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1 Overview

Let T' > 0 be fixed and W be a d-dimensional Wiener process on a probability space (2, F, P)
equipped with a filtration F = (F;)o<i<7 satisfying the usual conditions. For the solution of
forward-backward stochastic differential equation(FBSDE); for 0 <t < T

dXt = /L(Xt)dt + (T(Xt)th
T T
Y= () + [ f(s. X Ve Z)ds — [ Z7aW.
¢ ¢
and the solution u(t, x) of the partial differential equation(PDE)

1
Oyu + §troaTV®2u + 1"Vu+ f(-, -, u,0TVu) =0, on [0,T) x R%, @)
u(T,-) = ®, on RY,
where T denotes transposition of matrices/vectors, and we assume that o : R — R?% x R4,
p:R?P = R4 &:R?— R,and f:[0,7] x RY x R x R? = R have some regularity to ensure
that the solution u of (2) is smooth, the following relationship holds (see e.g.[1]):

Yi=u(t,X), 0<t<Tand Zy =07 (t, X;)Vu(t,Xs), 0 <t <T.

We are interested in obtaining a numerical value of u(t, z) by discrediting the FBSDE (1).

If the derivatives 0u(t, z) were available, we may well use a Taylor series expansion to obtain
a higher order approximation. In [2], this idea is employed, for the case d = 1 for clarity,
combined with the nonlinear Feynman-Kac formula. The obtained expansion involves the higher
order derivatives, but how they can be numerically obtained in each step is not explained in
[2]. In the research presentation we will propose a scheme to numerically obtain them; they are
given by the conditional expectation of the n-th derivative, E[07u(t + A, Wiy a)|Ft], where @ is
the approximation of u at ¢ + A obtained via the scheme. They can be numerically calculated
by solving an optimization problem for neural network functions— possibly by deep learning—
via the non-linear Clark-Ocone formula proposed in [3]. In the research presentation, though
we still restrict ourselves to the case where d =1, p = 0 and o = 1 for simplicity, we obtain, as
the main results, the error estimates |07 u(t, W) — E[0Ru(t + A, Wiya)|Ft]| of the second- and
the third order.

Let C3°([0,T] x R) be the set of C°° functions whose derivatives of any order (including the
0-th one) are all with at most polynomial growth in z and bounded in ¢. For w € Cp°([0, T] xR),

we denote by 01w and dow the partial derivative with respect to the first variable, and the second
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one, respectively. Similarly, for f € C;°([0,T] x R?), we denote by 91 f, daf, Osf and 0,4 f the
partial derivative with respect to the first variable, the second one, the third one, and the fourth

one respectively. Let £ := 01 + %83
Theorem 1 Let ® € L?(R, i) where

1 o2
pldr) = ———— e 25idx,
(2w At)2

and f € C°([0,T] x R?). We assume that the solution u of the equation

Lu(t,z) = —f(t,z,u(t,x),0u(t,x)), P(Wr)=u(T,Wr) (3)

exists in Cp°([0,T] x R) for t € [T'— At,T] for T'> 0 and 0 < At < T'. Then, for k = 2, 3, there
is a function Cj, € Cp°(R) such that

B[O ®(Wr) + Gio(T, Wr)| Fr_at] — 05u(T — At, Wr_a¢)| < Co(Wr—ae) (AL,
where the differential 9)®(x) is in the sense of the distribution. Here
Gn,2(T7 WT) = (At)agf(T7 Wr, U(T7 WT)a 82U(T> WT))

and

(At)®

Gn3(T,Wr) = Gpno(T,Wr) — 5

L@Sf(T, WT, U(T, WT), 82u(T, WT))

We recall the main results in [2] and [3], namely, the nonlinear discrete Clark—Ocone formula.
We present the numerical scheme for solving equation (3) and explain why Theorem 1 is impor-

tant for the scheme.
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1 A rough SABR Forward Market Model
Let P;(T) denote the price of the zero-coupon bond with maturity T at time t < T. For a tenor
structure 0 = Ty < Ty < --- < Ty, we define the forward term rate R’ for the term (Tj_l, T]'] by
i 1 (PTj)
0 ( P(T))
where 0; = T; — Tj_1. For a given pair (I, ]) with 1 < I < J < N, the forward swap rate S = {5}
for the period (Tj, T}] is defined by

1), j=12,...,N,

_P(T)-P(T) | ¥
S = T, Ar = j;l ijt(Tj)- (1)

To accommodate a volatility skew for each caplet market in the framework of Forward Market

Model [1], we propose a rough local-stochastic volatility model of the form

. . X R . t t
dR{:yj(t)qj(R{)\/;{dw{*, logV{:logéj(t)—% f C(t —s)*ds + f Lt—s)dW,, (2
0 0

where

j . N .

‘ . 0; ; ) _ 0; ; ,

W= Wity fo i ON(R) | Vipydt, W =W+ ) fo oV OMR) yVipiodt,
i=1 15N i=1 15N

and (W°, W', ..., WN) is a correlated Brownian motion under a risk neutral measure with a

constant correlation matrix [p;;]. Here, y; are deterministic functions with y;(t) = 0 for t > T},
C(t) = wet 12 (3)
with ¥ > 0 and H € (0,1/2), n; are nonnegative C? functions with

nl(r) ’/ 144
sup —— +sup [n;(r)| + sup 1|}’ (r)| < o0 4)

r>0 r>0 r>0
and &; are deterministic positive continuous functions. We assume that pjp <0fori=1,...,N.

For each j, under the Tj-forward measure, R follows an extension of a rough SABR model [2].

2 An asymptotic expansion of the swaption implied volatility
Lemma 1 Let R”* denote the local martingale part of the forward term rate R/ under Q" for
eachj=1+1,...,]. Then,

J
ds =) IWdRF, V= L

0;P(T))
AP(Tj-1)

]
P(T) +S Z GkP(Tk)] . (5)

j=I+1 k=j
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The swaption Black implied volatility o(k, t) at time 0 has the following asymptotic behavior.
Theorem 1 Under (2) with (3) and (4),

a(k, ) = \Ja(t) (1 + ¢ktH-1/2) + o(t)

uniformly ink € {k € R; k| < a Vt}ast — 0 for any a > 0, where

1 J
z‘)(t):\[0 v(ts)ds, o(t) = Z piTuTj [ Ei(B)E(E),

ij=I+1

n](R ) B K L
=T YT RHT DHE+3/200) ].;1 Poit <10)

This asymptotic formula enables us to construct a forward swap rate model S* which approx-

imates the forward swap rate S in the sense that the Black implied volatility o*(k, t) under S* has

the same short-time asymptotics as o(k, t). Define S* by

i* VVidw;, Vt—vt)exp( f C(t—s)dW — = f C(t—s)zds) (6)

with §§ = Sp, where (W%, W*) is a correlated Brownian motion under Q* such that

(W™, W, = pt, p= Z poiTt; \J&1(0).

] =I+1

Such a Brownian motion exists; let W be the local martingale part of W° under Q" and

e E(OW
\/v<0 ]Z;‘l] :

where W/* is the local martingale part of W/t under Q*. This means that -1 < p < 0.
Theorem 2 Under (2) and (6) with (3) and (4),

a*(k, t) = o(k, t) + o(t")
uniformly ink € {k € R; k| <a Vil ast — 0 for any a > 0.
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1 #E

BMTACBIT 20 O0HEDXRE LT, TUNT 4 7OMMRSFHERZE T 5N SE. T U NT 4
TR IE 2 & 5 S IZED R S TVBA, BT AU AY « Ty b - AT v areldns
SRIRAER RO ML, BEERNCEEL <, BUERERE L v, ABETIZC O X5 i
R LT, JERBEETIE L H5 M3 DE AR Sine AR ¥ W o EIEFHEFIEOBEAIC X 25
B LSRR IRET 5.

2 FERRCARENOEH

e S, (FEPEMNG) 3875y VEBCHS bDLTE. 77X VAV - Ty b AT a2
N2, REEMIED D B S L D /NS FAUSEIEBICHERTITE S 2 & 5 RIEF UM B(t) 237
fEL, Tz RlERITHEER PR, B(t) 3 T F TOERORLTERINIHMTDH 3.
TRAVHY » Ty b AT Y a rOMSIIREENITHEREIC LD KRDENE Z e o TVS.
B(t) & B I Z0MWHEICEI L T Jacka[l], Carr et al.[2], Evans et al.[3] SO Z k.

c>0%2KRST4 VT4, r>0%BURIEREL, t=T— (27—7“;, B(t) = Ke "W, ¢ = g S
ZEMEEAT 2 8, B(t) A TEETERBUTO & 572 b(uw) A9 TR R Ic LT
5. b(u)ldu>0TERIN, PRFEHFEMDD b(0) =0 2 TEHBETH 5.

oy (MY sy (DTl

Tou V2u
+q /Ou e (=) <b(u) : b(U)Q_(u(q—_v)l)(u - ”>> e Y

b(u) FENTHNTRKD 2 Z e BT ERWD, BUHFFIZ K DRD 2BEHDH 2. DK (1) 128
L, UTO X5 Rt %EEZ, by(u) ZHOT by (u) ZEDDIRAF—LEMETZZ212LD,
MERATIELE SR b(u) ZETRTE 2 Z e hbd o,

Sy <bn+1(u) —(q— 1)u> b )y (—bn+1(u) + (g + 1)u> .

o V2u

3 HBEAL
AWFRIC BT 2 IR ZHERIL T 2B, MO 2 SOMRUEFEZ W 2.
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HDouble Exponential Numerical Integration

/ FPP() [P (s)ds = h Z F@PEGR){PEY (h)

where @(s) is the function as ¢(s) = exp {g sinh(s )}
AEFZETIE, RETHT L I 7 2 2K T 20 IHZ £IXH (—00,00) TER SN2 AN & ZHE
sz eicky, BHETERE f(§) LT

oo 1 4RM—1
9 [ H©d = aho(s) ] SR+ Y f(-Re b + 3 F(R)

j=1
4RM
~ qhe(s Zf —R+ jh).

YHEBULT 5. DE B AR X 2 BUEF E oS EE, HHAICH S Tw 3 2 X RS
T LEEEFAIEE S 2 LIEFICERERMEERZ N TEDZ LW HEIIH IOV TWVWS.

HMSinc Approximation For a function f defined on the real axis,

ijhslnc(—g) ijh h)(),

Jj=—00 Jj=—00

where S(j, h) is defined using the Sinc function as

S(j, h)(x) = Sinc (”3 _hjh> |

ZAUCE D, BEEb(u) 1ZLRD X S ITETE 3.

b(p(s)) ~ i ¢, Sine <y _If(s)) + 2 f(zzs) log (1 + 2) .

k=—N

BERUE R F — 2 O 2R EBEOBUEF T AR RIS OV TIEETHRE T 5.
S AR EMIRERSRE (JST) SPRING, JPMJSP2174 O E#ZIT T\ 5.

BE X
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1 BE

R n & 2, HN T 5 —< 0 RAEMER W REIRE - BREEBZEZ 5. 15T
7 /LZid Black-Scholes 52 8@ U, FHBIEE UTXIRRHBEEZ vz, SRESHEORIR
&7 vt 2id Cramér-Lundberg €7V OEMITRIAL, REFEXEDV R 7 28T 2 72 DITHRIE
ZEHT 2 LEd. AWETE, BIVETEEZHWT HIB EX2E L, 20 n #HHTO
Nash ¥#i%#E 2, ZOHRNEAEERES. X512, n ZERBRKL LEHEOEIETY — 24 (MFQ)
L 2ot (MFE) &8 3 5. RRZRIC, RRABRBIEFRERZE T T, ET 87 X =X ERRE
X UOREMISICE 2 208 % 7 LR R 2/ T 5.
2 ETIERE

AT, i FH (i =1,2,....,n) ODFEESHEOY—7 7 2@EEL LT, XD Cramér-Lundberg
ETFNOELERZ RS 5.

dRi(t) = {Bi + m:qi(t) ya;dt + bqi(t)dZ;(t), Ri(0) = ;. (1)

R {Z))y 275 EBIE U, B = vi—ni <0,a; = (AN > 0,0 = /(A + X)) >0
35, 22T, A> 0) Z2EBRARtHAOHEDY 2 v Z7ORERT R YV VIBREORE T,
Ni(>0) 13 i HEHORBARAER DS a3 v 7 ORERTRY Y VilROMETH 5. nl, uh i %
HORBEMOZIWED 1 RE—X Y P 2RE—XV FTHB. v, ni(>0) kzhzhi &H
DIRBREAL D safty loading & FHRERICNT S % safty loading TH 5. F£7z, {q:(t)} &, 1—q(t) D
i HEHORBAM D FERBICMAL TV 2EIEERT LT 5. ¢(t) =1 DL THEMARITEIMALT
WIRWIREET, ¢;(t) =0 D & ZIRMFELERZHRRTHAN-L TV EIREZET.

RICHIHICE L TARTWL . TBIEEFR 0 OLLEELDHZ T 5. £z, i HFHOMRER
HAIEREEL LTHK {S:(H)} KOAZKET 2D T3, ZOrE, {S(t)} EROMERML TR
RIS T 5.

= p;dt + v;dW; (t) + O'ldB(t) (2)

772l (W)} & (B} EEWIHN 7oy VEET, EHED /A Xe@D /4 X ezhz
nxy. {Z@t)} b AWV TS, K, u; >0, 1,>0,0,>0, v,+0, >08F 5.
{mi(t)} % i HRE DR EIREFEITHRE T 2REFL T2, 2O, i HHORMRBHOE
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BRRERD X512 5.

dX;(t) =dR;(t) + mi(1)
L () + as(Bs + migs (£)) Yt + bigs ()dZ: (1) + 75(D)vidWi(8) + mi()osdB(). )
DL E, FFRARERERIE {7;(t), q:(t)} WX LT, HARFRIH

Ji((mi,i)in) = E [U (X (T{X(T)} ;6] (4)
1/n

#EZ%. 2T, 0;€[0,1], :<HX ) ¥L, Ux;6) = 11/53:11/5 (x,6 >

0, 0#1) &3%. AFKETIE, ZDOn T LAY— @EP’CODNashi’]@I’«E%K. Z DHERE % BHIRIVIC
5z2%.

3 ERER W FLAIV—DLE)
ROFEHD Hata et al. [1] @ Theorem 2.2 £ LTHEZHNTWS.

FE1 n>2r32. FEDi=1,--- ,nIHLT, 2 >0,0; > 0,0; € [0,1],p; > 0,04 >
0,v; >0,0;,+1v;, >08F 5. ¥/, FED1<i<niTHNLT, x> max (—a;3;) T &35. Z
DY %, Nash HHEMTEIEL, EMT 28I (17, ¢, WRXDE 5152603,

“(t) = il _ (6; — 1)0io; ®n,
Tt = o2+ {1+ (6; — )0i/n} o2+ v2{1+ (6 — 1)0;/n} 1+,
g; (t) == (hi V0) - { X7 () + (1) }.

P, by 3B 3N 1 KRROMTHY, a;(t) = (T —t) TH%. %7,

} X (1) 1 (),

¢ _lz 0iTifli ) ._EZ@(&_U 02‘2

" n = of + v {1+ (0; — 1)0;/n}’ e n o o? +v2{1+(6; —1)0;/n}’
4 FRER (BT —-LDOLE)

B DR Z B Y& DT, n—oo kL, HWIGS — 4L Lzt EROKRED Hata et al. [1]
® Theorem 3.2 THZ HNATWV5.

EFE2 £2>006>00€[0,1,0>0,0>0,v>0,0+v>0t3F5%. ¥/, 2> —afT T 5.
ZD ¥ %, mean field equilibrium fFEL, ZNZEMRT 28 (7, ¢*) IXRTEZ 6N 5.

) 0—1)00 ¢ .
o) ={ o - e b X O+ at),

g (t) == (b2 {&m (5 — )b¢2’°°}vo)-{X“*’q*(t)Jroz(t)}.

1 + ¢2,oo
AETIE, FAZFFEE, ZhoiTid 2 BIERRICOVWT RS,
BE X

[1] H. Hata, L.-H. Sun, and K. Yasuda, Mean field and n-insurers games for optimal invest-

ment and reinsurance: Power utility case, submitted, (2025).
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