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1 Introduction

Data envelopment analysis (DEA) is a mathematical programming approach widely used
to evaluate the efficiency of decision making units (DMUs) that consumes inputs to produce
outputs. A unique feature of DEA is to provide efficiency score that indicates the input surplus
and the output shortage, ranging from zero (the worst) to one (the best).

One of representative DEA models is the SBM model [1]; see the development of SBM in [2].
Tone [1] incorporates production trade-offs among inputs and/or outputs into SBM, that is
referred to as SBM-AR, but its efficiency score may be negative. This study gives an answer
to the issue by showing the limitation of SBM-AR and then modifies the original SBM-AR to

enhance ease of achieving target and reliability of efficiency measure.

2 Preliminary

Let (xzj,y;) € R’fis for j = 1,...,n be an observed input-output data and let a matrix P (Q)
be a coefficient matrix of inputs (output) weight restrictions. For an assessed (x,y) € RTJJ{S ,
SBM-AR model is defined as follows:
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where T is a production possibility set {

_A\jz; — Pa<w, Z?:l Ay + QB >y,
A>0a>0ﬁ>0
z,-y) > (z', ~y’)

>
For the set T, 9°(T) := {(:n,y)eT z, —y) # (' —y)

E = (2/,y') ¢ T} , is defined as the
strongly efficient frontier of T'.

Theorem 1 Suppose (x,y) € TﬁRT}fS and let (A*, a*, 3*,d~*,d™) be an optimal solution of
SBM-AR DEA model (1). Then (x —d™*,y +d**) € 95(T).

In DEA, (z —d ™ *,y +d**) is called the target of (z,y).
An efficiency measure is a mapping F : TN R — [0,1]. Consider two axioms as desirable
efficiency measures defined on the full space of inputs and outputs as follows:
Indication of Efficiency (I): For all (z,y) € TNRYT, F(x,y) =1 < (z,y) € 9°(T).
Monotonicity (M): For all pairs (z,y) € TNRT* and (z',y’) € T NRT® satisfying
(,—y) < (2',—y') and (z, —y) # (¢', —¢'), F(z,y) > F(z', ).

SBM without AR satisfies (I) and (M). SBM-AR provides a negative efficiency score as follows:
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Theorem 2 Assume 0°(T) # 0. If {—Pa |a > 0} € R, then SBM-AR (1) provides a negative

efficiency score for some (z,y) € T.

3 Closer target setting approach to SBM-AR
The original natures of SBM model are (I), (M) and the following properties:

(A) the efficiency score is positive;
(B) the target belongs to 9°(T);
(C) the target may achieve the farthest distance to 9°(T).

Violation of (A), the negative efficiency scores, causes to violate the mononicity (M). The
nature (C) is a shortcoming of the original SBM DEA model. Our adjustment to SBM-AR model
aims to overcome (C) while to preserve the objective function, (A), (B) and (I). Let g~ (d ™) :=
LS Licd and gt(dF) = I y”;rirdj. Closer target setting approach to SBM-AR (1)

m T;

is defined as follows: Fg(x,y) := max {% ‘ (x—d ,y+dt)eos(T),(d",d") > (0, 0)} .

1
Replacing the arithmetic mean g*(d*) with the harmonic mean h™(d") := s (Z‘;:l #) )

(x—d=,y+d+) € o (T),(d,d") > (0,0)} . Note that

we define Fp(x,y) := max{%
FS:FB ifm=s=1.

The closest target setting is formulated as the least distance DEA models including

the following measures: an input-oriented least distance inefficiency measure D~ (x,y) :=

min { Py Cii (x—d,y) €0%(T),d” > 0} , and an output-oriented least distance ineffi-
ciency measure DV (x,y) := min { > s (x,y+d*) €o5(T),d" > O} .

r=1 y,

Theorem 3 Consider matrix P with m rows, matrix @ with s rows and any (x,y) € T'N RTIS.
Suppose {v' eR7|vP <0} C R7, U {0} and® # {u' eR}y|uQ <0,u#0} C
mmax{0 |(x —dx;e;,y) € T} and DT (x,y) =
min,—q . smax{J |(x,y+dy,e,) € T}, where e; denotes the ith unit vector, and
e, denotes the rth unit vector. Fs and Fp satisfies (I), (A) and (B). Fs(x,y) =
max {1 - 1D (z,y), m} and Fp(x,y) = max {1 -~ 1D (x,y),1-1 (%)}
If m < s, then Fp satisfies (M).

RS .. Then, D~ (x,y) = min;_;

-----

4 Conclusion

SBM-AR cannot avoid providing negative efficiency scores. The hybrid models Fs, which
combines SBM-AR and least distance models, resolves the issue. The model Fg, which is a
variant of Fg, satisfies (M) when m < s, whereas neither SBM-AR nor least distance models
satisfies (M). Computing Fp is a nonconvex optimization but it suffices to solve (m + s) LPs.
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1 FC®IC
AHFE TR T OIFERELREZZ 2 5.
HGI%{I}L fo(x) subject to fi(z) <0, iel={Ll,---,m} (1)

REL, fofi : R 5> RIETHES2ARERE L, ZOHARNZ L% gi(z) = Vi) (i =
0,1,---,m) £55. B (1) 1chts 2 RENRIED —>TH 3EX 2 KEHH (SQP) i, H%
PED L IERIE 525 > 2 2 B ODIELIA » £ 1T51% AN -CHE & 412 2 KEHE (QP) M5 IR %%
BT = v TR KD 2 IETH 25, Z4US Maratos SEAE L 3 1 5 BIREAAH 3.
Z SR 55 % RV T B 72 IS TER 2 KR 2 A (SQCQP) iEABR X hi. SQCQP %iE, %
I 35 C BB L B4 PE 0D 2 SR U2 I 72 2 I 2 XA (QCQP) 54 FIE 2 R < =
Lick D, HERAE KD 3 REETH 5. SQOQP O SQP Mo M5 R X b #C
BBH, EHEORIMEDOREC LD QCQP MAMEAMIR L ML Z L ATREL 2D, SQUQP
EPEHEZEDTVWS., LEALEDS, SQCQP EEZLT LD QCQP Hhn N5 Trl e M % &
RF B VAR B R0 2 S BB R 0. 2 2T, Jian (1] 1 QCQP S5 RIEEASSE (TR RE S % 7
K5 % &5 CIEIE L7 SQCQP IF K L. X512, WAL [2] 1320 QCQP #4 HIE % JEH
R < JERE SQOQP HRBIRE L, AR LB 1 RIGHIE R R L. L LB s, I8
& [2] DIEME SQCQP D IEMA DI FAENSIIETH 2 L\ 5 KA D D, B & FAEH &
DENCKET5RiT: D B3t o o, AWIRTIE, WEES [2] DIEMEE SQCQP MBI E L7772 Jhe
SQCQP HREEL, 2ol %RT.

2 R{TAIBEAMAZEMT 3 SQCQP &
SQCQP KIFFEILIE (1) < DDREETH D, oF & k REH DML LT

okl =2k 4+ /\kdk

KXo TRAIZERHT2. 22T, i >0@3R7y JIETHY, d¥ e R" BZERAMTH 2. HH
STz P PRELIRE (1) ORI E 2 T 7201, d° DEITARENTH 2B H 5. %
2T, Jian [1] ZLLTF O & 5 2 MEZE N T df 25HE 32 SQCQP IEEER L 7-.
(z,dI)IgIg”H L %dTGlgd
subject to  go(z*)Td < vz
fi(2®) + gi(z")Td + %dTGfd <viopz, 1 €1

1
§5ak\\dH2 < caa,%T'H,
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U, v, v, T BIEDER, op BEDART X=X L, ¢ F3IFADEK, GF 1ZIEEMENFRIT
5, GF FRIEEMEMFMTIITH 2. FE (2) OHINRNE Jeon|d)® < ceo?™™ 13, c A0 DL &
Id|I> < 2co2™ ¥ 72D, dD/ NV LEHIRT2bDICKS. £, c=00DE Zid d D/ A LDOHIRIZ
RWZEIZHERT 5.
3 REFZE

AWIZETIE, Jian [1] © QCQP H4MIE (2) RIEMEICEHE L CE LN B HERT M dF % Vi
SQCQP #ExE 2 5. QCQP MofE (2) DIFMEDHEEEL LT, ERETIIROMM KKT &M
TR (2, d, pyu,v) = (21, d¥, pr, ub o) BEZ 3.

IGEd + pgo(z®) + Y uilgi(z®) + GFd) + copod| < ef|d] '+, 3)
i€l
7=7M+0’k2%ui, (4)
iel
vz = go(a")Td > —e5d|]?, (5)
1 .
viowz — fi(zF) — gi(aF)Td — idTGfd > —ek||d||*t7, i e, (6)
1
ceap T — 2£ak|]d||2 >0, (7)
lu(vz = go(a™)Td)| < €flld]], >0, (8)
Jui(viowz — fi(a®) — gi(a®)Td — §dTGfd)! < eslldPtT, w20, i€ 1, (9)
T 1 T
elv(eoy™™ = Sorldl*)] < eglld]|**7, v >0, (10)

72REU, v, el el eb ek bk BERBRIFARTIX—RL L, 713e=0DE7+=0, e>00Dk
1
7= - Y35, X512, FBAKKT 40 (3)-(10) Iz T, & #ERRIEA T X—KL L,

1
vz + *dTG’Eid < ezlldl?, (11)

DEMFEEMNT 2. FBAH KKT £ (3)-(10) & (11) Zifi7z2 3 QCQP ¥4 R D IEm M % F v 72
SQCQP EZRET 5.

ZIT, eh=ch = =i =t =k =0 08EIE, QCQP HRE (2) © KKT %&fFic—3K
L, ¥5I2ek =02 L7 (1) IFHEIHOIID. F/, e =k =k =0 0BEIIEES 2] DIE
BEOHMEY =T 5. LhrLRds, MEOEAMEHIET DI, <, &, > 0dHE T3
EOBTNAVXLEMETZIENLELVOT, AARTIEZOMEREMRR L. D Eo7L
IV X LIZDWT, KEBICGREZ RS

SE X
[1] J. B. Jian, New sequential quadratically constrained quadratic programming method of
feasible directions and its convergence rate, Journal of Optimization Theory and Appli-
cations, 129 (2006), 109-130.
(2] T, AR, KRS, FEATRIRETTIA 2 A S B R AR R — R D RIHRAYIL
R & — IR, #EEH BRI ERFZE U R — T 387 (2017), 89-100.

AAISHEIER 2025 4E% F2 #ETRE (2025-09-02/04) Copyright (C) 2025 —i&HEFIEA A AR R



3G-5-3

[WFZ5E 2 T OS] Mt hmib(3)

FEFBERICHN T FEERNVUEFTENDOFIES T 7 EOERL
WE 2

Application of Chebyshev Method to Stochastic Gradient Descent on
Nonsmooth Functions and its Convergence Analysis
¥ KE (Jiabao Yang)!, £ 4K Z7 T (Takiko Sasaki)®

L BB A% (Musashino University)
e-mail : g2558001@stu.musashino-u.ac.jp

1 FC®IC
ABFETIE, IR D & 5 il s LE 2 Z 2 5.
a]grrel'ﬁ{{r}LV(w) (1)

7720, ViR - RIZFHMY 7Yy Vil T NCERTH D, ILICHENTHZ RETS. (V
IR TR MR RE LR WV.) 2o &S R EZ R ¥ &, —fofimi b FEs A
bNdD, ENhoO—FITEMT TR T 2 BUEfRE L R d Z 22 T&%. Ushiyama 5 [1]
T, EMaHEXOBERT O8RS, BREBLIMMELFEEEZRE LT, REE FNEXDE
EEBEIL b2 —BiE TS IRF > = 73k BIRE L. —4T, HNEBDIESIEEE
REBTH 5B, Riis & [2]1F, [2] TRESNT7A3V X412 X 2 5505, BEBDRTY
7y iR THIUR, IFFEEEICEY 3 RN EE AR 2 Z e 2R L, ZOHME
P RUAERNC SR L=

AW TIE, [2] OFEAFRICEOE, (1) 0F L 2| 0FE2zHAGbELRBELFEZRREL
Foo FRBETZ 7MY XL X BEREED, —BILIN 7 EFREOEFITINHKT 2 Z & &G
L.
2 BRFE

AR T, BT LDHFELRSROCENBERERS 72, UTO X5 WM E2ERT 5.
E&E1 VRS RZREAY Iy VEREKE L, ©,d e R" IZHLT, REERT 5.

) —
V(x;d) = limsup Viy +Ad) V(y).
y—a, A0 A

EE2 V:R'oSRERMY 7Yy VBB 55, x e R" LT, REERT 5.
oV(x)={peR":"deR", V°(x;d) > (d,p)}.
ZZ7T, (a,b)=a1by + -+ anb, (a,beR") TH 5.
X5, OV(e) AT RTZIeNTES.
OV (z) = co{p € R" @ (@")en C D(V) s.t. VV(xF) = p (¥ - @)}
772U, D(V) GBSV SO TR SRk OEEE R L, co 3ESDOMLEEKT 3.
EE3 0c0V(z*) ThdrE, - cR" %V @ Clarke EHEE WS,
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E&E 4 decR"\{0} XL, UFDBHOID E, Vida* IZBWT, diZ2W\WT Clarke FAEHR
THDLERTS.

min {V°(z*;d),V°(z*; —d)} > 0.

SPGB {z € R | ||z|| = 1} EFINS. & x* 2 Clarke EHRTH %720 DBEA5
ZFHE, VA 2t KBOWTEED d e S" LIzt L T, Clarke HHAEHR THZ I TH5.
AMBEOREFIEIUTOL B TH . ¥ (x¥)peny C R ZLUFDO 7TV X LITHE > THEH
T3, =7L, HkeN, ie{l,2,---, 9} CNLT, hy >0FRA7 v 7IE, df e S" VI3RS
MTHB. Tz, 2 (1=1,2,--,9) 1 Ro(2) = To(wo + w12)/To(wo) DIRTH 3. 727201, Te(2)

1355 9 K Chebyshev ZIHKX, wo =1+ g, w1 = %Ezg; TH5.

Algorithm 1 28Tk

1: Step 1: ghk=xF 53,

2: Step 2: i=1,2,---,9¢7F 5.
i=i+12LT, dfesS"! 25 XRATER,

gb . (gF, 23d¥ 1oV T Clarke HEERTH 3 & X)
9; =\ gF=gF, - a8} (gF , 77 d} 12OV Clarke HIEH THVE &)

zi (V ?71_&; fdf -V ?71
CITBEAOBMTORRORY T 1 gh = IS PRIV

3. Step 3: zftl =gk v 33,
: Step4: k=k+12LT, Stepl ~NR53.

I

3 IR
HUEDOEEDD LT, ROTENIELNS.

FES5 V:R" - REFHY 7Sy VERTRNIERTHD, XLIETENTHZ LIKET . ¥
() pen B3 Algorithm 1 27z L, 70 (d¥)peny DSHERDM Z oM cHl Y 52, 72, R
S E ORERBERE 1%, f(d) >0 (de S ) 2T Z e 2 RET 2. S % (xF)reny DEM
ROEFEL, X={xeR":0¢0V(x)} £T5. ZOL %, HIHEEDIE (B))jen DFIEL
T, BUR2SALD D,

Xc|JB; »#2 FIRTDjeNIEMLTP(SNB; #0)=0.
jEN
SENW
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1 EL®HIC
KAWL TR T OREGEEA EEEREFE (MISDP) 252 %.

n m

T T .
max cr+d subject to G — ;L«-A,_E B. = S. 1
zER™,yey,5eSY 4 J ; i4dd j:1yj J (1)

2T, G, A, BjeSN (i=1,2,---,nj=12,--,m), SN :={SeRVN.:§=08T}Tdh
D, A BeSN O Ae B :=Tr(AB) & SV FLOBHENEE L, SY :={5€SV :(227T)e 5>
0NVz e RV TH22T5. £/, LbucZmTHLT, Vi={ycZ": I<y<u}TdhH3. &
WHLRIE (1) 1S3 2k LT, 9RBREE L AERELIEDS I ST 5. AREFFETIIAEREEIE
WCIEHT 5. 1ERDANBIALIED —D T H 2 YIRRFHEEIRE OAERA I Z i L, RS BEETETE
IR (MILP) 24D iR UM< Z & CRodfbRE (1) @ e EF2 7T Y XL THS. K
BFETIE, HL v 2 Xt Z W SNEE B R R T 5. RESMERLEIZ AW CIR & REEL 2 RSEGTHE
I8 (MISOCP) %# D3R LR Z & THRELEE (1) @ e-SNEMRIRE KD 2 713 1) X 1% /R
L, BUERZMEREZ RIS 5.
2 SERAELCE

B LRI (1) 13 2 48a AL, —M BN FoRE LIBT3 % Benders 7 @ik [1]
WWHEDE N CExtr(SY), F={SeSN:ZeS>0 (VZeH)} 5%, EHRIH

n m
T T . B
MIP(F) weRn%lg§S€F c'z+d'y subjectto G — lelAl — Zlijj -9 2)
1= 1=

DIEE (T,y,5) B S € SN &7z 5T F OMEREMIL, FHME (2) ZBRMNHEL 71
VALTHS. ZIT, BExtr(SY) IFHIEEMEHE SY O EORETH2. Uk xedlT L
a9 X% Algorithm 1 TH 2 %. AEBEEIED—D>TH 3 YIFRFHEIETIX Algorithm 11283
F OFEHHEMEY 72T b by, € RY ZHVT,

HOPM = fugu . F e F{SeSY: (wau])es >0}

3522 TMILP 2#DELMELS. 22T, H{PM CExtr(SY) TH 2 Z v iciERT 5. — i
W, up ELT, (1) Ofli S € SY ICRHER LTV S, ORMEBME N B L BB v
BHVHNS.
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Algorithm 1 F#E{LRE (1) 12T % e-AERaU 7 ra ) X4
Require: #FA#7E e > 0, Ho C Extr(SY)
B0, A =00, F {S €SN : Ze5>0 (V2 €Ho)}
while A < —¢ do
MIP(F) Oif# (xr, yr, Sx) ZRD 2. X+ S, OF/PNEEMHE. k + k+ 1.
Hie © Bxtr(SY) ZHAICE 5. F FN{SecsY: 20520 (VZeH)| LT3,

end while

return (xy,yr, Sk)

3 REFE
AWFFETIX, Algorithm 11281 % Hy, ZHES TR EYRBEMI R Y ML uy, v, € RY
DIk BHIE T span({ug, v }) ITK o TED GN L MREFITHIRL, F 2HEHIT I 2EZX 5.
H M = {ww" : w € span({uy,vp})}, F+ FN{SeSVN:ZeS>0 (VZ e HM)}
LT F 2EHT 5% LT, MRES 1M C Extr(SY) 25 c v 3R#icsds. 22T, 2—2
Vo kAR || BT 2508 Qi i= { (w0, 2] )T € R cap > |} REHT B, RO
Y N AV RVASN
EE1 EEOXRZ blu, ve RVIZHLT,
{SeSN:ZeS>0 (VZ € H(u,v))}
(uu’ +vvT)eS
=0ScSV:(uuT)eS>0,(vv')eS>0,| (uv' +vu')eS| € Qs
(uu’ —vv')eS
D DILD. 72 L, H(u,v) = {'wufr Tw € span({u,’u})} 5%,
AR T, T 1 ZHAVT, WRES HEM 25 b DI, 2 Rk EZRWT F %

(uru, +vpv, ) e S
F+FNLSeSN:(upu))eS>0,(vpv))eS >0, | (upv] +viul)eS| € Qs
(upu, —vpv,)e S
YL THHT S Algorithm 1 218K T 2. 22T, RY LOHE i RAXRZ MLE e 8 LIE X,
L 2] \C—HT 5 L WCERT 5.

4 EFEER
BETNLITY XL OWTEIEERZ L. EROFMICOVWTIEYHRE T 5.
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