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1 Introduction

In Navier-Stokes (NS) turbulence, large-scale turbulent flows determine small-scale flows.
Previous studies using data assimilation with the three-dimensional NS equations indicate that
employing observational data resolved down to a specific length scale, £2P, enables the successful
reconstruction of small-scale flows. Such a length scale of “essential resolution of observation”
for reconstruction £3% is close to the dissipation scale in the three-dimensional NS turbulence [1].
Here we study the length scale in a two-dimensional NS turbulence, ¢2P, and compare with the
three-dimensional case. The numerical studies using data assimilation and conditional Lyapunov
exponents reveal that, for Kolmogorov flows with Ekman drag, the length scale £2P is close to
the forcing scale, which is substantially larger than the dissipation scale. Furthermore, we
discuss the origin of the difference between the length scales, £2P and ¢2” based on inter-scale

interactions and orbital instabilities in turbulence dynamics [2].

2 Synchronization in turbulence

Sensitive dependence on initial conditions is one of the crucial properties of turbulence dy-
namics. Considering turbulence as a chaotic dynamical system, we can characterise it using the
(maximum) Lyapunov exponent, which measures the speed of exponential growth of uncertainty
in a state space.

Let us consider a dynamical system defined by differential equations, £ = F'(x), with some
initial condition, x(tg) = 79 € RY. Precise data on the initial conditions zg are not available
in practice due to the limitation of measurement, and so it is natural to introduce an initial
uncertainty around xg.

In a chaotic dynamical system, uncertainty grows exponentially fast in the most unstable
direction, dz(tg + A7), and ||0z(tg + AT)|| o ||62(to)||e* > where A1 (> 0) is the (maximum)
Lyapunov exponent. When we consider the above differential equations as the Navier—Stokes
equations, the positive Lyapunov exponent A indicates the sensitive dependence on initial condi-
tions of turbulence, which makes prediction difficult. Specifically, it is conjectured that the pos-
itive Lyapunov exponent in turbulence is the inverse of the Kolmogorov time 7,, i.e., A\; o« 1/7,
[3]; thus, uncertainty grows with the fastest time scale in turbulence.

What if we could observe the state? Although complete observation of the state would elimi-
nate uncertainty, it is unrealistic in practice. Instead, it is natural to assume that we can observe

large-scale structures of turbulence; in other words, we can observe, but its resolution is low,

AAIG IS 2025 4E F2 #HTRE (2025-09-02/04) Copyright (C) 2025 —&HEHIEA A AIGH RS



called partial or incomplete observation. Here, the key control parameter is the resolution of the
observation. The wavenumber corresponding to the resolution is denoted by k,; we assume that
data on a low-pass filtered field with k < k, are available.

If the resolution is too low, i.e., k, is too small, the chaotic dynamics would still expand the
uncertainty along the orbit. However, if we can obtain observational data with sufficiently high
resolution, i.e., k, is sufficiently large, the introduction of observational data overcomes chaotic
dynamics, and reduces the uncertainty in the state. This is an interpretation of data assimilation
(DA) from the viewpoint of dynamical systems theory. The outcome of DA, whether successful
or not, is determined by the competition between uncertainty expansion by chaotic dynamics
and uncertainty reduction through assimilation using observational data.

Interestingly, for three-dimensional turbulence in a periodic box, if k, exceeds a critical value,
kg > kZ(SD) := 0.2/n where 7 is the Kolmogorov length, the assimilation process progressively
reduces and eventually eliminates the uncertainty. In other words, the small-scale structure
associated with k > k, converges asymptotically to the true unobserved structure under the
DA process. This critical value is less dependent on the details of external forcing and DA
algorithms.

Out motivation is to understand DA dynamics of two-dimensional Navier—Stokes turbulence
from a perspective of dynamical systems theory. In particular, we study Kolmogorov flow with

Ekman drag is described by the Navier—Stokes equations with incompressible conditions,

%+UVUZ—V7T+VAU/_QU+]:> V-u =0, (1)

where u(x, t) and 7(z, t) is the velocity and pressure field on two-dimensional torus T? = [0, 272,
ie., u: T? x [0,00] - R? and 7 : T? x [0,00] — R. The external forcing is the Kolmogorov
type, f = sin(ksy)e,, v and « are the kinematic viscosity and the friction coefficient of the
Ekman drag, respectively. In the talk, we will show results of the critical wavenumber in a

)

two-dimensional NS turbulence, I{:Z@D , and compare with the three-dimensional case.

#EF  This work was partially supported by JSPS Grants-in-Aid for Scientific Research (Grants
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