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1 Introduction

In various scientific and engineering fields, random or non-uniform points are often distributed
within a domain. This approach is useful for rapid exploration of unknown spaces, identifying
regions of interest or avoidance, and achieving broad coverage—sometimes by varying sampling
densities to prioritize specific zones. However, although random sampling is effective for quick
assessments, it is generally inadequate for tasks that require precision, balance, or uniform
coverage. Randomly placed points may cluster unevenly or leave gaps, leading to biased or
incomplete representations.

Generating points with uniform spacing is essential across many areas of computer science
and applied mathematics. For instance, in numerical integration, low-discrepancy, uniformly
distributed points are critical for achieving accurate and unbiased estimates, especially in high-
dimensional Monte Carlo and quasi-Monte Carlo methods. In computer graphics, uniform dis-
tributions help ensure smooth rendering, precise texture mapping, and artifact-free procedural
generation by evenly spreading visual features. In the field of medical imaging, such as CT and
MRI, uniform sampling is vital for reconstructing accurate images. It ensures that all parts of
the scanned region are fairly represented, reducing artifacts and improving image quality.

These diverse applications highlight the importance of uniformity—mnot only as a theoretical
concept but also as a practical requirement for achieving accuracy, fairness, and high quality
in fields such as computation, engineering, visualization, and healthcare. To achieve this, we

minimize Coulomb energy, which defines
1
E = _
Z | —

where z; = (x;,y;) is in the region  enclosed by a curve, to promote uniformity in point
distribution and incorporate horizontal winding numbers to ensure that points remain within
the desired region. Specifically, points inside the boundary have nonzero horizontal winding
numbers, while other cases yield zero, enabling us to generate uniformly distributed points

within a confined domain.
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2 Results
This figure illustrates one of our results, where we start 1,000 random points in the region

enclosed by an elephant-shaped curve.

Elephant curve with 1000 points Initial step with 1000 random points
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1. The top of the left-hand side of this figure is the elephant curve with 1,000 points on the curve, the second
one shows an initial step for putting 1,000 random points on the curve, the bottom of the left-hand side shows
step 15, and the last one shows the last step which is 5,149 steps.
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