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1 @LC®IC

KFEE—RRETHVRZDEVKEFO—DTH D, FiKPMKOBHD MBI E L 2 5
fibfi T, Frg, KKOFHIBRS TR ON ZEEIRIET L TR0 HiT 21, MBREED LK
FERNIRIE T & RBEIRREDS R IE L 5 2 =D IEH IR TH 5. E-MEE, FHFOBRENELT
(R X ZHERMAEIR YY) C RERKREES BBEEREBAN 2L, ARSI FRET 2K
725 1D KKZEOBE L SR LR TWw 5.

DX RIBEHUCE L T L OB R IR TED, EREWVERIRE SN TVWS. —DIF,
Zik 5 DPWERNIC BT 2 MOMBEEBRTH 2 ([1]). TREVETHZHE 20071 — ORI
EEL, —HR»bERE kPO —ERETHGL, ZoWl2LME —RICEKTZ. ZOFER
T 2207 L — bOMEETH/NILLTVWSE., ZOBEL LT, ZXAOMNPHARZ Y b
0—/LTE, HOMPEIC X 2RO BRMRZHHI L - ERR e T5DTHS. ZOERRTI,
ZERDIMAUTTH B o THEL M TN L FXN 2 BE e 72 5. BLIRZRW Z 21X, Zik HIFEKOMG
HWERZEZ 2 LIRPEOIREDET 2 Z e 2HE LTV 3.

D —DDEBIEH S I X B2 MBEEFTH 3 ([2]). Zik &5 DEBR L I Z DEED 2 DOk
WL — METORBEERTH 253, Zik b B2 1%, HEOKOFLEZEKEIES L HITH
DD S EHIRICIBEZ MG T A2 EBRTH 2 HTH B, LdoT, BRELIKDHDL 2 & 4N
Do THD. Zo8E, BEEEKORN L UM D2, WAL Eihs.

2 3HSAMRETIL
FEEDPRNZERNC 3BT B A TRABERL AT IRIARE 2 5Ll 3 2 BEE 7L & L TRD 3 oy ROSHARL
RICH I BHEETADPREBEINTOVS ([3]). u, v, wFTNZIRE, BREE, KEETDHS.

uy = LeAu + ¢APeuy + By f(u,v,w) — a(u — ),
(bvt =Av+ QbPB’Uz - ’Yf(uvvaw%

Wy = — wyf(u,v,w),

22T, flu,v,w) IRIBHETH D,

vw(l _ e—lO(u—u*)g)e—G/u u > w*

0 u < u*

f(u,v,w):{

Y35 ZIZTu FEXKRETHY, REIEKRE X DERWGEIIMREEE RV e 2EEL
TW3. %7, BEE—HALLEET2EBRTH 270, BHEFNVIBRENEEA TV S.
ROMEE LT, ZOBHETIIRBEER CBIR SN MBE X -V 2 HET 2D TEZ0
DEWVIBINAET b 5. EEE, BMBEFEBRICE SN S b0 EUOBREEEAR N 3.
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3 BEAERER
X 1 Zik 5O AFBEEE R L ZBES S 2L —> a VERTH 5. (a), (b), (), (d) DJE

w

W W
1.0 1.0 1.0

(a) (b) (c) (d)
1. BEEES N CHBOMBEE IS T 37 X —XEBEZ 2L OB R — 0 DZEE. Eh bADIEICHEED MG
HEDRT XA =R DEINE L TRoTWVS.

WIBROMIGHEITWIET 287 A= XHIVNS L RoTEBD, T TEREE w DAZRRL T
%. BEROMEEEH O 221X, OB KE L AT 0BRSS 1, Kz —RRIc
27 (K 1(a). BBROMIMGEEZEL T2, ZO—HERMRBERSAREEZRZ L, BREEREIC
MMABNS (K 1(b)). ESIEL T 2L, MBERABBER Ry MCHHL, AEy FMEDHPW
BEHBDIETZeh o, Marn S BIROBEEN <2 — 225K 2 (K 1(c))). MiaEEEL XS
B T2, BBBERR Yy MEIAHECLHEBIET, HorhomWEIROME &% —> v k3
(K 1(d)). ZEROMAEGHEIIFFITENGE, BRENEDOLDBRBEIFRHE ITHRT 2. ZhbidsE
BiER AL TV 5.

X 1(a) E—FRRRBER 72 DT 1 ZUTOE TR e L THERETE 5. /2, K 1(b) T
EDOREENE LTHRTE 2 Z e AWRB NS, A#ETIE, (a) 225 (b) NOBREEH X —> D
BT, BBEEOARZENE WO BlE» BRI REMRET 2. £/, ATRET HIUINATRIASE
WHIZ, WATHRMRBEICOWTHIRE L.

SIEE  ABFZEIZ JSPS BHFE 25K07120, 24K07960, 21K03353 OB 22177235 DTY.
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1 Introduction

We develop the multiphase level set method for modeling interfacial motions on surfaces. By
constructing surface-constrained signed distance functions, we are able to represent multiphase
regions by means of the signed distance vector field (SDVF) [1]. Although computing distances
on arbitrary surfaces is, in general, a non-trivial problem, the process of extracting interfaces
from the SDVF is markedly more involved. Here we describe the algorithm for extracting

interfaces from the surface-constrained SDVF.

2 Surface-constrained signed distance vector field

Using the sign of a level set function, one can only express the geometry of two phase regions.
In particular, in the multiphase setting, since the interior and exterior of a region is discerned
by the sign (positive or negative) of the level set function, it is not possible to partition regions
involving three or more phases. In order to overcome this limitation, we have developed a surface-
constrained signed distance vector field. This vector field can represent multiphase geometries
by utilizing vector orientation to separate regions composed of three or more phases.

Let N be the number of phases, P; be the domain of phase i, I'; be the boundary (interface) of
domain P;, p; be the vector from the centroid of an N — 1 dimensional regular simplex given to
each each of the N vertices [1], € > 0 be an interpolation parameter, dgi be the signed distance
function to I'; on S, and xg be the characteristic function of the set E. The signed distance

vector field z§(x) is then expressed as follows:

N
e _ 1 € T,
z5(@) = Z <piX{d§i(m)ze/2} T (§ +dg (m)> piX{dgi(m)Ke/z}) , TES,

i=1

where

B eyl we P L[ wer
€r) =
XE 0, otherwise.

— inf [z —yl|s, otherwise’
yel';

1. (Left) Multiphase region on a torus. (Center) Signed distance vector field. (Right) Interface detection.
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Figure 1 illustrates the signed distance vector field on the torus. The interfaces separating

each phase are represented by black curves.

3 Detection of the multiphase geometry.

The shape of each I'; can be obtained directly from z§(x), or from the solution of a level set
equation u(7, x), where 7 > 0 denotes the time variable. The surface S is represented by a
point cloud G, and the continuous representation of the interface is obtained by the following
process.

Algorithm for interface detection.

1) Set w(x) = u(r, x).

2) For each x of the point cloud G, assign the region P;, where i = argmax w(x) - p;.
]6{172> 7N}

3) Construct the distance function d5 using the points of P; as the surface I' = {z|z € P;},

and define di(z) = d(x).

4) Set the value of the distance function d(x) to oo for elements € P;.
5) Execute steps 3 ~ 4 for each i = 1,2,--- , N.
6) For each point « of G, let the distance be ds(x) = min  d(x).
i€{1,2,--,N}
7) Define the tentative interface by I'. = {x|ds(x) < €}.
8) Repeat steps 9 ~ 12 for each i =1,2,--- | N.
9) Select two nearby points from I';, such that =, € P; and x,,, € P;, (i # j) belong to

different phases.
10) Determine the value of A\ satisfying:

Ao+ (1=Nb _ pitp;
Ra+ (1= N8l lpi+pil

where
xnepia wmepja GZM: b=
[w(zn)|

w(Tm)
lw(@m)|

11) Compute the location @ on the interface I'; from the following equation.
x=Xx,+ (1 - Nz,

12) Repeat steps 9 ~ 11 to define the interface I'; of region P;.

Remark: The surface I' in Step 3 represents a region, not a curve. In Step 4, oo denotes a
large value that is not treated as a distance on the surface (it is used to distinguish interior and

exterior points of different phases).

SE
[1] E. Ginder, S. Omata, K. Svadlenka. “Variational Approach to Hyperbolic Free Boundary
Problems.” SpringerBriefs in Mathematics, 2023.
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1 A

1964 4£1Z J. Bernoulli 1T & - TIRIE X L7z #IEAICEE § 2 MEICHZ T % Euler IElX, Zh
FTRAICHIFEE N T E 7. J. Bernoulli 12 & o THRIB S B RO L U T3 IErRA &
D, HBEOZFEET L LTERSINLHIF ¥ —

B(n) = 1/k(5)2 ds
2 Jy
DRI —EFRNFTCBIZEHREATDH 2 L VI ETHREN IS TNWS. T, ~ Zih#,
ke siEznzeity OREIMENRTI X =2 %K T, Euler BIEICDOWTIE, ¥ D Dirichlet (LK
e AT b TE RO

IR E O L MEDES R, $2bb, WEE I(y) + A\L(y) OHEFRCKRDIF2 Z L H30HE
RTED. ZIZT, L) Wy DRIEZRL, A >0 3520hEHTHS. HFx1¥— B
WX LTI Z K OBANAREA R SN TE DI, EE, TR 1 BT 2 8CENm s
INO0HB. 2020 FiC [1] W&o THEE T BT 2HAEMBID TERE SN, ZOHTHEKE
I 34 F7 VB e Mgz, BRI, FrEEAR v LT T o L2 -5

&v:(&k+k%£k—%makﬁw

REEL, ZORBMARARIEERT L v 512, DS 1o 50
1
I(’yo) <1, w:= 2/ k‘o(So) dsg 75 0, (A)
T o

T ATT e IR AR w- BN S RERTICR S 2 Z EAGEHE . 22T, ko & so
Frheh v OHEBLIMEART A -2 THS. f@xX [1] TiE, &HF (A) ITEDEX L(y) O—kkF
ffi%f52 2 iC& > THROIKREZIHHL T3, EXO—BFHEAAREN TS 2 2\ I3 RBIZHEW,
RE—EOREEMAEDD 2T Tt s 3 L2 -ABHRD 2] KXo TEREINL. LiL, @i 2]
TRREREI—EORMEMFZTLTH LB, MOINKERTDIHEME (A) 3RS -FETHo 7.
ZZT, MR LTHNASZHEMBZRI —EORMEND N TOA 77 VIR I © HIFRERR S
TH 2P, & [1,2] TBWTRE EDREEMNEDO T TOA 77 VI I O REA 774
MEMINT VS ZEICHEET S, i, BITMRICBOTHEENTIREN TV S 4 7 7 Liffid %
HADATH 5.
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2 R

AHHEOEHME, &M (A) 2ET e R EFREALIGRT 2 [ OGRHREBRT 222 TH
%. ZOHMOD 2T, BFE—EL VS R@E&ERA L [ 0 L2-ARFGEEZEH L, 209
BICOWTELRT 2. £F, P 1 : R/Z — R2 1318 5 572 FHB#H e L,

o) =1 in R/Z

EAHRLTETE. ZOLE, RFIR—EORMEMIC LIS TITNT 2 L2 -AfHRIERD X512
e E NG

Oy = 0B + 202(|02~|202)
0. | (v +302(0271%) — $103912 + 2102914) 0]
— 020+ 02y[20 = —[02]? + 4[0:(1027[%)]” + L2[024[2 (|02412 — 029]*),
v(,0) = vo(x).
P (IF) (2B S 2 A0 B RIEKTH 5:

EE 1 ([3]). 0 :R/Z - R? @SR FHEPAMIRE L, [1(z)|=1 AT T3. ZOLE,
(IF) 13— B2 R R BUR (2, t) 2dD. THI, HBA T 7R Yoo : R/Z — R? DFELE
L,t—oo £33 E, K (1) & C®°[R/Z)-NAHDEKT vo0 (-) WTHERT 3.

B 1BV THRITIR  FRRICIE (A) ZOBHEER o 1CER T4 01, MR LTlRsns A
F7 AR Yoo 1 0 EECHEREZ DB OZLEMTH S Zebh b, —7, FH 1 TIIKE (A)
EREY LWeo, PR U TR 0 OFMREEZE X 2 2 e TE 3. ko, EH1 O
R LTROFREE3:

% 2 (3)). FEEED 0 THS & 554 F 7 AMEAEIET 5.

FEFR 1 OFERA OFE IR R IBE D E FE RN DI Z AN L TR TH 5. AT TEHIET
INF—D/NEE2HCTHABREOIEBHELZ R T 28I X o TERBAOIIRZFEHL TW5.
BRI 03 2 AT E A EIRIC BV TRROICR 2 R SR O AR 728 E D —21% Lojasiewicz—Simon
DEFAENRTH 5. Lojasiewicz—Simon OHFAFRZRTF L TIIRL ITHZEZ N T E D, &
P EMARR OGS, NRE T 2IEMDOE L nHh & E % 2 1EHZFEIHEE 0 © Fredholm A
LIR35S IEN—RINTD 5. Lo L, RERNEBD T X — R EWMD N TARETDH %
Zrx—KWE LT, SRABICHEY R ET RO TRELICENERT I IR 2 5.
R LTHLARNHICBWTHRAROERDPREL 22D THEH, EH 1 TEEI VL LE
e B e Ligwv., T2 OB S Z Y TREHOMIIRIZ OWTHHT 2 T ETH 5.

(IF)

SEE AWFZEIX JSPS BHFE 20KK0057, 23K20802 OB EZIT 72 DTH 3.
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1 BE

2023 4, Hayashi [1] 37 # 0 — X7 V255D 7MW A b o — O &Mz 172K 1 0 X 57%
FERZBWT, MWELE (V = Ey) CRWERE (V = Er) 2R EICEHINLET 2 &, M2
LD B AR I R TR T 2 2 & 2 L. (1] OFEBRER T, Fe?t & OH™ 0% L
TOAERE 1: 2 2RBRICICBT 2THELL 1: 3 8RR Tz, X5, 2] TE, WAWARE
BeEMmE Lt 24, B ETOAML L HBRRISICHB T 2 HE LA B L T2 55T S Al
PR XN 2 BHEHBEINL ([2]). 2hb X BRBEHRRISICY —Eh > VRN H 20,
[1, 2] TRENEFRRIFEITORMREN Y —CH Y IR IR L2 F 0T KHLOVWHARTD
5. RETIIZ OBRZAR T 2B E T V2N L, 2 OBUEGH AR BN E SR ERT.

| 77/ — B(ER)RUS

Fe — Fe?t + 2e”
77H0—AT LA RG
T | ? = Fe** +20H™ - Fe(OH),
Fe(OH), + OH™ — Fe(OH); + e~
TR

2 mp

V— R(FZ )
——r H,0 + 2e~ - 20H™ +H,

11 [ [ #]
1. IR (B (1)) 2. FBEER (B8 [1])

2 HEETIL

2] 1ITBWT, FEEfER L & 12 Nernst-Planck O3 ([3]) & & 12, 1 XICBHX R _E o #E7 i
HELRZEHL, 20REFERRS R L. 2O, REMEICT 2 D555 % Dirichlet &
& UL7en, ZZTIFEERFRIDED LD X 5 Robin BB G 23R,

BHETLVZE5Z 20, WAWALREBEZEMIZLHEICIETE S X5 LERIEAZ
MTOX5C&ETS. 53, 7/—F (=0 AY—F(z=1) KBTI REEZILE
MM = M +ne” ¥ (m+n)H0+ (m+n)e” = (m+n)OH” + Z"H, x93, ZC&
T, MEERE, e~ WETFERLTWVWS. £/, WBKEO(L¥XE M" + nOH™ — M(OH),,
M(OH), +mOH™ — M(OH), ,, +me~ £t §5. D%, REA > LIKEEIIA + > DS
FRERIE L :n, HEKEZ1: (n+m) TH2. 2B, [1] DERTIEn=2, m=1, [2] DFEERT
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EnlZIEOBE, m=0TH5.

ML RIGZ G 3 2 B E 7B 2 RABEZ, RBEA F VIRE uw = wi(t, ), KL
YA XV BE uy = us(t,z) &ILEY M(OH) DEE us = uz(t,x) THH ((t,z) € Q(T) :=
(0,7) x (0,1)), AT 2T dDL T 5.

n—+m

Uy = K1Ulge — NR1OV U1, — ch(ujuy — Ko) in Q(T), (1)
Ut = KolUoge + KoV ug, — c(n + m)h(ujuy — Ko) in Q(T), (2)
uzt = ch(uiuly — Kp) in Q(T), (3)
— K1u1e(t,0) + nrraV (t)uy(t,0) = p(V(t)) for t € (0,T), (4)
— Kiuie(t, 1) + nkraV (t)uy(t,1) = 0 for t € (0,7T), (5)
Kolay(t,0) + nkoaV (t)us(t,0) = 0 for ¢t € (0,7T), (6)
Koy (t, 1) + nraaV (t)ua(t,1) = np(V(t)) for t € (0,7), (7)
u1(0,2) = u2(0,z) = uz(0,z) = 0 for z € (0,1). (8)

Z T T, K1, ko \FHEEUREL, o IZIEER, V IZZOFEBREEICHIMEIN2EEZRLTED, KXl ¢ 1
B3 2R 52, 2D, A AVOBBEEIIEL V ICHHITE2Z e 2RELTWS. £, h
'3 Heaviside BIITH 5. Z 2T, h Z2AfiBI YL 2 DT, BHMITIX (1) & (2) 3FEXTIER
CEABOUEHREIER S, Ko 3BREBEZRIERTHS. X, WBKIGIREE 270121
uuly OED Ko A 2RERDHZ 2R L TWD. c & IMUERIGEEZRTIEEHTHD,
plE R LOBET, EEV BHIME N ZDA IV DEREEZLKT.

3 RBRCER

AFEEH T LR O WHAESRE RERE P .= (1) ~8) 2ZXILOV AR ETEE T 25, ZOME
WX, WAL EEN BBV BRMEICBE L TRERTH 2 2 v, MALUENIERFATHL Z L,
Heaviside BIE D5 BB RHABEBOEE ZATVS 2 WS 3 OORENDH 2. 2 2T, HRDFE B
BEY LT, F3EERELMEE WH2(0,T) KHYE T 22 7 RARET 2 L WIBRWMRED T, h % EHHLI
L7258 DAMREIC O WTHRRZ FETH 5. 2P, HIRE T THICEE L0, [4] iIchew, FE
B2 GRAEIEIC L > THRIRT 2720 TH 5.

T, R AERREEM L, BUEFT R R E R U BT, FEREEE 2] Loty 5E U
TR 72 IOV T H AT 5.

BE W
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