3A-3-1

[(WFZEER = TMEOS] BHEAEANE R & BUEf#T (1)

Stability analysis and optimal error estimation of local discontinuous
Galerkin method for stochastic two-dimensional KdV equation

Xuewei Liu!, Shao-Liang Zhang!, Xiaohua Ding?
!Nagoya University, 2Harbin Institute of Technology at Weihai

e-mail : mathmathlll@163.com

1 Introduction

Consider the solution of the following stochastic two-dimensional KdV equation

Bv v
dv= k= + k5 +aAv+ f(v,Vv) | dT + g (v, Vo) dW,, (z,y,7) € Q x [0,T], 1)

0x3 oy3
v(z,y,0) =vo (z,9), (z,y) €,
with the periodic boundary conditions, which arises in various physical fields such as the motion
of water waves in channels [1], plasma magnetic current waves [2] and non-resonant lattice
vibrations [3].
2 LDG method
To facilitate the construction of the LDG method for the stochastic two-dimensional KdV
equation, auxiliary variables ¢ and p are introduced to reformulate equation (1) into a system
of first-order equations
q=Vuv,

p = Vg, (2)
dv = (kVp+aVq+ f(v,q))dr + g (v, q) dW-,

with the initial condition

v(z,y,0) = vo(z,y), (z,y) € Q. (3)
The weak formulations of system (2) are derived by multiplying each equation with appropriate
test functions zp,wp, vy, which are piecewise polynomials defined on each element, followed
by integration by parts. Consequently, the discrete problem is represented by the piecewise

polynomial functions gy, pp and vy, as

(qn, zn) Kk, = — (Vn, Vzr)k, + (On, 2n) ok, ,
(Ph,wn) K, = — (qn, Vwn) i, + (Gn, wh)ok, 0
(v, dvn) i, = — K(Pn, VVi) K, dT — alqn, Vvp) g, dT 4 (f (Un, qn) , va) Kk, AT

+ (9 (Vnyqn) Vi) K, AWr + K(Ph, Vi) ok, AT + @(Gn, Vi) ox, dT,

where (-, )k, denotes the inner product over the element K;, and (-, -)sx, represents the bound-

ary integrals arising from integration by parts. The numerical fluxes in (4) are selected as
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3 Stability property
Theorem 1 Let the nonlinearities f and g satisfy linear growth condition with constants Bs.
If the coefficient « in equation (4) satisfies & > Bs, then the numerical solution satisfies the
following stability estimate in expectation

e Bl DI < € (14 lon(,0)1F).
4 Error estimation
Theorem 2 Let equation (1) with periodic boundary conditions admit a solution v €
£2([0,T]; HN T n12([0, T]; £2) N £2°(0, T; HN*1), with initial data vg € HV 1!, where H® de-
notes the Sobolev space of order s and T2 denotes the space of adapted processes with bounded
expected supremum norm. Let v, be the numerical solution of the LDG method (4)—(5)
and assume f,g are Lipschitz continuous with constant B; > 0. If the parameters satisfy
K > max {a, 2a2 + 462} and a > (1 +Kr+ 5+ %) €2, Ve > 0, then the error estimate holds

K 1
Elle( D, + (5 — o =2¢) Ellep(5 1), +Ellew, ()5, + 7E leql I, < A2V,

5 Numerical experiments
Example 1 Considering stochastic two-dimensional KdV equation
dv(z,y,7) = (Vgge(z,y, 7) + 0.001250,, (2, y, ) + vz (z,y, 7) — 0.00125v(x, y, 7)) dT
(Vyyy (@, y,7) + 0.00125vy, (2, y, T) + vy (2, y, 7)) dT
+ (0.05v(z,y, 7) + 0.050,(z,y, 7) + 0.050, (x,y, 7)) dW;, (z,y,7) € Q x [0,T],
vo (z,y) =sin(4z) sin(4y), (z,y) € Q.

In Table 1, the convergence orders corresponding to different basis functions of various degrees

are listed.
Tablel. Optimal convergence order of the LDG method
N=0 N=1 N =2
N L2-error order L2-error order L2-error order
40 0.0780 / 0.00307836 / 9.4538E-05 /
80 0.0359 1.1949 0.00076307 2.0168 1.2377E-05 2.9332
160 0.0140 1.3586 0.00017855 2.0910 1.3433E-06 3.2038

From Table 1, it is observed that numerical results validate the theoretical analysis, and the

observed spatial convergence rates are consistent with Theorem 2.
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1 BE

AEREBCALIUIERER EIcB VT — &k Rd L GEMT 2 HEERE RO 2ETH . F
HBEEGEEI 7 LT ) XD 1 DTH B AAA 743 X4 (1] 1X, ZOREDINKRO R X ¥ FHHEE
DOEEVEHEEDTVS, LaL, AAA 71030 X ADIERMICH T 2R IE R X T0iw.
ZOER®D 1212, AAA 713 LBV TERO R 282V TE Y, @i
RIS LTV EBDIToNS. AWFETIE, AAA 74TV XA DEEBBICHE T S DZEM L
72ER AAA 7ILT) ZLICH U TREDIUREONT 21T o7z, AAA 7LV XL ER L
YIZKD, BREOHBHEINRAMEE R UK. £, 713V X LAOKKIEICB 3 iE O 2 b % G
T3 REE L. BREETHEE 5 2 7.

2 EA:AAATFILIVXL

AAA 73V XA ZEFBEECEL T ATV RAD 1 DTH 5. Fir LT, GHEROELE
Bl, greedy 2RMBIAUEIR Y 3822 2 VWV ARELIC K 2 EHADEHOEDELICK 2 71TV X LH
HiIFohz. FUDIHHEKOELRFUTOVTIHENRS.

FEH 1 (BORE) AHBECEMOBEA m S Y m S EOBBIEDM (21, £1), (22, f2)s - - - (s fon)
Y, BEICBIBES w = (w1, wa, ..., wn) DGR BNFY X, A (2) %

Wi

) = nulz) [ dufz) = Y 2

2—z
k=1 k=1 k

TRETZZ %, FHEBOBEORRE V.
AAA 7Y XL ERERE m=1,2,... TBWTUTORMBEAER BEAREEEDIRT.

1) AR
R m — 1 OB THBEAISREN TWARVEES 20D ofhs, KIE (m—1) THEHR
TEERK rpo1 & f L OMEDOHMEDI K L 725 HZ RS, FBRmllR 2z, 235

Zm € argmax |f(z) — rm—1(2)|. (1)
z€Z(m=1)
2) BARE
HORRICBWTHWSIEAZIRET 5. [DEZ2AoiRE] O/ Vv aziMET 58
w/Mb ||fdm,w - nm,wHZ(m)
St |w]|m =1
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Z N & Amw DEB w = (Wi,. .., Wy) IZOWTHEOT wy,...,w, ZRET 5. ERS
Nl e EAZHWELRHTIC X 2 HHEEN N a5,
ARIFFETIE AAA 713D XL DFREBBEH— L72EK AAA 7102 XL %25 5. B
W2iE, M AGEIRIC B AR AR HARERBE I — L, (|fdnw(z) — nmw(2)] €5 5.
3 FREMEM
AAA 7139 XL DBEFRITICBWTEELREHRS 2 21T 5.

FIE 2 (Loewner matrix X DFR)  MRIAICEIZ A h o S (2) e HilAES {2) 2A
W T Loewner matrix A,, ZA N TED 3.
F™) = £z

KD

AAA 71 3) X LDRE m ISBT 235EE A, DR/PNERE o 125 L
FEIE 3 (Lowener matrix M 1lrank update) Loewner matrixA,, & A, 1 OBEIILLUT O BRI
B! B, = A, Ay — ama;, (3)
Amy145, 11 = BBy, + cmga 0 (4)
FREL, am & 2mer & {2} OEDTNRY M, & 2mgn & {2} OHEDBIRS P,
NS ERVIIHERE RS, MBOBH Tk of' ™ TR, HREEO R A" A5, %
T Al 2 AP o X A FERE TR
FEIE 4 A v ABmonfLT
AP < (1= ™2 ) A (5)
WAL, 772U, u\™ 1 A, ORNERED RN L.
Kz ABm g A DL X B RERE R, BHTEATHIO Trank update ORI [2] 1K<
FE 5 ADm v Ao U TR AL

S P

=Y =0 (®

j=1 1-

Adm

EEL, 08" )i & A OF j RREOHRBRRZ b0 ©om 1R, o HRE.
ZOHBERE D I, B AAA 713V XL OEEREAETMEE S5 X 5.

SENW
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1 BE

ARERECBVT, Xy yarBflic—RIcHE T2 e, SHREBROBIRICE > TiE, @EOD
Sobolev / )V 2 kK 2 EREREDEVRDOPRAENT 2 Z e o TED, Z5WVWof#
Z, WHEZ WX Y ¥ 2 3ENC oW TEHMICAR SR W o s h s (1, [2]). PERD
EZ VDD 2R R 2 RO TR T 2. PUmEALS o 8RIK 72 Z A, §i 2 12 RS
A D AERERETIZILS VL TEY, BEORREMOZEADELEICH LT3 Z L IZE
BETH3. AWZETE, BREEDIZEROLE X, WHERICERE XN TOWERE, LKA
HRZHWEZD, ZASEMAEDERD Vo RIGEICD (b 2 FARN - BUERI 72 R 215 7.

2 IEGGEVREA
2T, RSB 2RDEMEETAMEE LT, LT Dirichlet SFYEMEY2E 2 5.

—Au=finQ, wu=0on . (1)

2T, QCR3IFHERR Lipschitz I, 001X Q OFER, fe L2(Q) v 35, FAEHES ceC®
¥l e € € ZJRANCIHANRS &, RBOTERHZE» GO0 2 DH 2 EDEFME A\, 2 A\ ZHWT,

770:\/)\c+1/4 (CEC), ne:)\e:ﬂ'/we (665) (2)

YRINZENEON, HEBOBREICHIELTWS., IIT, w 3REUZ IO HOMRTA
ETHB., I, n. BEXE N ICHIET BT X=X p. B pe VT, KD X5 IZEmOH
DY BB EERTES.

EE 1 (FAKICHITBEHTE Sobolev ZZfE) m ZEOEKL L, H™(Q) = {v e H"(w) :
wEN Yw} &dd. TIT, H™(w) FEEEMZ m X Sobolev %], w € QIZ Q& FhrDa
IR MU ROEROMERETH 5. FREREFEIOEES=CUl ML T, FEED
EEZRTIEDMENP SR E 8T XA =R p = {us}ses TRET 5. KT THW 2 EHAN = Sobolev
ZEEZ DT OMY ERT 5.

>
—

A4ﬁ(Q)::«&)e<Hﬂ;(Q):1&”_“58av65ZP(V§L7¢*”_“EGQUEEI?(V§L (3)
plelmneplonl=iegoy € L2(VE),V|al < m}, (4)
Hvllimm = [0l Fm ey + Z (Z Ilr'c“"“caav!\%zw (5)
|la|<m c€eC
+ Z plolmneplonl=ie goy + Z Hr'e“”‘“ﬁaav\\%z(\;o))- (6)
ec&,ceC ec&
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T, V0, Ve, Ve B REHAPRELD 2 G0 T0/NE W Q OB HIET, Vo = Q\ (V2 U V2 U VE)
THD. Ney Ney fey pe DB, Z 2 TEAINIEANZ Sobolev 22 D FFM 72 5 am D 2% Sk
LTI, 2] EFERE¥ TN,
3 IEERAVEREST

foe R e WEOTEFIHPAICBIEL XD NTXA =K g, R ke DIEZRREL, X v 2K
WHWS Z 2T, HEmARAERHMEIRD K516 5.
IR 2 FHEMEBOBIRIC X 2FFREDREZRT RT A=K pe Ry ITHLT, X v a s
TRA=R ke R by ZENTNT /NS D, ZTRHDRT X =&Y, MUK, FEAK, SNEAZH
W, P OAMEKE SHEDOIARBEBIZIHAICR 2 XS WCARIFRICBIT S X v 2 ER{ 71TV X
DKo THERLNLV L OBREREHN TS, 20 E, 0<pu<nZilzdEARE Sobolev
22w e M (Q) IS LT, ARERMB u O w T3 HY(Q) £ 3/ L LAORZER iz LT,

|u—uI|H1(Q) < ChmHuHM:fIll(Q) @)

NESNE. ZZ2Th=2"LTH3.

4 WERER

—HlE LT, Wb 3T Y X AROFEHE, BRUSERICEELES. 20 X5 BB
LT, ATROR v & 2 ER7 VT Y XA & > TR SIS BIHKBREIIEE 1 OB TH 5. IR
HRRERT 50 OIERINGR R 1= logy (e ) &IV, 1 & FAASCLHIET,
EDEWX Y Y 2R ANV IZBWT, RyDPERTHZ 1IE DT Z e BHERTE 7=,

£ 1. 7V XLREREEBICBT 2 Ry DICROHERE
I\ kK 0.5 0.4 0.3 0.2

0.939 0.945 0.941 0.931
0.955 0.974 0.979 0.977
0.948 0.983 0.992 0.992

0.928 0.985 0.996 0.997

o Gt o w |

5 F&

3 XJT Poisson RO FYEREICHEA § 2 ARERED DI, REEAPRELIDOEDLD T
TN SN S 87 XA =R HWTX v ¥ ag#HlZ2T KT 22T, HANZ Sobolev ZZHICB 1T
% FERAVRRAZ A 2E S 0, BUESEER T BEN AR 2E o Nz, LA /NHERD IR KA Z
HATII R S FEBIICZR 2 X D —RDBENDMIEDNGHDOFEL L TETFoN5.
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1 #=

AWEZEI, 2 BE OB iy 75 R U T, 2277 1S Galerkin 32, REfEJT M AN G Galerkin
% (DG ) Zi#/H$ % Space—Time AREFEDE (ST ) (FIAIF [1]) 2H0 k). ZOFER, Bl
FRICK B2 AT LDHENZZLF =DM L 200 & v ) FITHIETH D, Galerkin/least-squares
(GLS) ZEfZ % 2 LT, BEMNPAX =L %0773 &) EHTD Consistency Z 15 72
Mo, EAEESOHGRZHI#ET 2 2 &L bARETH 5 [2]. T4 1LEF, ST #EIC L 2 KE KD
Dirichlet B D KA I\ T, FERSM 2 MHEIICE /512 72, Dirihelet RIS 2
SR DRGNS R IRE 2 5| S THRZMER L 72, 2 2 TR TIE, 2T 570
DEFLECTFIEZH 7R E T 5. BARMNICIE, Dirichlet B4 % Nitsche D /% [3] 12k > T
ML, I5IBMOZEHZEMT 5.

2 [IREERTE

1 RIGZEM Q = [0, L] #BoWMEES G0 22 E L, WHMEZERKT 287X -5%
X e€[0,L] LE£TZ. Qo DN Z Q = (0, L) LR T 2, SR X =0, LiIcBWT
NAEHAERTRKREZI1IDORAA7—%n(0) = -1, n(L) =1 3%, KEFEEE T = [0,T]
L, ZONMEEE T = (0,T) T2, WlEZ2EKT 2952 —%%2tcT LELKTE. Q
(X,t) € Qo x [0,T] ZEHRIRIC b O TEKD S DEMRY PrE ue C?(Ax [ R) LEHT 5,
HIIZERE wo € C2 (Q; R) EWILEEE vy € C° (Q; R) I LT, XA D strong form (3R D
koichzons:

pi—Eu" =0 nQ=0QxI, (1)
u(0,¢) =0 tel, (2)
u(L,t) =0 tel, (3)
u(X,0) =up(X) X €Q, (4)
W(X,0) =vo(X) X €Q, (5)

REL, peRBHEOHMES H7 ) OBR, EeREMMEEET. () 2y 25, (/) 3%
sy 2 2%
3 BERFEOZEHAEN

WFEIR T = [0,7] 2 HMEOFEBIcHHL, ZOEAZ0=1 <t1 < ..., tn=T T
5, FEHISNIZNZNOHBD ) bERZEGEEHVLDE I, = (ty,thy) EERT S, &8,
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BROGARLLDE I, = [ty tyr] EERT 5, RHEFEE 1, & ZEHRFN Q OBERIC X 2 R2EH
WA AT 7 LY, B ENEHERE 2T Q, = Qx T, BEXUQ, = Qx I, LERT
5. ROV al-,)a : HH(GR) x H2(QR) = R & a(-,+)q, : L2 ((tn, tat1); H2(5R)) X
L? ((tn,tns1); HA (G R)) » R 2EH T %:

a(u,v)q = / Eu 0" dQ— (n- (Bw -v+ Ev' - w) —epv-w)|y_;
Q

— (m- (Bw' v+ Ev' - w) —gov-w)| g, (6)
a(u,v)q, = /t " a(u,v)q dt. (7)

BB, g, e FERFNVTARIX=FTHY, a(u,u)q DIEEMEEZRT 2 L) ICED S,

2 ODHWRITGBAEZER V, € HX(R) BX T W C H*(1,;R) O 7 ¥V VEEIC X 2 BI%%
MY =V, @Wp 2887 5. MK E v, € Y», BAEKE du, € Y T3, &k, M
BEMOERIIAT 7 Q, THEMLTVELD, KHlt,, (n=1,...,N—-1)IZBVTH%L 3
TEABRBEET 205, up(X,t7) € V7, un(X,t,) € V' L LCRAIT 3. AR %%
[un(X,tn)] = un(X,t;)) —up(X,t,) LEKILT 5.

AT T TERCRD &) BEDFTBRRNEWEL, n=0D268KKMT 5:

(piin, 0Un) 2, ) + alun, 6tn)q, + < (piin — Euy,), (pdiin — E5UZ)>
P L2(Qn;R)

GLS % (L
+ (:0 [[uh('7tn)]]v &lh('v ti))LQ(Q;R) + a([[uh(" tn)ﬂ 75uh('7 ti))Q

PYSE————— 2.5 7O LA D HE 2 B

tn+1 tn+1
+ / Volp - Uy dt + / Yolp - Up dt
tn x=1 Jta X=0

WL CHALZIEEL 20 1
tn+1 tn+1
+ / Yol « Up dt + / Yoy « Up dt = 0. (8)
tn X=L tn X=0
B AL RZEL 20 2
B, BohiBRRomEeH L AL ERZENORNFRIZRETHAT 5.

R AWZE13 JSPS BHFE: JP25KJ0079 OBk %232 373 DTF,
SE Xk
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