH2HHLLbDT, &
A (‘%-ﬁ) e, ZMRET, ZRAREBEMARO T —XZ2HHLEDDOTHS. p<0DL
ZWEEHARFEELRVWY, EEH Ep > 0Dk ZeAkIciko 7. RAC(room air conditioner),
CTYV (color television), CD (clothes dryer) 23p > 0 & #EEEh, ZOLSI p <0 LHEE SN,
B RAC DB OIEMHNOEEIIEMEDOMETHZ. K1 0216 p >0 eEI T —X&
v MIPETRRENNE L, p< 0 efEESNTT -ty MIFHR/RENRENI LD
2%, ZMiRkzE R US BEMARO P FRELp> 0T —Xty PeEDLLRVWI LN
bhs. —7, AP IZOWTIIEMARRIC»2O O T RJERENRKENI D2 5.

—— ik
g 03 e 25 AR
* T

. (a) CD. (b) US. (c) AP.

2 BEMRIC X B EM T —&2 DT ay b,

(049) (048) (048) (053) (052) (052) (0.52)

1: g 3RS

CD, US(ultrasound), AP(accelerated program) {ZDW T (5) D7 v b Z2{To 7D
2TH5. CDIZOVWTIETay e ERLEDEVWH/NX L Bass EFABETLE LTXREIHLL,
AP TIREVWHARELSIDLA RNV DDA 5. US BLHMAKTIE Bass E7/MCH LTV
25, ZHRHEIO 7 —Z AW L TWARWEDIZE2ERE LTREL TWRWI b b,

5 Fo
SR ARBHEEMED A L IR o e ET =X LT, 7T—XDEDHIHETLEE > TVRVD
RIS 2 TTTEERR LTz,
BE R
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