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1 Introduction

Let G = (V, E;w) be an undirected graph with n vertices, m edges, and a positive edge weight
w:E — Z,, where Z, ; is a set of positive integers. The (normalized) Laplacian matriz of G
is given by I, — D~Y/2AD~1/2 where I,, € R**" is the n x n identity matrix, A € R"*" is the
weighted adjacency matrix of G, and D € R™*" is the diagonal matrix with D;; being equal to
the weighted degree of vertex i. The Laplacian matrix is symmetric and positive semidefinite,
and its eigenvalues satisfy 0 = A\ < -+ < A, < 2. A classical result in spectral graph theory
states that G is bipartite if and only if A,, = 2. Trevisan [Trel2] proved a quantitative version

of this result. For a nonzero vector x € {0,411}V let

Ze:(i,j)eE w(e) - |x; + ;]

ZiEV deg(l) ’ ’xl, ’
where deg(i) = >, _; jyep w(e) is the weighted degree of vertex i. The bipartiteness ratio of G
is then defined by

px) =

B(G) = (x). (1)

min
x€{0,£1}V\{0}
Since each non-zero {0,+1}-vector x corresponds to a tripartition (L, R,Z) of V such that

L={ieV|z;=1}, R={jeV |z;=—1},and Z = {k € V | 2 = 0}, we can represent

B(G) = min 2u(B(L)) + 2w(E(R)) + w(E(LU R, 2))

a (L, R, Z): tripartition of V VOl(L U R)

where E(L) (resp., E(R)) is the set of edges whose endpoints are within L (resp., R), and
E(LUR, Z) is the set of edges connecting LU R and Z, and vol(LU R) =}, deg(i) is the
volume of LU R. Obviously, 5(G) = 0 if and only if G is bipartite. Trevisan [Trel2] showed that
the bipartiteness ratio is closely related to the largest eigenvalue A, of the Laplacian matrix,

specifically,

270 < 5(0) < VAR A,

Furthermore, he also present a simple algorithm that finds a nonzero vector x € {0,+1}" such

that 5(x) < 1/2(2 — \,,) given an eigenvector corresponding to A,,.
Trevisan’s inequality can be regarded as an analogue of the Cheeger inequality [AMS85; Alo86],

which relates the second smallest eigenvalue with the conductance of graphs. For a vertex subset
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0CSCV,let _
w(E(S,S)) _
min{vol(S), vol(S)}’

¢(5) =

where F(S,S5) is the set of edges connecting S and S. Then the conductance of G is defined
as ¢(G) := mingcscy ¢(5). The Cheeger inequality states that % < ¢(G) < V/2)\y. Further-
more, there is a simple algorithm that finds S such that ¢(S) < /2X2 given an eigenvector
corresponding to As.

For graph conductance and closely related sparsest cut, there are various approximation algo-
rithms, where the current best approximation ratio is O(y/logn) [ARV09; AK16]. In contrast,

there is no known approximation algorithm for bipartiteness ratio.

2  Our contribution

We present the first O(logn)-approximation algorithm for the bipartiteness ratio of undirected
graphs. More precisely, we study the following b-bipartitness ratio. Let b: V — Z . be a positive
vertex weight. For a vector x € {0,£1}V \ {0}, let

Ze:(i,j)eE w(e) - |z; + ;]
ZiGV b(i) - |zl
Then, we define the b-bipartiteness ratio of G by £,(G) := infxe(—1,0,13v\{0} Bo(X). Note that

ﬁb(X> =

the original bipartiteness ratio 5(G) (see (1)) is the special case of 8,(G) where b = deg.

Theorem 1 There is a randomized O(logn)-approximation algorithm for the b-bipartiteness
ratio of an undirected graph. That is, the algorithm finds a nonzero vector x € {0, +1}" such
that Gp(x) < O(logn) - £p(G) with probability at least 1 — 1/ poly(n). The time complexity
is O(log(w(E) - b(V)) - log® n - max{log® n,log b(V)} - min{b(V'),n?}) arithmetic operations and
O(log(w(E)-b(V))-log® n) single-commodity max-flow computations on an auxiliary undirected

graph of size O(m + n).

Using the nearly-linear time algorithms for undirected single-commodity max-flow [Penl6],
the running time of our algorithm is O(min{b(V),n2} + m) time. In the original bipartiteness

ratio, we have b(V) = O(m), so the running time is O(m).
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1 ELC®HIC

< huA Reid Whitney IZ &> THAINZMETH S, WL T VT XL EEHELBERD
HELEHMETH D720, MATRELODTFIIEWTEEZMED 1 2TH5. ¥ ho1 KXW
BLlFG2oN2 003 baA FORAILBHNIESZ RO DMETHS. Edmonds l&¥ br o
R R XIS U CTERRBNEHEPR O LD Z L &R U7z, £/27 b RRXE#ES L2 DEA
DERTHLEADEY b A NREXMEZ M ZHARH T LTV XLAPHSNTNS.

P~ haA g~ baa FO— Do 1 2THH, vhuA FIZB 28882 FIHFEAIC
LRLZBDTHS. FHF~ M B A FiE Dunstan, Ingleton, Welsh [1] IZ &> TEHAIN/-EY
hoA RESEK EICEZLZE0L T 57720, HE~ oA ReEEND. LEFES L
DA BEAFED W D2k, PlEF~ houA N Eo#bffEe U TEMbEh, RN 7
VIV ALEHEATES ZEDWHIGNT VS,

MNEF~ b a1 RREXREIE 2 DOEET < O+ KORKIEIT A F 7L 2RD 2METH
%. Tardos [2] &, U BIEFES LIEHINE 2 DORIAFY PO RIZOWTEIEFEY b oo
R XIS 2 KB/ NEEAR O I DZ 2R U7z, E-BEM5E LT, v ho1 REXRH
EO—LD 1 DTh D YIEF~ b RO~ v F o ZHEMD Peled, Srinivasan [3] {2 &k > T
MEINTHY, BEDOHE2$ D82 T 7 ECOMBICN U TIZLEARBE THIT 5 Z L ARE
NTWD., LrLahs, HIEF~ ho A FRXMEZ MR —RI2ZEARE 7 LI ) ZL3HS
NTVWARN,

AIFZETIE, EADEEHT~ bu A FRXMEEZE R, HIEFEAGD (2+1) 7V —T, HABEK
DI R340, EADE BT~ hu A NRXEEZ iR < ZHARM T VT XL 252 5.
2 %fm

P=(E<) 2 IHFEEL TS, MPEATICEITNLT EEDyel e EIZDVT
r<y THEIROE eI VHOIUDLE T2 POATTIVEVS. MIREAX CEIZHLT, X
WEBTZATFTV[X]) % [X]:={ycE|ddrec X THLTy<a) CEHTS. £-BIES
XCEIZHLT, PIzsl}d X OM/NREZELTH SR 2584% Min(X) TKRT. HERIZ PI2d
7% X OMKRGERRTH S0 58EE6% Max(X) TKY.

P=(E,L) 2 IEFES, F2 POATTAOKET S, (P,F) OMBATOUEE 223 & &
EEFT bOA4 R v,

(a) e F.
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b) XCYEFHOXNPOALFTARSIE, X € F.
() X,Y € F 2o |X| < |Y| %51E, X U{e} € F %illi=F e € Min(Y \ X) BMFET 5.

HEF< baA B M= (P,F) 2 LT F O&REHRE M OMIA T T7ILE W, MERZMSIA 77
V% M DOEL NS,

2 00MJEF~ haA K My = (P, Fy) & My = (P, F) iZxXLT, FinF, DEFEEZ M, & M,
DEBHIIATTILEWD. 2O00¥)EF~ O+ N2 UT, kY1 ROH@EMN 1 T 7 V% R
DU B[

max{|X| | X € F1 N Fa}

ZEIEFEY MOA FRXBEL VS, PEF < Mo A R R XEEE < — 72 HARE 7 L3
A LIFH STV,

w:E—>R%FE FOEAEKETS. P=(E,<) EO2200¥Er~ buA RIZHL T, lKE
AOIEINL A T 7 V% RO B

max{w(X) | X € F1 N Fa}

2EHOEHIRF MO FRXFEL NS, 22T, w(X):=) cyw(e) TH5.

3 ERER

PIEFEED (24 1) 7V —Thdeld, 2HROF oA v 1 HROF = A » OEMZFLIL
PIHFEGL LTEERVWEE 2D, PHFPESG P = (E,<) LOHEARK w: E >R, RF
REBETHZLE, z,yc EIZ2VWT o<y 65X wx) >w(y) LBRoT0WHEEEWVS. Kiffs
DEFRMRIILLTO@EY TH 5.

EE1 (24+1) 7V —%LEFES P = (E,X), P LOEFKiELEAEB w: E - R, P E
DYIEF R aA R My = (PF), My = (P,Fp) (2R LT, EADEKIEFY b oo R s
max{w(X) | X € F1 NFo} EZHRMMH THE 5.

HEE AWIZEIE JSPS B E JP23K03194 D Bjk%E %13 7-HDTY.
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1 =

< b a4 R, SIEHNER 25 7 O IEBKEE 2 v o SR — D ORSAA IR E T 5, BESE
DEAMNRTH 2. v bof FIZEREES V L 200 EEE F C 2V (L) THKRS R,
KD YN i 7= 7

VX,)Ye F, Ve e X\Y, dyeY\X: (X\{z})U{y} e F.

CDORMMNG, TRTOE F e F OEFBIFLWI EHBRES.

Bouchet %% 1980 FAUTEA L7 TILAT FOA FiE, FilORIENHEZMHZICE SR 5L
TvbhrAg Fe—fRELEbDTH S [1]. ARES V LEDHREHK F C 2V (feasible sets L)
IZ2oWT,

VXY € F, Ve € XAY, 3’ € XAY : XA{e,e'} € F

BIED oY & (V,F) BFAE< baA FYIER C 2T XAY = (X \ V) U (Y \ X) d6FE%
RI.vbaAf FeELZD, 71&~< ba A FTIX feasible sets DEZBD —HETDH 2 HEIT RV,

TN AAETIHEHE O RBPEETH 5. 2, 5 V IS T 2175 A kL, £E
DFCV TA[LF|DPEAROEX FeF ehdkok~rad REIET. [T-dlehzhh Vi
XS 2 BRFRTH A (A= —AT) LT

F={X CV|AX,X] »EH}

YEDZE, (V,F) ZFAZ<baA RIZRZZePALATWS. LT, Z2OFAL&~haAf K
D(A) xi¥.
727U, D(A) TRERC Ve F 279, ffE~baf FZObDORERHTER V. Z ZTHEE

EB£ETCV BZEDY, twist
D(A)AT = (V,{FAT | F € F})

ZHWVTIRETILAT O R 2 ERT 3.

2 REFZE

B Contraction ICED<KRITDEA  twist [3WUMEZE S 720, 71TV XLNDICHDH L
WO REDNH 5. KK [2] T, ZORBEZEIRT 272D contraction WZHD BRI ZEA
T35 HAEGTCVITHL, 7Ar&~baA4 K D= (V,F) ® TIZBIF% contraction %

D/T = (V\T,{F\T|FeF, TCF}

LEBT B, AT - SIZAEHL V UT ICET 2 BHEMTINCoWT, D(A)/T % ¥z miiy R
LEHT 5.
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ABFFETIE, twist ITX 2RI E R 50725 EIT contraction RIL%Z O(nv) KR (2 2T
w < 2.3T2 IMTHIEDIER) CHEAETZ 2L, SO RZOH LR FR—FARCARETHLI L %
RL7z.

B R KEH feasible set DEEL T X~ A FTIE, mAKEA feasible set —FDOEM 7 L
TYXLTRDENSE ZEDBRHONTWVWS. ZOFEEET LR b aA FIEA UL, RKE
# feasible set & O(n*™!) R TFHETE 5. AR TI, contraction 123D { MERBE W5
Zt (twist REDGZ 5056, BiOE D contraction RINUTZEHEIATRE) T, O(n®) KT OfiE
EBohdZ R,

B FLEebOr RN T HEOEELL TIEIbOCRNITABETIE, 72~ baA
F D=V, F) eV orR7HE P={{a1,b1},....{0m,bm}} DEZ N, P ODEXRTDSBFT
R a7 OB ER/MUT % feasible set ZEREKT 5. Geelen—mH-=H [3] 1T & 28K 7 v
2V X1 O(n?) BT o 72, RIS TIE, contraction RKILE Harvey OFIL [4] ZFic, LR
O(n®) R ZERTZ 2 2 Z/RL .

B RAXEATINEAILOCNRRR 22007VvE~v a4 R Dy = (V,F), Dy = (V,F) tEAH
Bw: V= {1,... W pEXohke & FINFK ZETIES X THEHA wX) = ywe)
ERAMET IMEEZRAREATILET O RRELWTR. ZOMER, BEAMNLRWEE (405
W =1) TERZHEAKB 7 LTV XLHBHONTE LT, HN S D RFREELE 2T
7z [5]. Contraction IZED K REZ AT % Z & T, K@ —ZBZHEAXTH OTHIXEGHE IR AE
TEZZ %R LE ZHUCkD, REEOEREMIEIR O(Wne) RT3 Z e 2R LT R
DL O(Wnet!) R THBTE 3.
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