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1 Abstract

I will present a modified Fourier method, termed the Positive Definite Fourier (PDF) method,
for estimating the spot volatility matrix process from high-frequency financial data. The primary
contributions of this work are the introduction of the PDF method and the proof of its consis-
tency. This addresses significant challenges in volatility estimation, namely high computational

costs and accuracy issues.

2 Introduction
We consider a d-dimensional It6-type semi-martingale X on a probability space (2, F, {F; }i<1, P).
For j =1,...,d, the process is defined as:

X! =x)+ Z/ ok (s)dWF +/ bj(s)ds, tel0,T]
k=10 0

where W is a d-dimensional Brownian motion, and b; and oj; are adapted processes. Our
objective is to construct an estimator for the spot volatility matrix X(t) = (oj;7(t)), where
o (t) = ZZZI ojk(t)ojk(t), using discrete observations { Xy, }7_;.

A foundational approach is the Malliavin-Mancino (MM) method [2], which is robust to market
microstructure noise. However, the resulting estimator matrix, (6%);;, is not guaranteed to be
symmetric. This implies its eigenvalues may not be positive real numbers, which is a significant

drawback.

3 The PDF Method

To overcome the limitations of the MM estimator, Akahori, et al. [1] introduced a modification
known as the PDF method. This estimator is designed to be always positive (semi) definite.
The PDF estimator is defined for ¢ € (0, 27):

1

A9 J i’
() = ——— D t—ti,t—ty) AX,AXS
1<j'<n;, 1<V <n
where Dy ps is a kernel constructed from the Dirichlet kernel Dy (z) = Z]kvz_ N e** and a

probability measure fipy:

Dvar(,0) = [ D) Do + waas ().
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4 Consistency of the Estimator
A core result of our research is the proof of consistency for the PDF estimator. We analyze
the expected supremum error, which can be bounded by three main terms, I, I1,I11:

E| sup [(63)ut) —ou®)|| <T+IT+ 111

tE[e,2m—¢]

These terms represent the error from the estimator’s structure, a stochastic error component,
and an approximation error for the volatility function, respectively. Each term is bounded as

follows:

W
1< 20CuNot2+ M) 3 (1 ey ) o)

1 k %
IT< CypoN+1)72 > |(Fuar) (k)] (1 - QJ\HF 1)
|k|<2N

Cvzs

ITT < wo(9) + 2N +1)(6 — o)

+ Cv,a(2N + 1) par (R\ (=", "))

By controlling the parameters N, M, p, d,d’, we can show that the total error converges to zero,

thus proving consistency.
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