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1 Introduction

The regularity and uniqueness of solutions for the Navier—Stokes equation is a fundamental
problem in the field of partial differential equations. A recent work by Guillod and Sverédk [1]
reports a numerical investigation into the non-uniqueness of the Navier—Stokes equation on a
cylindrical domain, where the authors suggest that “it is conceivable that our calculations could
be upgraded to a computer-assisted proof, although this would require substantial additional
work and calculations, including a more detailed analysis of the asymptotic expansions of the
solutions at large distances.”

To validate the numerically observed behaviors of solutions, verified computation is an im-
portant tool for providing rigorous proofs and drawing mathematically correct conclusions. A
recent result using such an approach is the computer-assisted solution verification method pro-
posed by the author to study the Navier—Stokes equation on 3D domains [2]. In this method,
an explicit error estimation technique using the hypercircle method for the projection operator
related to the Stokes equation plays a crucial role.

In the study of solution blow-up or non-uniqueness, the cylindrical domain has been frequently
investigated. However, for problems defined in cylindrical coordinates, numerical schemes that
provide divergence-free solutions have not been well studied.

Note that the divergence-free condition for a velocity field (u,.,ug, u,) in cylindrical coordinates
is given by

%&(rur) +0,u;, =0 inQ. (1.1)

In this research, we propose a new scheme to construct approximate solutions that strictly
satisfy the above divergence-free condition, along with error estimation using the technique of

the hypercircle method.

2 FEM schemes using new variables

We focus on axisymmetric solutions in a cylindrical domain, whose central axis and cross-
section are denoted by I'y and w, respectively. Adopting cylindrical coordinates and assuming
fo=01inf = (f,, fo, f»), and that u is swirl-free—i.e., dpu = 0 and up = 0 in u = (u,, up, u,)

—we obtain the weak formulation of the Stokes equations as follows:
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Find (u,,u.,p) € V, x V; x L§ . (w) such that

1
(MvuTa vv'r)r + (//Jurav'r)l/r - (pa ;aT(T,UT‘))T = (fa v'r)r VUT € ‘/;’7
(uVu,, Vo), — (P, 0.v2)r = (frv2)r Vv, €V, (2.1)

1
(q7 ;8r(7'ur) + 8zuz)’l“ =0 vq € L(%,T(w)7
T
where (-,-), = [ (-)(-)rdrdz, Vv = (8,4),8%}) ,

Lg’r(w) ={q: / lq|*r drdz < oo, / qrdrdz = 0},

2.2
Hy(w) = {q: /(IfJ!2 +10,4|* +10:9|*)r drdz < oo}, >
and
Ve ={u, € L3, (w) N Hy (w) : urlow = 0}, 23
V., ={u, € Hﬂ(w) : uz\aw\po =0, Oruz|r, = 0}.
For the axisymmetric Stokes solution, we reformulate it by introducing new variables,
up=ru, € Vo, ={rv|veV,}, uw=ru,eVy,={rv|veV,}. (2.4)

Note that, by the definitions in (2.2), Hll/T(w) C L%/T(w) in (2.4). Thus the weak formulation
reads: Find (uy,uz2,p) € Vo, x Vo, x LE(w) such that

(’uvul’ V’Ul)% - (p’ a'I’ful) — (f,'Ul) \V/’Ul S VYOJ‘,
(uVug, Vug) 1 — (puz, v2) 1 — (p, 0:02) = (f,v2) Va2 € Vo, (2.5)
(¢,0ru1 + Ozuz) =0 Vg € L2(w),

where L§(w) = {q: [ |q|* drdz < oo, [ qdrdz=0}.

Notably, in the new formulation, both the gradient and divergence operators appear the
same as in Cartesian coordinates. This allows us to use traditional FEM schemes, such as the
Scott—Vogelius FEMs and the hypercircle technique [2], to obtain point-wise divergence-free
approximate solutions with explicit error estimation, while carefully handling the weight 1/r.

In this talk, we will discuss newly developed FEM schemes and the hypercircle technique used
to obtain a priori error estimates for FEM solutions to the Stokes equation on a cylindrical

domain. This research is a joint work with Shangyou Zhang from the University of Delaware.
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