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1 Introduction
In this talk, we will demonstrate that every C'-diffeomorphism of a compact smooth manifold
M can be implemented exactly by the composition of a finite feed-forward neural network and

a single, time-dependent Neural-ODE flow. Specifically, we will focus on the following questions:

(Q1) Expressive power: Which self — maps of M can be realized exactly as the combination of

time-1 flows of a (possibly time — dependent) vector fields and neural networks (NNs)?

(Q2) Learnability: Under which geometric or analytic conditions does the associated hypothesis

class admit uniform or non-uniform learnability?

Notation and conventions

BManifolds. Throughout the paper, M denotes a connected, smooth (C°°) d-dimensional man-
ifold.

Unless stated otherwise, we assume compactness. Charts are written (Uy, ¢y) with ¢y : Uy —
Vy C R? and inverse 1 1= q5;1. A smooth partition of unity {p>\}§:1 subordinate to the finite

atlas satisfies >, px =1 and supppy € U,.

B Neural networks. A one - hidden - layer network (MLP) with activation o € C*(R) is the
map of the form N(0)(-) = Y1 | a; o(w] x4+ b;), 6 = (a;, w;, b;)1y, that is,
N(6)(z) € Span(o(w 'z + b)|w € R b € R).

Its gradient is VN (6)(z) = >, a;o’(w] 2 + b;)w;. For manifolds, we regard h : M — R as neural
if h=>3,pxr (N,\ o qﬁA) with finitely many Euclidean MLPs N.

BNeural - ODE flow. Given a time - dependent vector field X € C'(T M),
Ty = X(%ﬁ), To = T,

admits a unique flow CIJE? e Diff'(M). We call the map z @gp(x) a Neural- ODE block; it

is exact (no discretization) in all proofs.

B Mapping-class notation. Diff(M) is the group of orientation-preserving C*-diffeomorphisms
on M, Diffo(M) its identity component, and the mapping — class group [1] is MCG(M) :=
Diff (M) /Diffo(M ). Generators (e.g. Dehn twists T’,) are regarded as fixed smooth maps.

2 Main results
The following theorem is the primary result of our paper. We fix a compact, connected,

orientable d-manifold M and a bounded activation function o € C*(R). For a time - dependent
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vector field V (t) € CY(T'M), @g) € Diff' (M) represents its exact flow.

Theorem 1. Let M be a connected, orientable, compact d - manifold, and fix a smooth, non —
polynomial activation o € C*(R). Choose any (possibly countable) generating set G C Diff ™ (M)
of the mapping — class group MCG(M).

For every f € Diff™ (M) and € > 0 small enough, there exist

(1) k eN, {il,ig, ce ,’ik} CcN;
(ii) one-hidden-layer networks hq,. .., hg,,

(iii) O, time-dependent vector fields Xigy Xgiyseoos Xgg, [0, 1] x M - TM
such that

f=okl o (@, oheJ'o o (@)

1 Jig

Ohgik kOREa
where €; € Z (j =1,2,...,k) and € € {0,1}.

The sketch of the proof reads as follows.

Step 1: Sobolev universal approximation on manifolds. Extending Hornik’s Euclidean
theorem [2] with a finite atlas and a partition of unity, we demonstrate that a one-hidden-
layer network with any smooth, non-polynomial activation is dense in C'(M). Hence, for any
f € Diff' (M), we obtain a finite network h whose values and Jacobians are uniformly e-close to
those of f.

Step 2: Small-C! isotopy. If € > 0 is small enough, the error map & = ho f~! lies in the

small C! ball around the identity and is isotopic to id ;.

Step 3: Exact correction by flow. The straight-line isotopy yields a time-dependent vector
field X = k —id. Its time-1 flow, realized by a single Neural-ODE layer, equals k~!; thus
@gp oh = f exactly.

Combining these blocks with Dehn — Lickorish generators gives a finite ”’NN + NODE” factor-
ization for every element of the mapping-class group; this provides the constructive, parameter-

bounded neural realization of arbitrary manifold diffeomorphisms.
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1 &I

AR, AT EMOFERBITHEV, RRVIT — X201 e 3 2 EE 7%, NFERCBIT2KET
HE &t 2B TIEHINTWS. FHIRITTIX, Transformer ° S4 R EDH LW T —F 72
F ¥ BEIG L, BERVIET Y ¥ 7 OMREIZREERNCHE L L TW 323, ZAUTEENE T L O RS I3 HE
ftLTn3.

— T, Al > 27 2O REEPEDICON, MERIERCEEMTTHMEOREEEN T E o TW05S. it
R D FHEREE I E LA BEBUCE DOV T W2y, HIRETIE TR QNELC AT EEEIDHAE T
BEREMDIH D, ZHICFT R EFTALDL DY TV ABKDSNS. LIV Ty REIE, ASTDZ(Ic
X LUTHAMEEICEB LW &, &5 WIEEPCHICRERBICE I8 26T

AL T, RV EZE ET AT 2L Y0 2 AFHBOHAZ R T 2H —H L LT,
RS L Bl C T Rl RE 72 LSTM (Long Short-Term Memory) v bV —27 2R e 3 5.
EARNIX, HIEEERIC B % 6ISS (Incremental Input-to-State Stability) O#EEZISHL, AT
RIS 2 REINE D LEN 2 ERINCK T BRI (Recovery Time) | ZERT 5. EHIT,
BIRR %2 7 — X IR R B TRl s 2 TEZIRR T 5. AFEO B, AL £ 7 VO E8EM R 1
[ 7o 7 e ikatHEst 21035 Z e TH D, S K DML T T AAND R Z BB IC A7 AR
BEDAATD 5.

2 REFE

LSTM (XIKHE s(t), AJ1 2(t), BEANRT X=X 012k ->T, HENROMI] y(t) & ROBZIDIK
Bst+1) Z2FPHT 2R E=2—-51%xy b7—=2 (RNN) O—FTH2%. A TIE, LSTM O
A — MEEIZEE LT, RO XS 8F7 X=X 0 OB LTalidd %:

s(t+1) = fo(s(t),z(t)),  y(t) = ga(s(t)).

ZIZT, BRVIETLDOL DY) T v A% ERINCHH - HIH3 28404 2 LT, SIEERICBT
% 0ISS o2 % LSTM IZJSH 3 5. 1SS &, £ 2 ANRINH T 2 REDOEP K e & B
INHRT2HEEHAETZ2DDTH 5. BIRINIIE ¢ 1B L THFARD 20 ||s|| 1B L CTHAK M
B(lsll ) & ||| Wi U CHIERENA y(||2]) ZFHWTRDESCEKINB IRV

[51() = s2(t) || < B(lls1(0) = 52(0) ]|, ) +¥([l21(0: £) = 22(0: #)]|2,00)-

LSTM IZX3 % §ISS O+7r5etFix, idE [1] % [2] K& o TIREINTWBE D, FxiE, LSTM
WERIRFEZZIC B 2 AAEHES (invariant set) ZFERULT 2 Z 2T, K M+ 05MAzE
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Hi L7 [3, Theorem 4.2]. ZAUT XD, KD LEZRETWIH LT IISS 2 REEFIREE e o 7. &
BIZ, #i7ee LoV o R $EHE e LT TMERERR (Recovery Time) ] Z&EF L7 [3, Definition 5.1].
AU, —IFRZR AEBENC KD BEREBICER L. e 70, @EIKEBICER ST 2 X CoRfdzE
BT 2bDTH L. BERINTIE, D 2R to LIET AN =85 2 AN x(t), 2(t) L BIE e 10
LTRDEIICED S:

Tr(z,7,5(0);€) = min{t > to : FEED t/ >t 1 LT |ly(t', s(0),2) — y(t', 5(0),2)|| < e} — to.

Tr BANT— & 2, T HKIFTZ2EBTHD, T A M F—RIIH L CTERREEZRKD 2 Z 2138 L
<V, LU, AMLDIA TR 2 & 5 RBEF— X IIEELRELRIGENEZ L, FAMNLRE SN2 51X
F— ZIKF LR VMRS E T 5. £ 2 THR41E. REELS Y 6ISS @ B(||s||,t) & LSTM

RS R— 20 RAVTEL, 7
sup Tr(z,z) < Tr(0)

z,T

DR T — ZITF LRV ER % 5.2 72 [3, Theorem 5.3]. 2D LI, ETNAVDFEERT X —XH
LEMEARETH D, 2T EAET VIR L TL YV Ty AR ERBNICHHET 26Z e LTHHTE
5. EBI, ZOXSRLY VYRS 2468, RO LS WCETNLVDOFERICIEALIE & &
L CHEERBES L ITHAAL Z 8T, LYV TV RZFROET VOMPEIHIL L e N TE 5!

Loss = L + ®(6).

AR TIRRELZL D) 2 AFHiE X CHEFEOEMEICOVWTIE, fRRET LVEHWEE
EFEBRIC X DMEEZ 1T o 72, AR ERREB X ORI VT, L7y U+ 3] 228N
VAN
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1 Inverse diffusion coefficient identification
This work addresses the inverse identification of a spatially varying diffusion coefficient in a

second-order elliptic PDE with convection and reaction:
Problem 1. Given f in ), g2, and g1 on T, find o in Q satisfying the equation:

V.- (aVu)+b-Vu+cu=f nQ, u=gs onl, and ag—u:gl on T, (1)
v

where f € L?(Q), a,c € L>®(Q), b € [L=(Q)]¢, and (g1, g2) are given Cauchy data. This
formulation generalizes traditional models by incorporating advective and reactive mechanisms,
thereby allowing for a more realistic representation of physical systems. The use of a single pair
of Dirichlet and Neumann data poses additional challenges but also motivates the development

of advanced reconstruction techniques.

2 Recovery of the diffusion coefficient via complex boundary setting

To stabilize the inversion process, we adopt a variational approach based on a complex-valued
reformulation inspired by the Coupled Complex Boundary Method (CCBM)|, 2], where bound-
ary data are encoded as complex values. The inverse problem is stabilized by penalizing the
imaginary part of the solution, enabling robust recovery via regularization. To formulate the

problem precisely, we consider the following complex boundary value problem:

Problem 2. Determine o € A such that u; = 0 in Q, where u; represents the imaginary

component of the solution uw = u, + tu; to the boundary value problem :

V- (aVu)+b-Vu+cu=f n Q,
{ (aVu) u+ cu in @)

aVu-n+iu=gs+1iq onT.
We proceed under the following assumptions to simplify the analysis:
o V := H() be the real Sobolev space and its complex counterpart is denoted by V.

o We define A := {a € L®(Q) | amin < @ < amax}, Where aumin, @max € L(£2), satisfy

Omax > Omin > 0.

We define the parameter-to-solution map o € A —— S(a) := u(a) € V, where u(a) is the
solution to Problem B. The mapping is continuous and Fréchet differentiable. For convenience,

we write u in place of u(a)) when no confusion arises.
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We consider the following regularized cost functional

1 1 p
Jp(a) = J(a) + R(a, p) = 5w0||u1<a>|ré,g + §w1HVui(a)||§,Q + 5HO¢H§,Q, (3)

where wg,w; € (0,1), and p is the Tikhonov regularization parameter. In order to address the
inverse problem, we constrain the class of admissible diffusion coefficients and formulate the

following regularized optimization problem.
Problem 3. Find o, € B C A such that o, = inf,cp J, ().

Theorem 4. Let B is a finite-dimensional closed convexr subset of A, and let p > 0 be the
Tikhonov regularization parameter such that J, is strictly convex. Then, Problem B has a unique

solution o, € B, which depends continuously on all data. Moreover, o, is characterized by
(VuprVw,; — Vu, i Vw, . + pay, it —ay)oo >0, VY€ B, (4)
where w, = w, , +iw,; € V is the unique solution of the adjoint problem:

-V - (aVw)+b-Vw+ cw = wo Im(u) + w1 A Im(u) in Q,
ow (5)

a— —iw =20 on T,

on

and u, = S(a,) = up, +tu,y i, v € V solves Problem B in which o is replaced by c,.

3 Numerical Approximation

Using the classical gradient descent method with Tikhonov regularization, the reconstruction
result in Figure 0 shows the feasibility of the proposed approach with a single measurement.
The method achieves stable convergence and performs well despite the presence of measurement

noise, thanks to the regularization strategy.

ikl

1: Left: Reconstruction of a smooth diffusion coefficient given by a(x,y) = 1 + 0.5zy, with
initial guess ap = 1.0, p = 1072, and weights wg = 0.5, w; € {0.1,0.3,0.5,0.7,1.0}. Middle:

The exact diffusion coefficient a. Right: Cost history for the smooth-function case.

Cost Function Convergence for w0 = 0.5

Cost (log scale)

0 20 do 60 80 100
Iteration
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