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1 IEC®HIC

TR, JRREZEREE 7L (State Space Models, SSMs) &, KK SFEE T MBI 2 E IR
LA L TIEEZ ATV S [1, 2, 3]. KT, SSMs i3MERD P v A7 4 —<—& D, K
WIRERY T — 2 DILFIZ BT 25 HE 2 X MBI B W TERREZ R LTV 4, 5].

ZIT, ~HOBFOEHETNGZ, TOWNEMEL LTREHZZUANA IV Y HERXZHNS
KEEBEPEAINTEY, EROVEETV ¥ 7B 2HHET N L HEMOHEEL DO Z L ITHE
H3 22, SSMs ZVHROET ) Y 7WIbHT 2 2 2iE, BRARILR:EZ 6N 5. 22T, AKif
KT, ZOXIREHEDLDOREIEMET NV ZHNT, NIV ROFHEFEREZYE e THIF
EriA L. FHT, BEEDEA IV VB2 NIEL LIRS 21535 2 & T, Hul
T =& 05 DYIFERIRERYITHNC B 2 MEE L SHREMBOM 2 BIES. ZO0HEZHREZEL L
W&, FERINCIK, SEETLOLDICHRINZFZEBEAETILE I 7 AV Fa—=VTIT&-
TYHET AL LTHHATZ 28D H 5.

2 REEEMETILENIILEOHE

AREFZETIE, SSMs & LT, LUFOMERAZERICREI NS X5 RN TRHINEREEZ S !
d
&x

ZZT, x(t) € R2 I ¢ 1B B2EIRAE, u(t) € R™ BANHEAT, y(t) € REEBIHIATHER H

1 TH 5. REBEBITHI A € R2>2n . A H{T4 B € R 175 O € ROX2 (138 Al HE/2 %

FTR=RITHITH 5.

—7, NERL LTI YRIE, KREXT ML 2(t) = (qt),p(t) € RZ LT, KD LS

At ciiREn S

(t) = Az(t) + Bu(t), y(t) = Cx(t). (1)

%AU:JVE J:[f[é} (2)

ZIZT, Hiz) 32 AF -, "IV =7 ThHD, JBIEENLRS VTV 7T 4 v Z1T5IT
H5. AT, O —BORBEREOEANIL L VREMRE L, ROXSREREEZ S :

_ 0 I nxn
&AU_LJ 4JVE I e R™" T 0. (3)

DX, BEETD 2ETHRNZR N IV U REEIE, SSMs 281 2 IREBERITHI A HEML
7B 2RI L 5%, LedoT, @UNIERET L7z SSMs 1, NIVt ROKHEERZZEE T2 2
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EDRRETH D EZ NS, Fiz, M, BEED SSMs oHIzix, 1751 A 2 LT, FEMIC (3) &
FEALTVWEHDHFEMETS. Lo T SSMs 23 b yRIFEWVEZRED DL EZ 5.

3 REFZE MREZHMETIICEZINIIFROERYIFH
AREFFETIE, NI YRPSEOENZHET — & {(q(t), p(t)} L, IKHEDWT, ZORFEFER
THIFTEER = 2 — F VIRRBZERE TV 2 MR T 5. PRI, IAFERE S N @R RIRAEZE R € T v
Mamba 72 ZEA L, ZONEMEZYHRDOET Y ¥ WA T 5. Mamba &, (1) ZRIERANC
Za2—IN%y b= LTEET L7012, REHI—F DS ANEAAARE, XEV S —
Ml 2 A EDEU T OO E T V2 HW5 !
xy = SSMConv(ucy; 0) + Gi(ug), yr = Way. (4)

Z ZT, SSMConv(uy;6) W FBED AN uey WL THKRES — X NICED W BAIAAZ T 51H
HTHD, 0 13— EEICETEN2FEARENRT X=X TH 5. Tz, G, HED AT
25— MIEXBRAT =17 THYH, Mamba DRI IFRIGIE L NEHEEZ 52 5. K W,
KRB, REERBOTHZITS. TFAOIBIIBVTIE, FRIXHIRERY (G, p) A
Wl 7 — X R (qr,pr) WD &5, DUFOEREBEZRIMET 3 ¢

T
L(0) = ZH@ — atl* + [lpe — pel*. (5)
t=1

%72, ROYBMEEOHRIEICONTI, DB TTIVE - H(q, p) %AW ERLESE S
YRENTZ L bARETH B, ARTIX, 72 SSMs OB TR fE A% 24T, HEREINHIK
B VRRBIECE FIV 5.

%72, EROTHITIE, HIZIE, ORI 20 2 ASRIID O BRINHRT B TEF MG X,
RERIRRICH 5 72 (qr,pe) D FRFIRE 2. BUAKBRERICOWTIE, YA, WET 5.
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1 Introduction

Physics-informed neural networks (PINNs) have become a powerful tool for solving forward
and inverse problems governed by partial differential equations. However, accurately enforc-
ing boundary conditions remains a key challenge. Conventional penalty methods approximate
boundary conditions weakly and are sensitive to the choice of penalty weights.

In this work, we introduce a hard imposition approach that utilizes smooth distance fields to
exactly satisfy boundary conditions, making it applicable to a wide range of geometries, includ-
ing nonconvex domains. Furthermore, we combine this approach with unbiased dynamic weight
tuning to enhance convergence when solving inverse problems. Numerical experiments demon-
strate that this method is more accurate and reliable than conventional approaches, extending
the applicability of PINNs [].

2 Methods

Physics-informed neural networks Consider the following steady-state incompressible
Navier-Stokes equations
1

cu = d : = _
V-u=0 and (u-V)u Vp+Re

Vu in Q, w=ulr on T, (1)

where € is the domain, I' = 99 is the boundary. The solution (u, p) is approximated by a neural
network (ug, pg), which are parameterized by a set of learnable parameters 8. PINN solves the
above problem by minimizing £(60) = Lppg(0) + ApcLBc(0) + AbataLData (@), where Apc, AData
are penalty parameters for balancing the contributions of different loss terms.

Smooth distance functions To enforce boundary conditions exactly, we employ a smooth
distance function ¢, which approximates the exact distance ® to the boundary. Following
techniques presented in [2], we construct an approximate solution that identically satisfies the
boundary conditions, thereby ensuring that Lpc(6) = 0.

Unbiased dynamic weights While the exact enforcement of boundary conditions provides
a key advantage, a main strength of PINNSs lies in their flexible applicability to inverse problems.
Nevertheless, when solving such problems, choosing an appropriate weight Apata can often be

challenging. To address this, we employ an unbiased dynamic weight tuning method []. This ap-
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Figure 1: Shear-driven cavity flow at Re = 1,000. Similar results follows at higher Re numbers (see []).

proach adaptively adjusts Apata during training, thereby avoiding expensive parameter searches

and offering an efficient and robust way to balance the different components of the loss function.

3 Results

Methods described in Section B were applied to the inverse analysis of shear-driven cavity
flow at Reynolds number Re = 1,000. The task was to recover velocity and estimate pressure
and Reynolds number from sparse velocity observations. The results, summarized in Figure [,
show that employing only the distance function or the dynamic weights does not produce a
fundamental improvement. However, when these two techniques are combined, PINN success-
fully recovers both the flow field and the Reynolds number with high accuracy. We emphasize
that similar results were obtained at higher Reynolds numbers, confirming the robustness and

applicability of the proposed approach (see [I]).

4 Conclusion

In this study, we demonstrated that the combination of smooth distance functions and un-
biased dynamic weights can enable reliable inverse analysis using PINNs. The distance fields
enforce boundary conditions, while the adaptive weights balance the different loss components.
Together, these techniques produce a significant improvement in accuracy and robustness when
solving inverse problems. Numerical experiments show that applying either approach in isolation
results in limited improvement; however, their combination leads to a substantial enhancement.
We expect that this approach can be broadly applied to a range of problems, including those

with complex boundary conditions and scarce observation data.
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1 #=

FE I SCHITR DT % REal 3~ D ES AR IV T, —RRZRFARIEALIC K D ETE AN OB SR
WZDRELET D E VI TBIRAENEEZ R L, SIS THRT v VIGEEANT S Z & TIRALIC
L BB ONRE RN TIEERET D, 2O Fikz WHENE %5 (physics—informed
neural network) |2 XV 54T L, HUERKFHERZE)OELRD B WrE ORI - EE) 2~ 1 XHEwm
HEHERTHZ LT, TOHEMIMERT.

2 i IERMLOMKAZEME Dislocation Potential

HEA7ER (dislocation model) 1, JEEA (FITHAMAR) OINERICZEN ARER: (HEA7) 2MET
A OB AT 2T T L TH 5. WA BRI 1T 2 5 O+ K Ka D
SR AR L L, HEREIRICRB W TIIHIESS 7 L — MEENC L D HUEE o R A B o Rk
HWhbsinTtng.

FATIRZE 1123V C, 2 RotmSNESA (BN DB ST D &) ZARE L T2 R
(BT D BRI LA K DTS, BN OALE T O KT UEEAL I ORI AT
L&y DZIRARZENE] RS iiz. —OTBIR « HMEBAAIZIB W TRRALT 2 808
HETHD. ILICHBRARCBIT RGN E TR —CHEREHET, WiEmME ORI
& L COZEANY% Dislocation Potential (DP) & EFE L, (EE DU I « S &IZ%T
BN DP ORI » TN IC L VA TE 5 Z ez, Zhud, 00 (2
WICZER D phAR) (RIS 5 EEMRR T ORIEAS, Bafris (2 RTTZERI D) &) 2 RoThiE
IIRETDH I EEERT S,

AWFFETIL, TRIRAREMEDS 2 IROTIEINESR (BN ENES DH) 38 LMD 3 ok
WEIZBWTHNLT A Z L 2mRd. ZOBE T—fRBM R & LT, 3000 77 55
EE) TR, BALEOMEITELRWVERY MVOBEMNZMRETHENERTHD.
NS T DAL OME EENE (EREbEDFE) 2 W52 LT, BIRAEN
ZEBNEHTE 5. 6T, mAEADOEE L FAERICHNERAZB N TH P ZERTEH.
HRNT « ZENLANHEN 2 G & RFD 728 DP 23 2 IRoTT > Vv E 7R BDIEDE, R AR ExHE
BB OGS L RRICERILTE 5.
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3 ISH  YERERRFE LA MR L HEmEHTE

TERARZEME L DP DIGH & LT, 2 RITHNEZ RRIZ, HEREHERAE OBLHT — & 0>
HHIT OWIEIR & 30 A Z [FIRHEE T 2 EE B 2 5. ARBFE CIEEE R 2 0 .

9, WEEFEIC LMy FEAXA2 6 < physics—informed neural network (PINN)[2]%
HRAENCEA[3]9 22 & T DP 23 5. PINN (XD FHE&EZ2 {252 L2z,
fif 2B B AL & L CERBLL, BAIRALED X D 7/ T A X e ANEKETE 5729, DP Ofif
Bricii LT 5. mNEAICIIT D PIN[4] ZJEET 5 Z & TOP T2 R T& 5.

WIZ, A RIS L VW - T X0 mEHEET 5. BRI, ~/ra 7EEE
YT e MMO) ED—FETHDH NI N h=T v -7 hin (MO EEZHWD. 20 E
FHEICFEKN D DP OFFES 12BN T EEROINEER4 PINN 24 4%, Neural network (Zfii
L BEBEMIIC LD IMC OFEITICHER AR 2 HE TE 5. KE L - WifEEB) k9 5 HEfiz
DO HRBI O T — X IR TEZ#EA L, ZOHFMEEZRGET 5.

ZAVE TNMCMC & W 7= B B HEE T, 28O LEF RN LEO T O OE LD
B2 THEEDMOE SN D Z N R TH 7. ABFFETRTE@Y, HRAL O
& PINN AR AGDOED Z & T, B THEEICR T 2T 2Bl Tx 5.

4 B

HANE DR AL M 2 — R D 3 IR TCHEIEIZ W T L7223, DP X 2 RSB W TER
Sz, AREITIELDP O 3 WG~ et 2 iim 7 5.

TP, 2 WLl EICBIT D 3 LB ~DIRIIAES TH 5. ok - mNERIZIIT S DP
70y I ARy ETH 3IRITCDP T UV EERTH L TIRTENBE LT TE 5.
ZD L EmAh - N OETITEAL I &2 AT D IENTMNLTH 5.

ZHUTHRL, 3 WotHEEICIs 1T D DP OERIINETH 5. i m o UL TH Y,
ZIVBEENERR OO B HEAFFO72 0, ZFRICHENT T& 5 DP 2 BflITER TE 20,
BRI X0 A 72 mBLERNE DN D D LI,
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