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1 Inroduction

We propose a graph neural-network layer that is exactly equivariant to both vertex per-
mutations S, and an arbitrary compact gauge group G. (e.g. SO(3), SU(3)). Following the
formulation of the lattice gauge theory [1], each edge carries a link variable U;; € G.; mes-
sages are formed by parallel — transporting neighbour features U;;h; and then aggregated by
an order-independent sum. This ”parallel-transport layer” preserves symmetry without data
augmentation and exposes a discrete curvature €2;;, = Uz-(jL)U ;,f)U ,Ef), allowing a lightweight
Yang—Mills regularizer. We prove that our network is equivariant [2] to both vertex permuta-
tions and 3-D rotations—matching the rotation-equivariance of EGNN [3] while extending it

with exact permutation equivariance.”

2 Notations

We define the notations here. Let n, S,,, and G. denote the number of vertices, symmetric
group acting on vertex labels, and compact Lie group capturing the continuous symmetry (e.g.
SO(3), E(d), SU(k)), respectively. G = S,, x G denotes the full gauge group, V, the feature
representation space on which G, acts linearly (e.g. R? for vectors, tensor irreps for higher types).
hy) € V denotes the feature ("node characteristic”) of vertex i at layer ¢, and Ul-(je) € G, the

link variable on edge j — i, i.e., the discrete parallel transport obtained from the continuous

Ui(f) = Pexp(/ .A(e)),

Yij

connection:

where P is referred to as the path-ordering operator. It holds that U](f) = (Ui(jﬁ))’l. 8i5 € RF
are gauge invariant edge scalars (distance, weight, etc.), and €, the commutative aggregator

(such as sum, mean, or max), We also introduce layer maps at the I-th layer:
POV xVxRFSV, 60V x VoV, 6@V xVxG xR 5G,,

where ¥©, ¢(©) 5 are equivariant with respect to the action of G,. We also use following

terms and notations.
B Gauge action.  For (o,r) € S, x G, we define its action by

(O‘,T) '(Uij,hi) = ( TUg—l(i)g—l(j) 7“71, Tha—1(i)>.

BMEquivariance. Because 99, ¢, o) are equivariant and @ is order independent, it holds
that

FO((o,r)-(Uij, hy)) = (o,r)-FO U, b)) 1=1,2,...,L, ¥(o,r) € S, x G..
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MLoss function. Let y = Q(GBZ hEL)) be the gauge invariant read-out after L layers, with o being
an MLP. For a target y we combine the usual task loss Ly, with a Yang—Mills penalty:

L = »Ctask(:/y\vy) + A ZHI_QCHi”
CeCs

where Q¢ = Ui(jL)U },f)U,giL), and Cs is any chosen set of oriented 3-cycles, || - || the Frobenius
norm, and A > 0, a regularization coefficient. Note that Qo = I VC means that the discrete

connection is flat.

BMLayer map FO: (UG A0 s (UED R+ Tt is defined as follows:

myy = vOUF R, B, sy),
0 _ (6)

M;” = @j;éi My

WY = Ol MO)

Ut =00, 1Y, U, s;) (1=1,2,...,L).

1 )

\

3 Main Result
Theorem 1. Let (U®) b)) s (U BEHD)Y) be the update defined by equations (1) with maps
PO, o0 5O prescribed and a commutative aggregator . Then, for every permutation o € Sy,

and every group element r € G,
F(g)((a,r)-(U(g),h(E))) = (o,r)- FOWU® pO),

Hence the full network obtained by stacking these layers is S, x G, - equivariant.
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