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KILOHREDOEENIM RO~ 7 <D OIREER K3 2 25, #I FOBEGEEHMEA L A LT
XX DORENIEN 252 THIRITOLEN ZHEE T 20 MEIC X2 B8HEFT L E2EZ 5. HIKET
DR L BAED HY/2- 7 V8% i/MEd % a 2 FEEERE T % L IR X b fEd R 2 i
DR ERT 2. X512 OMEZRD 225 MEIZER T — X0 6 OFNIEEZ W2 2 & Th
RFE—2CET 28382 e TE 3. ZOMERHHLL TE L 21750 ERL TR
TGS 2 E e R RE R TRIC 72 5

2 BEBETICESRHE

I's ZMRHDOEMOF — X OBBFEBRL T5. 20 RO 3 KTHEIK Q OWIHIC~ 7 <D w
2EZ%. Q=0Q\ o THEEDZMSO AR EM LA S dw OREDIES D/ % KE DL
DBPEICA S X5 ICIRET 582 L2 5. MEDRD O OEHOBR Iy TERA 0, Mo
HTw TN 02T T5. T's TGN 0 & UTHMEKRREZ L.

At p % Lamé EBE LT 3RO T ¥ Y V% o(u) = Mr(e(uw)] + 2pe(u) &5 3.
e(u) = (Vu) + (Vu)1) /2 BIEEAT Y ATH 5. HEIH Q ODHNET V-o(u) =0 DFHHVH
fi7eEnTVde325L, 0w To(un=g ZitiZzL,I'pg Tu=0,TsUTly To(un=0 OLH
a7 TR RIIR ORI 2. e HRTEBZERE V ={ue H'(Q)3;u=0 on g}, ZO
ETOR—=IIERE a(u,v) =X [,V -uV-v+2u [, e(u) e(v) &L dw TO W = H/?(0w) &
W' = H=/2(0w) OXHEE (g, 0)00 = [,,9 v T 2L,

findueV a(u,v) =(g,v)s YveEV (1)

TH3. MRETOBHIEE v* T22E T's TOMERMEOEN  DEER/NIT S LR,
611 g &k 2MEERETE 2. HIBKE J(u(g) = (1/2)(ulg) — u*,ulg) —u*)gi/zrg) &L
T, W Toi/IMLHE

find g e W' J(u(g)) < J(u(g) VgeW (2)

2T () miery) & Q TOFFUERIC X > TEE 2 HY2(Ts) DWEE (u,0) g2 rg) =
a(,v). @& u € HY?(Tg) icxt L, I's T Drichlet ¥— & u = u 215 THEBNET a(u,w) =
OVw eV 2lTdDe 35, I'y & 0w TEAREREM o(u)n =0 ZELTWVW3.

BEMEDOTIE [1] 12X D J(u(g)) ODR/IMEIZ 0 Z 2 D, dw 1IZJ5)] g 23T u(g) W FNEREOMRE, % 7-
g BRET HENHEEIMEEEOME VTR TES 2 RT. wy,weV & ge HY?(0w)
23X LT Lagrange 8% L(u,v,9) := J(u(g)) — (a(u,v) — (g,v)ow) £ T 5. v ITHNFT2E5
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dyL(u,v,g)[0v] = 012 X b ERTE
find u(g) €V a(u(g),dév) = (g,0v)s, Yov € V
BREoND. 2D u(g) NT2ED duL(u(g),v, g)[du] =0 1T & D FEHERME
find v(g) €V a(du,v(g)) = (du, (u(g) —u"))gr/2ry) You € V

BRSNS, u(g) & v(g) kD L(g) = L(u(g),v(g),g) = J(u(g)) £4D, g ST 2L %E
T, MEZENT 5 ZTDORMENELNS.

dyL(9)[69) = (dgu(9)[6g), (u(g) — u*) prr/2(rs) — aldgulg)[dg), v(g))

—(a(u(g), dgv(9)dg]) — (9, dgv(9)[6g)ows) + (39, v(9))a

7% u(g) & v(g) BELZNIEMEHAMEORTH S 2 &0, J(u(g) DMEIEZ
dyL(g)[6g] = (6g,v(g))ow = 0 DX N2 & %, THRDBHEHEMBEDM v(g) ¥ dw T 0127 KT
EREN, ZXERTHL2 e roRIMAE0 272 5.

v* & ut € HY?(Tg) OFFRRIC & > TR S W78 L 7 5.

find v* €V a(du,v") = (du,u”) g2 pg) You € V
0(g) ZMEMEDME u(g) D T's TD b L — A2 HFFHLIRIC & o THRR SR L 5 5.
find v(g) a(du,v(g)) = (0u,u(g))gr/2(rg) You € V (3)
BErERIE D% — D20 BET 2 v(g) = 9(g) —v* &, (2) DRMEFROE /T EDORICKE 3.
find g e W <597’D(g)>8w = <6g7v*>8w Vég € W’ (4)
3  BEELRERE
Ow DI g 26 dw TOENY v(g9) ~NOXIG (4) ODFRRERBFCEMUEE X 2. V OFRE
FhEMEMOREORFOHHEDES A 35, 0w ODHHERZ A, I's DHHERZ A3 &3 5.

A=A @A @ A3 I L (1) ON—TERDOERERFEIRIC K 2 MIMEATH K 270y 71208 L
TRET 2. K 3NFMTHITH 2. (9,0)00 D Ow ORAFESD L2-EBAEZEREITH C TRT L,

Uy K11 Ko Uy K11 I K'Kq» Uy Cyg
K |uz| = [Ka1 Ko Kaz| |uz| = [Ko1  Sa2 I S3'Kas| |uz| =] 0
U3 K3y Ks3| |us K3y Ss33 I3 us 0

%%, EKEHE A 2S5 A & Ay NOBRFOHRNEZRZN R & Ry £ 328, g b
uz NOXHEDMEMEIE uz3 = RsK'RTCg = ACg = S33' BCg = S33' K325, K1 K;,'C'g
Y% AULBRTFORMERCT uz 226 uy ~NOFMILE (3) ZELED 0 BB L&D
uy = K" K12S55 Kozuz = BTug £ 7%2%. g=Cg LB &, (4) OHERGEELNE BT S55' BG = BTus
LD, I OREATINI R o, AR (CG) BRI & D fE A ORMOBEHZERICRE 2.
uz = Ag OIEBHERE ATAG = ATuy 37205 BYSL,' S5, B = BT Splus TH 5.

B OffHIZ K Oo#EH%Z & A, 4 EREEN FOEEZ AW 2 RED D 5. FHERHTBER 2R

BE XK
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BN R BERR ORI, FAFOHERLI YD X 5 IKEET 20 8\ BIEE, HZERE o Wik
I X BMROMBH 2 YRR T 27 DIFFLARLNAT VWS, Z I THINARBEOILK L &, M
To ko wwERLEN 2. RS ZHEER YL L, 2 ORECIEE MR #8720 L T
W3Y$5. TZONIMITERLZEBH X(t)(CR?) d D, KEeHIHERT 2. Zor &, ik
KOENS u(t,z) LHEES v(t,z) Xt <0 BV TERE L, t >0 TEMUREHZT

Oru = v, (xeQ)

Ow=0a?*V(V-u)— B2V x (Vxu), (reQ) )
u — 0, (lz| — o0)

v(t.€+en)] ZTX =V, (€em)

7L a,B (XN B IMEBEE ¥ BEEORE, n 13 X OHAERARY P TH L. S V(L x)
FBRITIN S ZNAEROZEREZRLTE D, FUCHIED X S REMGTRET 2 2 AMBHRDY;
a Vv bi(‘%bﬁﬁf‘ V.n=02t745%.

ﬂﬂ;ﬁi?ﬁ’]ﬁﬁ‘ﬁi))%&i BORESG V BEGA o0 2ITEEY v BEIRLDPHPEETDH 2.
TER DV LA TIE, V' & U THEINE S 0 EM D2 ES 2 2 2o 7203, Bl
FE OB @B ICE . 2 S TAMATIE V ORZEBDTIC ., A X2 M mL7d
DEREL, ZOHEWT L O GEFCBI 2HEOEESL 2> I 21— 15 5.
2 FE

ABIFETIE, IR D & 51D R B2 R 22 MNCBERE L, SR BRI L D R E oM E v %
KDz

v(t, x) :/t - K(t—71,x—&)V(r,€)dédr

2
NZK — T,z — &) V(1,&) 080T @

I TmER K X, 2 %Eﬁﬁ%%a:ﬁ%ﬂu ZOERIZHMEOWE D EENE R SNIED, 3
ffird (¢, z) CBF2HEFEETHD, X (0) oEAFEAALCTHEONS [I]. SEBELE VI,
2025 3 AICI ¥ v —THRELLHMBONIELIFEY O F U A 2] 1ITEDL. ZoMETIE, ik
Wi HIRE 3 % R A3 T SO W) TGRSR S L (3], Z 2h SRR OZEEFNTOWTE L ORI
ARG ono005H 5. BICEMINLMEEZEFE 2] Ik D, D THIMARME D HEESMT bR A
ESGHHHTZ 280, 25 TRWEARIET 2 Z e HBHL TV, 22T, RET 2D 7010
W RRIZIRIE D IERELEZ IS 2 I ERTE 2 IRE L 7235812, A OHER LD X 512722 H iR
AEL 7=,
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5o N7 BEHEORFRINCIE, / 4 ZOHEINX GO, ENKE L EABERS
WCEDHSE SN, BiE IR Tl R 05 @il S 2 BN L S, B IHHERE R &
AHilli A TR REEFEHARE L C 2 RSB BT 20 TH o . D2 i, WifEEes TElil
NS BHEIIVICHE & 2 R L IREN T 2 DHEAS T THRIFT 2R 2R T, HE, I v >
X =BT MR D I 5B ZD X5 Rk F2HMET H D 2], PRERRII 7L E 7 /LTI
Z YR LT DEREOED, Bz X <HHT L 2005,

BBSEO 7 4 ZfE, X (0) B2 ¥ EOBEREFIFZT,

v (tE+en) ST =1+W)V,(E€X) (3)

€E——00

PIREFTAZLIELWV. 22T, WX a, 28 1 & b0/ S RFZERKRT A4 F /4
A TH5. LIzhBoTIDETME, BRFMICREEN ) 4 22 E0HERRMASTEATH2dF
25, A XEHEE S NLMEDLE, 2D BOmEI R HICZE T 22 idzwv. Ll
SHED LS/ 4 XFEPBENT 2HEIE, ZOMBIET TEELZLL, BT/ A4 XPEIHEVIE
EHIX NS IIER ) 4 XOFEIINI Ve WS KRR Sz

HiEE  ARRFZEIX JSPS BHFE 22K03782 OB A2 37 b DT,
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1 U9 HHELcZERELA
BIE E OMBIOBEEEZEENE, ROBBEETRITE S [1]:
0o ou

2T, 0 [0,T]|xQ — Sgi&sh, T >0, QE R (d=2,3) DAY EIEZHAMHE
B, Si & d XNMFMTANRED 2§28, S FHHE, M, FhREEar 75470270V
V(ST =Yy — L(trT)Ey (1 € 84),E > 0,—-1 <v < 75), u:[0,T] x Q — R 1IN,
E(u) = YV iy ong A, K C H = L2(0;S,) 352 SNEMEATHD, I 33T
B, 0Ix 3 Ix DHEWHET 5. 20 K FHESeIh, K oLGEfUIRERihmm e midhs.

MENZHED IR UMEZMZ 2 e, MHEEZEC S E 2 DITRERFMENIZATZARELREZ
BB, ZOHKERVTAEE WS, OFTAED—DDFLRFET D 2 HERE(LAITIX, B
EOETITHEVHIERE IS N ZENTREIT 2 E2 5. 22T, HIWESHRABEKTSH S
WO A e, = E(u) — So IKIFT 2 IBBBILEF MCOWTER 3:

K=K+a, a=as, K)={recH:|tP|<g(t)ae inQ}. (2)

ZZTRRBERIME IR LT, I —¥ROBRME (BREM) ZELTEBD, 2 =7-YTE,

7T DRERDTTHY, |- | FATHNTXHF % Frobenius / V4, Eg & d XHEAATH], a > 0,
a:[0,T] x Q= Sg EHEIEHIT a(0,)=0&L, g:[0,7T] = L2(Q) 152 6hzdbDr T 3.
2 [deE

QOER T =900 I LT 2O0D0HWIRREDES [, DFEL, [ =T1UL,, [I'1| >0
il T eARET S, 22T, [T E T D (d—1) RNV RARLIHETH 3.

RIRE 2.1. REMLTEMEE v:[0,T] x Q=R 25N 0:[0,T] x Q — S; B3R X.
v=0 on (0,7)xTI}y,

v ) ) .
i ndivE(v) +dive + f in (0,T) x Q, (nE(W)+o)n=0 on (0,T) x I's,
+ .
Saieg(”)+b—a—7[((0) in (0,7) x €, v(0,-) =vp in ,
ot 0(0,:) =0¢ in .

::T%Kmﬁ%tZ@ﬁUféer:EO@wma—SamﬁﬁﬁéCDT%&%%%%@T%
.0 >0 WFRMERE, f:(0,T) x Q— RIS, b:(0,T) x Q — Sg IFIEBFRIEFREM % HX
BERAAFIC BT BB T BB, vo: Q = R ¥ 0g: Q — Sy & 09 € K(0) &= 3 wIHHET
HH, 525N TVWEHDLT 3. k7, n i3HR T IS 2500 X BAEGRRZ MLTH 3.
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M 2.1 ZRINCREBIE TR S T2 8, IHPERMEZ R BEN D L. 22T, 2] TRHEL
J1 aDBEHIT ST =17 (1 € Sg) DHEIIH UTHEENT Tu—F 2RE L. KREHTIE, (2) D
X WCHIE a DT AIMKFET 258D GHIENT o —FBNGMTH 2 Z L 2N d 5.

3 BRERXF—L

R Q #ERIREAESE T, CHEILL, SEHE K € T, OBEKEE hx = dam(K) &L,
h=maxger, hg £ F5%. Pp(K) % K Lo~ m REERZEME L, W™ = {¢, € C(Q) |
Unlk € P(K) (VK € Tp)} ¥ F 5. A#ETIIEESIC KEH, BRI REREHW5:

Vi= (W2 nHNQ)Y,  Hy={m € C(Q84) | 7|k € P1(K)> (VK € Th) }.

RIS 2.1 (0t 8 2 BAHRHE 2 % — 4 (cf[2]) 2HRET 3: 00 € K(0) 27T HIME (00, 00) €
Vi x Hp, 5260k l, £n=12,...,N T, X3 v} € Vy, 0,00 € H, ZRKD%:

n n—1
Vy, — U n n,* n
(i) nlEGR).ENus + (0} Epi = (fiphaa forall ¢ € Vi
L2

ok n—1

57h &% = E(}) + b1 in Hy,
n—1 n,*
n n n o, —0 o, — oy . (3)
Sh:g(vh)—i_bh_ShTth <: ShAth> m Hh,
n—1

al —« .
% = G/é.;z m Hh,
o —af =1,Pyr (07" — ajy) in Hy,.

7272L, 22T a) =0, 10, \& Lagrange fifEIfEAZE, Pr:Sq— Sq R TERINZDDTH5:

F if |FP| <R,
Pr(F) =4 trF Fo
Ce = 1%}(6 - m(tre)Ed) (e 8y NI, CST=1 (1€8) BDT, (3) DEF 2
ot = o R AC(E(0R) + b)) EEF B, koT, H1RTBVT, v e Vi, o0 € Hy B
BEAN72 5, Korn ORENX L C OIEEMEMY, Lax-Milgram OFEHN S v € Vi, D3RE 2. FHUOH 2
XEHWT 0" BPRES. %7, (3) DHE 3~5 RFTRLD XS ILFTEL7D

o —ap = S (opt —ap Tt - Pop (o™ —ap ™), o —aj =Pgp (07" — ajy)

oy, op BHICHETE 2. 2% b, BEAF -2, EBEORE AR ERNT o ZEHL,
BHEZATHION of ZBINETREL, IWHZHIRESAFE T2, L0 ¥ ¥ FIVREETHD.
AETIE, BE 2.1 OFBRO—BEMEHICOVWTHENL, BEXAX — 20PN ) LADT
TERTHD Z L ZRT.

BE R
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1 Introduction

For modeling the viscoelastic phenomena, a lot of spring-dashpot models have been proposed,
in which spring and dashpot units represent elasticity and viscosity, respectively (see [1]). Re-
cently, there is a trend to include time nonlocality in viscoelastic models to describe the memory
effect (e.g., [2]), but the governing equations mostly lack rigorous derivations. Taking a frac-
tional time derivative in the motion equation of the dashpot unit in the simple Maxwell model,
we derive a double-term time-fractional wave equation with orders 2 and 8 € (1,2) in time.
Moreover, we study a related inverse problem on determining the spatial component of the

source term by partial interior observation.

2 Derivation of a Governing Equation
We investigate the Maxwell model, which simply connects one spring unit and one dashpot
unit in series (see Figure 1). Then the traditional constitutive equation for the Maxwell equation

can be written as
p(2)0?u = divolu, @] + F(z,t) (Newton’s second law),
olu, o] = C(x)(e[u] — ) (Hooke’s law), (1)
n(2)0p = ofu, ¢ (dashpot property),
where u is the total displacement, e[u] = (Vu + (Vu)1)/2 is the total strain, ¢ is the strain of
the dashpot and o[u, ] denotes the total stress. Besides, p(x), C(z), n(z) and F(z,t) stand for

the density, the elasticity tensor, the relaxation parameter and the external force, respectively.

M-

1. The Maxwell model.

In order to reflect the time memory effect in the Maxwell model, in the dashpot property in

(1) we replace the first derivative with a Caputo derivative df* of order o € (0, 1) to consider

p(2)02u = divolu, @] + F(z,t),
alu, ] = C(z)(elu] = ¢), (2)
()0 = olu, ¢l,

where 02 := J'=%o & and J1 f(t) fot (12(13)05 ) ds denotes the Riemann-Liouville integral
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of order (1 — «). Then our purpose is to derive a concise governing equation for (2).
For simplicity, we restrict the system in one spatial dimension and assume that the initial

displacement vanishes. Introducing an auxiliary function

o(z,t) = /Ot Fus (- i((;“’)) (t - s)a> Dou(z, ) ds,

where Eq 1(2) := > pep F(#kﬂ) denotes the Mittag-Leffler function, it turns out that v satisfies

a double-term time-fractional wave equation

p(@)C(2) g v -
(@) D, 0:(C(x)0,v) + G(x,t), 3)

V=0 =0, Opli=o = u1(x).

p(x)02v +

Here f =2 — « and Dtﬁ = % o J* is the Riemann-Liouville derivative of order 3.

3 A Related Inverse Source Problem
To formulate the inverse problem, we relax the spatial dimensions to d € N and consider (3)
in a smooth bounded domain Q C R%. Then we impose the homogeneous Dirichlet boundary

condition and assume constant coefficients p, C,n to consider

p&2v +kDPv = CAv+p(t)g(z) inQx(0,T),
v=0, Ow=uy in O x {0},
v=20 on 90 x (0,T).

Here the source term G(x,t) is assumed to take a form of separated variable, where the spatial
component ¢(x) is unknown. Then we deal with the inverse problem on determining ¢(x) by
the partial interior observation of v in w x (0,7") with a nonempty subdomain w C Q.

For the numerical reconstruction, we adopt the classical Tikhonov regularization to reformu-
late the inverse problem into a related optimization problem, for which we follow the line of
[3] to develop an iterative thresholding algorithm by using the corresponding adjoint system.

Several numerical tests confirmed the accuracy and efficiency of the algorithm.

#EE  This work is supported by JSPS KAKENHI Grant Numbers JP22K13954, JP23KK0049.
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